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Abstract Inelastic deformation of conductive bodies under the action of electro-
magnetic fields is analyzed. Governing equations for non-stationary electromag-
netic field propagation and elastic-plastic deformation are presented. The varia-
tional principle of minimum of the total energy is applied to formulate the numeri-
cal solution procedure by the finite element method. With the proposed method,
distributions of vector characteristics of the electromagnetic field and tensor char-
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system within a realistic electro-magnetic forming process.
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1 Introduction

Electromagnetic field (EM-field) is an integral part of work for many elements
of structures and machines. They include elements of power equipment, power
conversion system (transformers, generators), devices designed to protect against
lightning and electromechanical energy converters [1,4,18] . High-intensity EM-
fields cause substantial energy levels in electro-conductive bodies, which can lead
to failure. Therefore approaches to determine stress-strain states (SSS) of electro-
conductive bodies are required to estimate the strength. Such methods should
be based on suitable models of continuum thermo-mechanics. Historically, the
formulation of such coupled models was motivated by the development of:

– the theory of piezoelectricity (piezomagnetism and piezosemiconductivity) bod-
ies due to the wide usage of electromechanical energy converters;

– the theory of magnetoelasticity, which explores the mechanical behavior (in
particular, strength) of conductive bodies in a strong magnetic field;

– the theory of propagation of waves in a deformable body taking into account
the relationship between the mechanical and the electromagnetic fields (for
problems of geophysics and seismology as well as for the development of non-
destructive testing methods in structural elements);

– the theoretical foundations of heat processing of bodies using external electro-
magnetic radiation.

Theoretical fundamentals describing models of continuum mechanics, which
take into account the effect of the coupled fields of different physical nature (in-
cluding electromagnetic fields) are presents by Truesdell and Toupin [39], Pidstry-
hach (Podstrigach) [35], Sedov [37], Eringen [15,16], Ambarcumyan [3], Maugin
[25,26], Nowacki [34], among others. The influence of external EM-field effects on
the thermo-mechanical state of the body is taken into account in the equilibrium
conditions by electromagnetic forces and moments. The electromagnetic field in
vacuum and in a moving deformable body is described by Maxwell’s equations.

To characterize the EM-field five vector quantities are introduced including
the intensity and the inductance of the electric and magnetic fields as well as the
density of the surface charges. To find these characteristics several electromagnetic
properties including conductivity, polarization, and magnetization are required
[19]. Within the framework of thermo-mechanics, there are two classes of theories:
the dynamic theory and the quasi-static one. The latter is used for slowly moving
bodies with the speed much less than the speed of light in vacuum, which ensures
the invariance of the equations of electrodynamics and mechanics relative to the
Galilean transformation [19].

For studies in which the main objective is the analysis of the structural strength
the theory of magnetoelasticity can be used. Fundamentals of the theory of mag-
netoelasticity with coupling EM-field and mechanical stresses and strains in a
moving electro-conductive body (in the general case, the body is polarized and
magnetized), are given by Knopoff [21] and Chadwick [10]. Here the propagation
of elastic waves taking into account the Earth’s magnetic field is analyzed. Kaliski
and Petykiewicz [20], Dunkin and Eringen [14] formulated the dynamic problems
of magnetoelasticity in the case of vibrations of bodies and distribution of magne-
toelastic waves. Pidstryhach, Burak, and Kondrat [36], and Ambarcumyan, Bagh-
dasaryan, and Belubekyan [3] developed a general theory of magnetoelasticity.
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They formulated general asymptotic solutions of the three-dimensional equations
of magnetoelasticity for shells and plates and proposed a theory of magnetoelas-
ticity for thin bodies. Wave propagations, oscillations, control and other problems
in the theory of magnetoelastic solids are considered in [2,11–13].

