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Abstract The results of mathematical simulation have been
carried out for the pattern of working medium motion provid-
ing the technological process of finishing–grinding treatment
in an oscillating reservoir. With use of physics laws, it is
ascertained and grounded that the flow of granules at the plane
wall of reservoir is travelling oppositely to the source of
vibrations, whereas the granules are drifting on the cycloid–
trochoid trajectories from the wall of reservoir, where the
looped displacement is maximal, to the center of reservoir in
which the shift of granules is reduced to minimum because of
damping and dissipation effect. The received theoretical reg-
ulations have a fundamental nature and can be used at the
account of technological parameters of designed vibration
machines.

Keywords Grinding . Finishing . Vibrations .Mathematical
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1 Introduction into the finishing–grinding vibration
treatment in the oscillating reservoir

At the vibration treatment, the parts of different sizes, masses,
and shape of surface, and also granular working medium, are

loaded into the vibration machine reservoir mounted on the
elastic links. The forced oscillations are revealed to the reser-
voir. Then, from the working reservoir’s surfaces such as their
walls and bottom, the vibrations are passed into the depth of
the working medium layer by layer that provides oscillating
motion and intensive intermixing of all of the loaded mass.
The vibration processing is being conducted in the circulating
flows of reservoir’s loading by way of micro-cutting and
elastic–plastic deforming. As a result, the imperfect layer of
metal is removed and the roughness of surface of the parts
diminishes.

The vibration machines with «U»-shaped reservoir, the
elastic links of which are presented by the cylindrical springs
of different inflexibility, are mostly used. Such technological
system creates bicomponent (binary) oscillation, the principal
scheme of which consists of that load with massm , connected
eccentrically in radial direction with a shaft in the distance r
from its axis, and which accomplishes rotational motion with
angular velocity ω (Fig. 1). Forcing force F, which is the
result of forces Fy and Fx created by inertia vibration exciter
in vertical and horizontal directions accordingly, is determined
by the dependence F =mrω2. As the reservoir of vibration
machine leans upon the cylindrical springs, force F causes the
vibrations of reservoir in relation to an axis, passing through
its center of gravity.

The reservoir of vibration machine accomplishes harmonic
vibrations on two axesOX andOY. Thus, the beginning of the
plane system of co-ordinates is on the axis of the shaft of
vibration exciter in its static state. We will analyze the pattern
of vibrations of reservoir in relation to the axis OY. In a
vertical plane, only vertical force Fy renders action on a
reservoir. The force Fy submits to a sinusoidal law and is
determined by the dependence Fy=mrω

2sinω t .
Total mass ∑M of mobile part of vibration machine,

presented by the masses of reservoir, working medium and
processed parts, in static position causes the sinking of springs
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of elastic suspension Fy on a value λ y which, taking into
account their total inflexibility∑ j y in the direction of axisOY,

is equal λy ¼ ∑M
∑ jy

.

In the process of operation of vibration machine, the oscil-
lations of its mobile part submit to the law of rectilinear alter-
nating motion in relation to the axis OY. Differential equation

of such motion looks like∑M d2y
dt2 þ β dy

dt þ ∑ jyλy ¼ Fsinω t ,

where ∑M d2y
dt2 is force, caused by the action of mass of mobile

part; β is a coefficient of damping of vibrations in mobile part;

β dy
dt is force of resistance, causing the fading of vibrations in

mobile part; and ∑ jyλy is evocative force of springs of the
reservoir’s elastic suspension.

For the stable reservoir’s oscillating motion, which is related
to sinking of springs of its elastic suspension, the general solution
of differential equation of motion looks like y=Ay sin(ωt+φ),
whereφ is an angle of translation of phases between the direction
of action of forcing force of vibration exciter and direction of
motion of center of the reservoir’s masses.

Thus, the value of amplitude A of reservoir’s vibrations is
direct proportionally to the forcing force F of inertia vibration
exciter, which changes its value direct proportionally to the
square of frequency ω2 of reservoir’s vibrations. For the
examined case, the value of vertical amplitude of reservoir’s
vibrations Ay can be presented in a form: Ay ¼ Ny

mr
M , where

Ny is a coefficient of dynamic force.
Because the total inflexibilities of springs of elastic sus-

pension of reservoir on the axesOX and OY are not equal, the

equality between vertical Ay and horizontal Ax amplitudes of
reservoir’s vibrations is absent, that is Ay≠Ax. Consequently,
the motion of reservoir in all of the cases will take a place on
ellipsoidal or near to it trajectory, which is described by the

equation x2

A2
x
þ y2

A2
y
≈1 .