Many manufacturing forming processes for conductive solids, for example bend-
ing or induction heating apply strong electromagnetic fields. Process simulations
are usually based on the coupled electromagnetic, thermal and mechanical analysis,
for example [5,17,33]. It is documented, that within the range of high tempera-
tures material properties change essentially. For example, electrical conductivity,
yield strength and other properties during the heating may vary by several times.
Furthermore, inelastic flow at high temperature is accompanied by changes in
microstructure, such that hardening, softening, recovery and damage processes
should be taken into account within a constitutive model with internal state
variables [23,30–32] or by application of enhanced continuum theories with higher
order gradients and phase field variables [7,28]. Therefore there is a practical need
for the mathematical formulation of problems of non-isothermal elasto-plastic de-
formation of bodies under the influence of external electromagnetic fields, taking
into account the mutual influence of fields of different nature in a wide ranges of
temperature, and taking into account the nonlinearity of electromagnetic, thermal
and mechanical properties of materials.

In this paper the mathematical formulation of problems of non-isothermal
elasto-plastic flow of electrically conductive bodies under the influence of an ex-
ternal electromagnetic field is discussed. The solution approaches are presented
for the numerical analysis of stress and strain states in devices that create elec-
tromagnetic fields (inductors), and bodies (forming products), exposed to these
fields. To determine characteristics of the electromagnetic field for domains occu-
pied by the body and the environment the Maxwell equations are formulated. To
describe the stress and strain states of the body constitutive equations for non-
isothermal elasto-plastic flow are applied. The influence of electromagnetic fields
on the heat transfer and deformation described by the equations of heat transfer
and dependencies for electromagnetic forces. Interactions of electromagnetic and
thermal fields, and distributions of electromagnetic forces in the bodies and on the
contact surfaces are discussed.

An example for the electromagnetic metal forming is presented to illustrate
the application of the proposed equations. In this process, deformation of the
workpiece is driven by the interaction of a current generated in the workpiece
with a magnetic field generated by an inductor (coil) adjacent to the workpiece.
Results of numerical analysis for stress and deformation states of the inductor and
workpieces are discussed.

2 Mathematical Model

Let us consider the model for the elasto-plastic deformation of the interacting
bodies subjected to EM-fields. Consider a system of interacting bodies specified
in the Cartesian coordinate system with the orthonormal basis eeei, i = 1, 2, 3 and
corresponding coordinates xi, i = 1, 2, 3. The body of volume Vj has a surface Aj .
Aj = Ajp ∪ Aju ∪Ajc , where Ajp, Aju and Ajc are the parts of the body where



4 Holm Altenbach et al.

external distributed forces, displacements (or constraints) and condition of contact
interaction, respectively, are applied as shown in Fig. 1.

0

eee3

eee2
eee1

Au

Ap

ppp

Ac

Fig. 1 External distributed forces, displacements (or constraints) and condition of contact
interaction

Electromagnetic processes in the absence of free charges is defined by the fol-
lowing system of Maxwell’s equations [27]

∇∇∇×HHH = εc
∂EEE

∂t
+ jjj, ∇∇∇×EEE = −µc

∂HHH

∂t
, ∇∇∇ ·HHH = 0, ∇∇∇ ·EEE = 0, (1)

where jjj,EEE,HHH are the current density, the electric and magnetic field intensities in
the subregion, µc, εc – magnetic and electric permeability of the material of the
subregion, respectively. ∇∇∇ = eeei

∂
∂xi

is the nabla (Hamilton) operator. Neglecting
convection currents, Eqs (1) can be supplemented with constitutive relationships:

DDD = εcEEE, BBB = µcHHH, jjj = γcEEE + γc [u̇uu×BBB] , (2)

where DDD,BBB are the vectors of inductance of electric and magnetic fields, γc is the
electrical conductivity and u̇uu is the velocity vector.

With respect to the applications to be analyzed in this paper several sim-
plifications can be made. Firstly, we consider only the magnetic field intensity.
Secondly, we neglect the nonlinearity of the magnetic behavior and assumed that
the magnetic permeability is constant. With these assumptions Eqs (2) yield

∇∇∇×BBB = jjj, ∇∇∇ ···BBB = 0 (3)

Equation (3)2 is satisfied by introduction the vector potential AAA such that

BBB =∇∇∇×AAA. (4)

Then Eq.(3)1 takes the form

∇∇∇× (∇∇∇×AAA) = µcjjj (5)

The system of equations for the stress and strain tensors as well as the dis-
placement vector under specified volume and surface forces can be formulated as
follows:
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– Equilibrium conditions

∇∇∇ · σσσ + ρfff = 000, xxx ∈ V, σσσ = σσσT (6)

where σσσ is the stress tensor, ρfff is volume electromagnetic force vector which
can be calculated as

ρfff = jjj ×BBB

– Strain-displacement relations

εεε =
1

2

[

∇∇∇uuu+ (∇∇∇uuu)T
]

, (7)

where εεε is the infinitesimal strain tensor and uuu is the displacement vector.

Equations (6) and (7) are supplemented by the following boundary conditions

EEEΓ × nnn = 000, DDDΓ ·nnn = 0, HHHΓ × nnn = 000, BBBΓ ·nnn = 0,

σσσn = ppp+
Ξ

2
EEEΓ +

µc

2
(Ξu̇uu× nnn+ iii)×HHH,

(8)

where σσσn = σσσ · nnn is the vector of mechanical stresses on the boundary with the
normal nnn. Ξ and iii are the densities of surface charges and currents, respectively.

To account for contact interaction between the body m and the body m+ 1
we have to consider the following relations:

uuu ·nnnm + uuu ·nnnm+1 − δ ≤ 0, nnn · σσσm ·nnn = nnn · σσσm+1 ·nnn ≤ 0, (9)

where the unit vector nnn is directed from the body m to the body m + 1 and δ
is the given initial clearance/tightness, respectively. The frictional interaction on
Ac is taken into account with the Coulomb’s law such that the components of the
surface normal and the contact stresses are related as follows:

|nnn ·σσσm · τττ | = fnnn ·σσσm ·nnn, (10)

where τττ is the unit tangent vector and f is the coefficient of sliding friction, which
depends on the materials of interacting bodies, surface roughness, etc.

The constitutive equation for the strain tensor is assumed as follows

εεε = (4)SSS · ·σσσ +αααT∆T (11)

(4)SSS is the fourth-rank compliance tensor, αααT is the second-rank tensor of the ther-
mal expansion and ∆T is the temperature difference. For linear-elastic materials
Eq. (11) takes the form

εεε = (4)SSSe · ·σσσ +αααT∆T (12)

For isotropic materials the compliance tensor (4)SSSe and the tensor of thermal
expansion are defined as follows

(4)SSSe = −
ν

E
III ⊗ III +

1 + ν

E
(eeek ⊗ III ⊗ eeek + eeei ⊗ eeek ⊗ eeei ⊗ eeek), αααT = αTIII, (13)
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where E is the Young’s modulus, ν is the Poisson’s ratio, αT is the coefficient of
thermal expansion and III is the second rank unit tensor. The constitutive equations
for the material behavior are assumed in the incremental form as follows

dεεε =
1 + ν

E

(

dσσσ −
3ν

1 + ν
dσ0III

)

+
3

2
dεpvM

s̄ss

σvM
, (14)

with

σvM =

√

3

2
tr(s̄ss2), sss = σσσ−σ0III, σ0 =

1

3
trσσσ, s̄ss = sss−βββ, dεpvM =

√

2

3
tr(dεεεp2),

where σvM is the von Mises equivalent stress, sss is the stress deviator and εεεp is
the inelastic strain deviator, s̄̄s̄s is the active stress deviator, βββ is the backstress
deviator.

The yield condition is assumed in the form

√

3

2
tr(s̄ss2)− σY = 0, βββ =

2

3

EEh

E − Eh
εεεp, (15)

where σY is the yield stress and Eh is the hardening modulus.
For non-isothermal plastic flow the strain increment is related to the stress and

the temperature increment as follows

dεεε = (4)SSS ······ dσσσ +φφφdT, (16)

(4)SSS = (4)SSSe + (4)SSSp, (4)SSSp =
3

2σvM
Fσ(σvM, T )s̄ss⊗ s̄ss,

φφφ = φφφe + φφφp, (17)

φφφe =

(

dαT

dT
+ αT

)