As the sizes of semi-axes of ellipse of motion trajectory
depend on the inflexibility of springs of elastic suspension in
the direction of axes OX and OY, the trajectory of reservoir’s
motion can change on a shape from a vertical ellipse to the
circumference. So the ellipsis coefficient KA of trajectory,
which is equal to the relation of values of vertical Ay and
horizontal Ax amplitudes of reservoir’s oscillations, takes the

values KA ¼ Ay

Ax
¼ ≅1; 0ð Þ… ≥2; 5ð Þ .

The reservoir’s oscillations are accomplished on the closed
trajectories, so every granule and layers of working medium
and all of mass of loading, including the processed parts are in
circulating motion. The velocity of circulating motion is con-
siderably less than the angular speed ω of unbalances of the
inertia vibration exciter.

2 The physical approaches to the explanation of motion
pattern of working medium

The monitoring of motion pattern of free working medium
during finishing–grinding vibration processing [1–3] allowed
the setting of conformity to the law, according to which the
working medium granules participate in two kinds of motion.
The finishing–grinding vibration treatment was conducted in a
reservoir, which performed plane oscillating motions, the
source of which was an external inertia vibration exciter [4,
5] connected to the reservoir so that their axes were parallel
[6].

The first of the exposed types of motion, associated with
the oscillation of working medium, can be characterized as
close to the chaotic movement of the granules in relation to
each other. The second type of motion, related to the circula-
tion of the working medium, characterizes the formation of
multi-layered by-wall flow of granules, directed at different
sections of the trajectory of motion of the reservoir, as both
along its planed walls, dynamically affecting the working
medium and perpendicular to it [7, 8]. Thus total motion of
the working medium granules during the period of vibrations
of the reservoir is opposite to the motion of its planed walls,
and the velocity of granules presents the vector sum of veloc-
ities of both types of motions [9]. It should be noted that under
the by-wall surface flow is understood that the flow of gran-
ules, which directly contacts the workings of surfaces of the
oscillating reservoir, dynamically affects the working medium
loaded into the reservoir [10, 11].

During the modeling of motion of working medium in the
process of vibration treatment, the hypothesis used is that a

Fig. 1 Scheme of the technological system with bicomponent oscillation:
1 the processed parts, 2 a reservoir, 3 a working medium, 4 an elastic
suspension, 5 vibration exciter

264 Int J Adv Manuf Technol (2014) 70:263–276



behavior of oscillating granules massif on its character and
physical symptoms may be analogical to the behavior of gas
molecules, which interact with each other according to the laws
of collisions of spherical bodies, which are accomplishing the
rectilinear motions between collisions without the account of
action of gravity forces [12].

The size of molecules in the gas models is taken into
account at the characterization of the phenomena of transfer,
i.e., at the estimation of viscosity, heat conduction, and diffu-
sion. In this case, the gas molecules are associated with the
bodies of spherical shape. The size of molecules is taken into
account most fully when modeling the behavior of the real gas
that leads to more high-quality explanation of flowing of
phase transitions.

It should be noted that the basic hypothesis of kinetic
theory of gases consists of the physical properties of gases
that are determined only by the motion of molecules and does
not depend on their internal structure. Gas molecules are in
permanent motion and do not interact with each other except
of those cases when they are located in direct closeness in the
distance equal to their averaging sizes. Such interaction is
examined as elastic collision. So it is accepted in the theory
of gases that a molecule presents itself an absolutely elastic
sphere and forces arising up in the process of motion are
caused by the collision [13]. The size of such sphere is named
by the gas-kinetic diameter of molecule [14]. The motion of
molecules and their collisions with each other has random
chaotic pattern. Detailed study of these processes, based on
the solution of Newton’s equations is virtually impossible. So
the kinetic theory of gases applies the statistical method based
on the use of averaged values such as the concentration of
molecules in the volume, their average velocities, pressure of
molecules, etc. In addition, the function of distribution of
molecules in the space velocity impulses is entered. Such
approach allows us to derive the relationships to calculate
the motion of the gas at the macro-level, which is to receive
the Navier–Stokes equations. In this connection, the confor-
mity of the properties of gases, calculated theoretically and
produced experimentally, is the criterion of the correctness of
the model.