III −
1

E2

dE

dT
[(1 + ν)σσσ − 3νσ0III] +

1

E

dν

dT
(σσσ − 3σ0III),

φφφp = −Fσ(σvM, T )
∂σT

∂T
s̄ss, Fσ(σvM, T ) =

3

2σvM

(

1

Eh
−

1

E

)

Numerical solution methods are mostly efficient for the analysis of compound
bodies with arbitrary geometry and different boundary and loading conditions.
One of the most versatile is the finite element method (FEM). In the application of
the FEM the variational equation must be derived providing a weak form of partial
differential equations. To this end the scalar product of Eq. (6) with δuuu and Eq.
(5) with δAAA are computed. The results are added and integrated over the volume
by taking into account the boundary conditions (8). If inelastic deformations are
negligible then the following variational equation can be derived

δE = 0, E = U +W, (18)

where U is the elastic potential energy functional

U =
1

2

∫

V

εεε ······ (4)CCC ······ εεεdV −

∫

V

(jjj ×BBB) ··· uuudV −

∫

Ap

(

ppp+
1

2
iii×BBB

)

··· uuudA

−

∫

V

∆TIII ······ (4)CCC ······ εεεdV,
(19)
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with the elasticity tensor

(4)CCC =
νE

(1 + ν)(1− 2ν)
III ⊗ III +

E

2(1 + ν)
(eeek ⊗ III ⊗ eeek + eeei ⊗ eeek ⊗ eeei ⊗ eeek) (20)

The energy functional of the EM-field W is

W =

∫

V

(

1

2
|∇∇∇×AAA|2 − jjj ···AAA

)

dV (21)

As Eq. (19) shows, the vector BBB enters the elastic potential only through the
volumetric and surface loading terms. Therefore the problems to compute the EM-
field and the elastic stress state can be solved sequentially. Let us note that FE
analysis of elastic solids with electromagnetic coupling leads to algebraic equations
similar with specific properties of stiffness matrixes. Such system of equations and
methods of its solutions are analyzed for example in [6,29].

For the structural analysis considering inelastic material behavior let us con-
sider the weak form of the equilibrium condition instead of the elastic potential E
as follows

G(σσσ, δuuu) = 0, G(σσσ, δuuu) =

∫

V

σσσ······δεεεdV −

∫

V

(jjj×BBB)···δuuudV −

∫

Ap

(

ppp+
1

2
iii×BBB

)

···δuuudA

(22)
where δuuu is the vector of virtual displacements and

δεεε =
1

2

[

∇∇∇δuuu+ (∇∇∇δuuu)T
]

The numerical solution procedure is organized as follows. For a time step number
n within the discrete time interval [tn, tn+1] it is assumed that the stress tensor
σσσn, the strain tensor εεεn, the inelastic strain tensor εεεpn as well as the mechani-
cal and EM-loads are given. Furthermore it is assumed, that G(σσσn, δuuu) = 0. To
update the state variables the return mapping algorithm including the backward
Euler time integration procedure and the closest point projection scheme are ap-
plied, as described in [38]. This leads to the solution of the variational equation
G(σσσn+1, δuuu) = 0 with

σσσn+1 = σσσn +(4) CCCep ······∆εεε,

where ∆εεε is the strain tensor increment and (4)CCCep is the algorithmic tangent
stiffness tensor. Further details of the return mapping algorithm are presented in
[38].

3 Analysis of Systems for Electromagnetic Metal Forming

Let us discuss the application of the presented mathematical model to the anal-
ysis of deformation during the electromagnetic metal forming (EMF). EMF is a
dynamic, high-strain-rate forming method in which strain-rates of ≥ 103 s−1 are
achieved. In this process, deformation of the workpiece is driven by the interaction
of a current generated in the workpiece with a magnetic field generated by an in-
ductor (coil) adjacent to the workpiece. In particular, the interaction of these two
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fields results in a material body force, i.e., the electromagnetic force, represent-
ing an additional supply of momentum to the material resulting in deformation.
EMF is one of a number of high deformation-rate forming methods which offer
certain advantages over other forming methods such as increase in formability for
certain kinds of materials, reduction in wrinkling, the ability to combine forming
and assembly operations, and many others. The stamping and forming of metal
and non-metallic workpiece by exposing the workpiece powerful electromagnetic
pulse is studied in [22,24]. Modeling of processes of forming and stamping blanks
is discussed in [41]. In these papers the finite element and boundary element meth-
ods are applied to solve coupled problems of magneto-thermo-elastic with regard
to high-strain-rate deformation.

The levels of the developed electromagnetic forces can lead to failure of the
inductor under EMF. Therefore the stress analysis is required in order to assess
the strength. It is also necessary to investigate the processes of elastic-plastic
deformation of workpiece for optimal performance of the process.

The use of FEM for the simulation of EM-Field and subsequent analysis of SSS
allows us to consider these two problems within a common computational model.
The distribution of electromagnetic forces obtained after the EM-Field analysis
can be used for comparison with analytical or experimental data to assess the
reliability of the solution.

As an example consider a variant of inductor – workpiece system used in the
technological operations of the EMF [40]. The inductor is a solid body of revolu-
tion with complex geometry, as shown in Fig. 2. Geometrical features lead to the
conclusion that the current is concentrated on the surface of the working window.

Fig. 2 Geometry of the inductor

The working window in the form of a truncated cone is made in the center
of the inductor. The inductor can be modeled as an axisymmetric body in a first
approximation. There is an analytical solution for the component of EM-field vec-
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tor characteristics and electromagnetic forces. This solution can be obtained by
considering the area that is directly adjacent to the working window. A sketch is
presented in Fig. 3.

ϕ

ϕ

βr

0

2R1

H

h

d
1 2R2

zeeeϕ

eeez

eeer

2

Fig. 3 Axisymmetrical model for working window. 1 – inductor, 2 – workpiece

In this case, the system of Maxwell’s equations in a cylindrical coordinate
system relative to the component of magnetic field intensity, in view of the axial
symmetry ( ∂

∂ϕ
= 0), is reduced to the following form



















∇∇∇×HHH(r, z, t) =

(

∂Hz

∂r
−

∂Hr

∂z

)

eeer × eeez = 000,

∇∇∇ ·HHH(r, z, t) =
1

r

∂

∂r
(r Hr) +

∂Hz

∂z
= 0

(23)

The solution of this system allows us to find the spatial-temporal distribution
of magnetic field intensity at the points of the space occupied by the inductor
and workpiece. The solution obtained for the surface of the workpiece facing the
inductor has the form [40]







































Hr(r, z, t) = Hm
j (t)

2 (1− cosβ)

ρ
[

ρ2 +
(

cotβ + h/R2

)2
] 3

2

,

Hz(r, z, t) = Hm
j (t)

2 (1− cosβ)

(

cotβ + h/R2

)

[

ρ2 +
(

cotβ + h/R2

)2
] 3

2

,

(24)
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where

Hm =
LiIm

µ0µrπR2
2

is the conditional amplitude of the magnetic field intensity, Li is the inductance of
the system, Im is the amplitude of the current pulse, µ0 is the magnetic permeabil-
ity of vacuum, µr is the relative magnetic permeability of the material, j(t) is the
time dependence of the current pulse, ρ = r/R2 is the relative radial coordinate.
The inductance in this case can be obtained only as an estimate and assuming
that there is the proximity effect [40]

Li =
πµ0R2 cosβ

cos2
β

2

[

1 +

(

R2

R1
− 1

)

cosβ

] (25)

Let us solve this model problem by the FEM. Let us note that the transfer
of current from the inductor to the workpiece occurs through an intermediate
medium (air), which is not considered in the analytical solution. Figure 4 shows
the model for the FEM solution. The solution was performed for the following