In the process of finishing–grinding vibration treatment,
flowing in the oscillating reservoir, granules of working
medium, having a shape near to spherical, are in permanent
circulating motion which is provided by the operation of
inertia vibration exciter. Thus the granules interact between
each other only in the moment of their collisions. It should
be noted that the number of working medium’s granules
involved in the process of vibration processing much less
than the number of gas molecules in the same volume.
However, their number (>105) is sufficient for the applica-
tion of the central limit theorem and introduction of func-
tion of the distribution of the granules on the velocities and
the coordinates [15].

Consequently, the basic postulates of the kinetic theory of
gases are saved to a full degree to describe the physical
conduct of granules of working medium, applied in
finishing–grinding vibration treatment. In this connection,
the use of methods of calculation within the framework of
kinetic theory of gases is fully permissible for the mathemat-
ical simulation of kinematics of motion of working medium
and also the processes of distribution of power impulses in it.
The legitimacy of such approach is confirmed by the adequa-
cy of design parameters of motion of working medium’s
granules to the parameters, being registered in the experiment.

Thus, we can assume that the basic hypotheses used in the
theory of ideal and real gases are practically fully acceptable to
the description of physical situations that characterize the
behavior of the working medium granules, which under an
influence of low-frequency vibrations are accomplishing the
movements, necessary to achieve technological result of
finishing–grinding treatment of parts in the reservoir of vibra-
tion machine. Consequently, the attempt to describe the mo-
tion of working medium granular flow by gas dynamics
equations is under itself a good reason. Such an approach to
the description of kinematics and dynamics of free working
mediums has been developed in a number of studies [16], the
results of which show perspective of the accepted approach
for explanation of behavior of granular materials, being under
the effect of powerful periodic actions.

3 Initial equations and boundary conditions of motion
of the working medium

Wewill consider character of motion of elementary volume of
granules of the working medium at a planed surface B , each
point of which from multiple numberO ,O1,O2,…,Oi simul-
taneously accomplishes flat oscillating motions with an am-
plitude À and frequency ω in relation to the coordinate axes
OX and OY on the trajectory close to the circle (Fig. 2).

Fig. 2 Character of motion of the working medium granules at a planed
oscillating surface
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The working medium granules fill all of overhead space
(y >0), above a surface B , any point of which moves according
to the law:

V 0 y ¼ V 0 tð Þ ¼ Aωcosωt ð1Þ

V 0 x ¼ U 0 tð Þ ¼ −Aω sinωt: ð2Þ

Determination of dependence of the velocity field of the
elementary volume of the working medium of granules, as
well as their densities and pressures on the coordinates and

time, may be expressed bymeans of Navier–Stokes equations,
the continuity equation, and the equation of state of gas, which
a in change internal energy is taken into account [17]:

dV

dt
¼ F−

1

ρ
gradP þ νΔV þ ζ

ρ
þ ν

3

� �
grad divV ; ð3Þ

∂ρ
∂t

þ div ρV
� �

¼ 0; ð4Þ

ρ
∂U
∂t

¼ div K gradTð Þ−PdivV þ η 2
∂Vx

∂x

� �2

þ ∂Vy

∂y

� �2

þ ∂Vz

∂z

� �2
" #(

þ
 

þ ∂Vx

∂y
þ ∂Vy
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� �2
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þ ∂Vz
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� �2
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þ ∂Vz

∂y

� �2
" #g þ ζ−

2

3
η

� �
divV
� �2Þ:

ð5Þ

The following notations are taken in Eqs. (3–5): V —
velocity of motion of elementary volume of the working

medium granules; F —strength of the mass forces field; ρ—
density of the working medium; ν =η /ρ and η—constant
coefficients of kinematics and dynamic viscosity correspond-
ingly; P—pressure in the elementary volume of the working

medium; ζ—constant coefficient of volume viscosity; U—
internal energy per unit mass of the working medium; K—
thermal conductivity; and T—temperature of elementary vol-
ume of working medium.