air
inductor

billet

current

boundaries
of the area

z

r

Fig. 4 Geometrical model for FEM solution

geometrical parameters of the system, Fig. 2: R1 = 7.5 mm, R2 = 20 mm, H = 10
mm, h = 0.5 mm, d = 0.5 mm. The size of the air surrounding the system was
varied to determine those in which component EM-field fade away from the source
of EM-field (inductor). The electro-physical parameters are given for the following
materials: the inductor – copper material: relative magnetic permeability µr = 1,
electrical conductivity γ = 7·107(Ωm)−1, workpiece – steel material: relative mag-
netic permeability µr = 1.3, the electric conductivity γ = 6 · 106(Ωm)−1, the air:
the relative magnetic permeability µr = 1, electrical conductivity γ = 0(Ωm)−1.
The current was given as a source of EM-field. It was uniformly distributed on the
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inner inclined surface of the inductor window and is changing in time according
to the law: j(t) = Ime−δωt sin 2πνt. The current amplitude is Im = 50 kA, the
frequency of the current pulse ν = 1.33 kHz. The solution was carried out on the
time-current range from 0 to 0.1 s, which ensures complete decay of the current
pulse.

To create a finite element model a four-node axisymmetric finite element with
bilinear approximation of the azimuth components of the vector magnetic potential
was used [8,9] . This approximation automatically satisfies the contact conditions
at the boundary of media with different electrical and physical parameters. The
variation of the sizes of the air environment of system inductor-workpiece has led
to the conclusion that the components of the EM-field fade away from the system
inductor-workpiece commensurate with the thickness of the inductor H.

At the external boundary of air Γ3 the following condition is applied

A|Γ3
= 0 (26)

To use the boundary conditions of the form (26) it is necessary to analyze the in-
fluence of dimensions of the computational domain on the distribution component
of EM-fields near the field source.

Next, let us compare the numerical solution with the analytical solution and
experimental data [40]. Figure 5 shows the distribution of the radial component of
the EM-field intensity on the surface of the workpiece directly near the inductor
window. The solid line is the solution of the FEM while the dashed line presents
the analytical solution according to the first formula of (24). The points are the
experimental data given in [40]. A good agreement between the numerical and the

0 0.2

0.2

0.4

0.4

0.6

0.6 0.8

0.8

1

1

r/R2

Hr/Hr max

Fig. 5 Distribution of the radial component of the EM-field intensity

analytical solution can be observed, which indicates the feasibility of FEM for the
analysis of the distribution of EM-field.
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Let us analyze the deformation of the system inductor – workpiece according to
the scheme is presented in Fig. 6. The inductor and the workpiece are considered

inductor

workpiece

zR1
R2

R3

R4

Γ1

r

Γ2

Γ3

Γ3

Γ3

Fig. 6 Inductor – workpiece system

together with their environment (air). The size of the area filled with air is chosen
as in the previous example. In this case, the current is the source of the EM-field
and is considered distributed along the line Γ2.

The consolidation of the inductor and workpiece along the boundaries of Γ1

is considered as a boundary condition. The air environment is excluded from the
stress analysis. The problem has been solved by the FEM scheme using axisym-
metric quadrangular finite element with bilinear approximation of displacements
and vector magnetic potentials. The electromagnetic forces were applied to the
nodes of finite elements.

The solution was performed for the following geometric parameters: the outer
diameter of the inductor 100 mm, the thickness of the inductor is 15 mm, the
angle of the conical surface is 600, the thickness of the plate (workpiece) is 2 mm,
the minimum distance between the inductor and workpiece is 2 mm, the diameter
of the workpiece is two times greater than the diameter of the inductor (this is
justified by the fact that this inductor should be used to remove dents on the
bodies of vehicles, i.e. its dimensions are smaller then treated surface).

The material properties of the elements were assumed as follows: the inductor
is made from copper with the relative magnetic permeability µr = 1, the modulus
of elasticity E =180 GPa, the Poisson’s ratio ν = 0.33, the yield strength of
about 200 - 210 MPa; the workpiece is made from steel with the relative magnetic
permeability µr = 1.3, the modulus of elasticity E = 210 GPa, the Poisson’s
ratio ν = 0.28, the yield strength of 250 - 280 MPa as well as the air with the



Inelastic Deformation of Conductive Bodies in Electromagnetic Fields 13

Fig. 7 Deformed state of the inductor and workpiece

relative magnetic permeability µr = 1. The problem was solved in a quasi-steady
formulation and the source of the field was considered as the current uniformly
distributed on the line Γ2 (Im = 50 kA).