The presented Eqs. (3–5) can be complemented by the
equation for the enthalpy of the working medium H :

ρ
dH

dt
¼ div K gradTð Þ þ η 2

∂Vx

∂x

� �2

þ ∂Vy

∂y

� �2

þ ∂Vz

∂z

� �2
" #(

þ
 

þ ∂Vx

∂y
þ ∂Vy

∂x

� �2

þ ∂Vx

∂z
þ ∂Vz

∂x

� �2

þ ∂Vy

∂z
þ ∂Vz

∂y

� �2
" #g þ ζ−

2

3
η

� �
divV
� �2Þ:

ð6Þ

The above Eqs. (3–6) allow to determine six unknown

quantities: V ¼ iV x þ jV y þ kV z

� �
, ρ, P, T. However, the

search of solutions of these equations in a general view even for
simple initial and boundary conditions satisfies insuperable
mathematical difficulties practically [18, 19]. In this connection,
all of the found solutions have been obtained by the simplifi-
cations with taking into account the physically grounded
assumptions.

In this case, one of such mentioned assumptions is the
constancy of density of the working medium in its elementary
volume. It is confirmed by the monitoring of motion of

granules in the process of vibration treatment, when divV≡0
[16]. The second assumption is the absence of convective

acceleration [12] which is described as a term VΔ
� �

V and
also named the Lagrange derivate, basic derivate [20], or
derivate of Stoksa [21]. This is certainly executed for deriva-
tives ∂

∂x and ∂
∂z , as the flow pattern of convection does not

change along axes OX and OZ .
Let us estimate remaining convective terms Vy

∂Vx
∂y and

Vy
∂Vy

∂y in comparison with the quantities of ∂Vx
∂t and ∂Vy

∂t . It is

known from the work [11] that the velocity of granules motion
of the working medium diminishes with a distance from the
wall of oscillating reservoir to its central part. This is due to the
damping of power impulse caused by the damping and dissi-
pative properties of the working medium. A maximal distance
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at which takes place the complete damping of power impulse
makes no less than 200…250 mm. It is adjusted by the modes
of motion of reservoir at the amplitude of its vibrations 1.0…
5.0 mm and at frequency 30…70 Hz, and also by the size of
the working medium granules.

The expressions of maximal values of motion velocities Vx

and Vy of the reservoir include the product Aω , whereA andω
are the amplitude and frequency of vibrations of reservoir,
respectively. Therefore, when doing the following estima-

tions, then: ∂Vx
∂t ∼

∂Vy

∂t ∼ωVy∼Aω2 and Vy
∂Vx
∂y ∼Vy

∂Vy

∂y ∼A
2ω2 .

At comparison of the estimations, we obtain expressions ∂Vx
∂t ≫

Vy
∂Vx
∂y and ∂Vy

∂t ≫Vy
∂Vy

∂y , from which it follows that the con-

vective terms can be neglected in the Eqs. (3–6).
After the conducted simplifications the Navier–Stokes

Eq. (3) are accepted such as:

∂Vx

∂t
¼ Fx−

1

ρ
∂P
∂x

þ ν
∂2Vx

∂y2
þ ∂2Vx

∂x2
þ ∂2Vx

∂z2

� �
; ð7Þ

∂Vy

∂t
¼ Fy−

1

ρ
∂P
∂y

þ ν
∂2Vy

∂y2
þ ∂2Vy

∂x2
þ ∂2Vy

∂z2

� �
: ð8Þ

Since any changes in the convection flow pattern along

the axes OX and OZ is not observed, then: ∂P∂x ≡0 and ∂2Vx
∂x2 ¼

∂2Vx
∂z2 ¼ ∂2Vy

∂x2 ¼ ∂2Vy

∂z2 ≡0 .

Thus, the final form of the Navier–Stokes Eqs. (7) and (8)
for determination of the velocity components Vx and Vy of
motion velocity V of the working medium is as follows:

∂Vx

∂t
¼ Fx þ ν

∂2Vx

∂y2
;

∂Vy

∂t
¼ Fy−

1

ρ
∂P
∂y

þ ν
∂2Vy

∂y2
:

8>><>>: ð9Þ

Further, not losing community, we neglect the permanent
terms Fx and Fy of equations system (9) which can be solved
independently. In the second equation of the system (9) as an
unknown term remains ∂P

∂y .