In the first phase the spatial distribution component of EM-field was com-
puted. The resulting distribution in the vicinity of the conical window inductor is
consistent with the analytical solutions shown above.

Let us analyze the distribution of stresses and deformations in the inductor and
the workpiece. Figure 7 shows a deformed state of the inductor and the workpiece.
The workpiece is deformed largely than the inductor. This is due to design features:
the inductor is the more massive and stiff body. The analysis of the displacements
of points belonging to the inductor shows that their values are not too high, i.e.
the form of inductor is almost not distorted during operation, and, accordingly,
the generated EM-field will have a stable spatial configuration. The maximum
displacement of the workpiece can be observed directly opposite the conical window
of the inductor.

Figure 8 shows the distribution of the von Mises equivalent stress. The max-
imum values of stress intensity are observed near the conical window, i.e. in the
immediate vicinity of the source field. The analysis shows that the use of this type
of inductor is justified, because the highest stresses actually occur in the immedi-
ate vicinity of the working area (tapered window). The maximum value of the von
Mises equivalent stress in the workpiece exceeds the yield strength of the material,
i.e. it deforms plastically. However, in the inductor maximum values of the von
Mises equivalent stress also exceeds the yield strength, which can adversely affect
its performance, for example, to cause the phenomenon of low cycle fatigue in
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0.9

85.5

170

255

310

σvM, MPa

Fig. 8 Distribution of the von Mises equivalent stress

repeated loadings). To eliminate this phenomenon it is necessary to apply special
design solutions, one of which may be the use of bandages from non-conductive
materials. Bandages attached with an interference fit will create a pre-stressed
state, which, lower the operating stresses. The proposed method of analysis al-
lows us to formulate approaches for the assessment of structural strength of the
elements of technological systems for EMF.

Experimental studies show that the loss of functionality of EMF systems occur
due to plastic deformation of the inductor with a significant degree of residual
strains, the instantaneous failure of the inductor (after the first pulse of the field),
failure after ∼ 102 duplicate field pulses as well as the decay after ∼ 106 duplicate
field pulses.

Therefore, the criterion, ensuring integrity of the inductor, in the first approx-
imation can be formulated as follows

σind
vM max ≤ σy, (27)

where σind
vM max is the maximum von Mises equivalent stress and σy is the yield

strength of the inductor material. On the other hand, the efficiency of the techno-
logical operations of EMF is primarily determined by the achievement of a certain
level of plastic deformation of the workpiece. This is most often observed in the
process of repeated exposure on the workpiece. However, the efficiency of the tech-
nological operations of the EMF would be higher, if the goal would be achieved by
a single pulse. It is also clear that the size (particularly the thickness) of the work-
piece will affect the levels of maximum stress. Figure 9 shows how the thickness
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5 10 15 20 25 30
40

60

80

100

120

Im, kA

σmax
vM , MPa

Fig. 10 Maximum von Mises equivalent stress vs. amplitude of the current pulse

of the workpiece depends on the amplitude of current under the condition that
the maximum von Mises equivalent stress attains the yield point. For an efficient
forming of thicker parts, it is necessary to increase the amplitude of the current.
With increasing amplitude of current the values of the hoop stress increase, Fig.
10. For real manufacturing operations, inductors are usually made from materials
such as copper or aluminum whose yield stress is in the range of 150 - 230 MPa.
Therefore further increase of the current would be not acceptable.

4 Conclusions

The aim of this paper was to present a method for the analysis the deformation
of the electro-conductive bodies in electromagnetic fields. The variational formu-
lation of the problem is proposed. The coupling of the electromagnetic field and
the deformation process are taken into account by introducing the concept of elec-
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tromagnetic forces. For numerical solving the finite element method is used. The
distribution of the vector of the electromagnetic field and tensor characteristics of
the deformation process for the system of the inductor - workpiece for one case of
electromagnetic forming is obtained.

The applied approaches can be extended in the future to analyze continua
with microstructure and for piezoelectric actuators, for example the piezoelec-
tromechanical systems.
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