The boundary conditions of motion velocity of by-wall
flow of the working medium granules, which are at the planed
wall of the reservoir, accomplishing oscillating motions on the
circular trajectory, are the following:

V 0x ¼ −Aω sinωt; ð10Þ

V 0y ¼ Aωсosωt: ð11Þ

Obviously, at the indicated boundary conditions (10) and
(11), the changes in the movement of working medium flow
will take a place only in relation to the axisOY, namely, along

the planed walls of the reservoir. The granules will start their
movements from the state of its static equilibrium and then,
during the insignificant interval of time from the beginning of
motion of the reservoir, the velocity field of the working
medium granules will be in transitional regime, depending
on the conditions of stabilizing of the amplitude–frequency
characteristics of the reservoir. At any time after stabilization,
the motion velocity of granules will acquire a character of
harmonic function, having temporal dependence. In the steady
operating regime, the frequency of motion of the granules of
by-wall flow is subject to the harmonic law and coincides with
the frequency of the oscillating motion of the reservoir [22].

4 Solution of equations of motion of the working medium
at the planed oscillating surface

To solve the equations, system (9) of motion of the working
medium at the oscillating planed surface need not be exam-
ined, taking a place at the beginning of the cycle short-term
transient regime from preresonance one, passing the phenom-
enon of resonance, to postresonance mode, at which the
motion velocity of granules will acquire a character of har-
monic function. It is explained that the process of finishing–
grinding treatment of the parts is executed a long time in a few
orders exceeding the time of transient mode. Thus, the solu-
tion of the first equation of the system (9) can be presented as:

Vx y; tð Þ ¼ eiωtE yð Þ: ð12Þ

Substituting expression (12) in the first equation of the
system (9), we get:

iωF ¼ ν
∂2F
∂y2

: ð13Þ

The unique solution of Eq. (13), remaining finite over y→
∞ , is the following:

F yð Þ ¼ λe− 1þið Þ
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
: ð14Þ

Substituting boundary values (10) for velocity Vx, we find
the final solution of Eq. (12):

Vx ¼ −Aωe−
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
sin ωt−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω=2vy

p� �
: ð15Þ

Expression (15) for velocity Vx can be considered as a

damped wave, length of which is equal to 2π
ffiffiffiffi
2ν
ω

q
. The wave

propagates in the direction of axis OY with phase velocity
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ffiffiffiffiffiffiffiffi
2νω

p
and falls slowly in the same direction according to the

law e−
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
.

The system of Eq. (9) has rectilinear character, and both its
equations are independent. In this context, to determine the
velocity Vy we consider the second equation of the system (9)
separately. As well as in the case of finding the velocity Vx,
mass force Fy is neglected. Then the second equation of the
system (9) will be presented in the following form:

∂Vy

∂t
¼ −

1

ρ
∂P
∂y

þ ν
∂2Vy

∂y2
: ð16Þ

To solve the Eq. (16), it is necessary to determine the
general view of the function P (y, t ). Without taking into
account the gravity (Fy=0), pressure change along the axis
OY will depend on the change of value of velocity Vy. Atten-
uation of the velocity Vy, depending on a quantity y, will have
the same form as the damping the velocity Vx. This follows
from the Eq. (16) which differs from the first equation of the
system (9) only by the term − 1

ρ
∂P
∂y . Therefore, we determine

dependence P (y,t) as follows:

P y; tð Þ ¼ H ωð Þeiωte−2 1þið Þ
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
: ð17Þ

The boundary conditions for the pressure quantity P at y =
0 must satisfy the condition at which P(0,t)=CPρω

2A2e iωt,

where eNP≈12 , and term e iωt is determined, coming from the

boundary conditions of motion of the planed surface.
Substituting the dependence (17) in Eq. (16), we get inho-

mogeneous equation of heat conduction:

∂Vy

∂t
¼ ν

∂2Vy

∂y2
þ CP ω

2A2eiωt2 iþ 1ð Þ
ffiffiffiffiffiffiffiffiffiffi
ω=2v

p
e −2 1þið Þ

ffiffiffiffiffiffiffi
ω=2v

p
y:

ð18Þ

The solution of the homogeneous part of Eq. (18) has the
same form as the solution of Eq. (15) for the velocity Vx.
Using this solution, we obtain:

V �
y ¼ g ωð Þeiωte− 1þið Þ

ffiffiffiffiffiffiffiffiffi
ω=2v y

p
: ð19Þ

The dependence g (ω ) in expression (19) is presented as a
function of vibrations frequency ω of the planed wall of the
reservoir, which will be determined in future.

The general solution of Eq. (16) is determined as the sum

Vy ¼ V �
y þ eVy , where eVy is presented in the form:

Vy ¼ f tð Þe−2 1þið Þ
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
: ð20Þ

Substituting the expression (20) in Eq. (16), we get the
following relation for the dependence f (t):

f
0 ¼ i4ωf þ 2CP A

2ω2eiωt 1þ ið Þ
ffiffiffiffiffiffi
ω
2ν

r
: ð21Þ

Expression (21) is an inhomogeneous equation in ordinary
derivatives. The solution of the homogeneous part of this
equation looks like as follows:

f ¼ cei4ωt; ð22Þ

where c is taken as a temporal function.
Further, using the standard procedure of method of indef-

inite coefficients [23] for finding the solution of the inhomo-
geneous Eq. (21), we get the following:

f tð Þ ¼ c tð Þeiωt: ð23Þ

f
0 ¼ c

0
eiωt þ ciωeiωt: ð24Þ

Substituting got relationships (23) and (24) in Eq. (21), we
get the expression for c :

c
0 ¼ 2CP A

2ω2 1þ ið Þ
ffiffiffiffiffiffi
ω
2ν

r
e−i3ωt: ð25Þ

c ¼ −
2

3
CP A

2ω

ffiffiffiffiffiffi
ω
2ν

r
1−ið Þe−i3ωt þ c0: ð26Þ

Further substitutions show that c0=0, so the expression for

the velocity Vy becomes:

eVy ¼ −
2

3
CP A

2ω

ffiffiffiffiffiffi
ω
2ν

r
1−ið Þe−iωte−2 1þið Þ

ffiffiffiffiffiffiffiffiffi
ω=2v y

p
: ð27Þ

Using the relationships (19) and (27), we get the general
solution of Eq. (16):

Vy ¼ g ωð Þeiωte− 1þið Þ
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
−
2

3
CP A

2ω

ffiffiffiffiffiffi
ω

2ν

r
1−ið Þeiωte−2 1þið Þ

ffiffiffiffiffiffiffiffiffi
ω=2v y

p
:

ð28Þ

The expression (28) for the velocity Vy at y =0 must fulfill
the boundary condition which in a complex form is the fol-
lowing ratio:

Vy y¼0

		 ¼ Aωeiωt: ð29Þ
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Substituting the boundary condition (29) in general expres-
sion (28) for the velocity Vy, we find g (ω ), that is:

g ωð Þ ¼ Aω 1þ 2

3
CP A

ffiffiffiffiffiffi
ω
2ν

r
1−ið Þ

� �
: ð30Þ

From the expression (30), we determine the final expres-
sion for the velocity Vy in complex form, corresponding to the
boundary condition (29):

Vy ¼ Aωeiωt 1þ 2

3
CP A

ffiffiffiffiffiffi
ω
2ν

r
1−ið Þ

� �
e− iþ1ð Þ

ffiffiffiffiffiffiffiffiffi
ω=2v y

p

−

−
2

3
CP A

ffiffiffiffiffiffi
ω
2ν

r
1−ið Þe−2 iþ1ð Þ

ffiffiffiffiffiffiffiffiffi
ω=2v y

p � : ð31Þ

The real part of the expression for the velocity Vy, which
satisfies Eq. (16), and the boundary condition, Vy(0, t )=
Aω cosωt , looks like in the form:

Re Vy

� � ¼ Aω e−
ffiffiffiffiffiffiffiffiffi
ω=2v y

ph
1þ 2

3

��
CP A

ffiffiffiffiffiffi
ω
2ν

r Þ cos ωt−
ffiffiffiffiffiffi
ω

2ν

r�
yÞ þ

þ 2

3
CP A

ffiffiffiffiffiffi
ω

2ν

r
sin ωt−

ffiffiffiffiffiffi
ω

2ν

r
y

� �Þ − 2

3
CP A

ffiffiffiffiffiffi
ω

2ν

r
e−2

ffiffiffiffiffiffiffiffiffi
ω=2v y

p
�

� cos ωt−2
ffiffiffiffiffiffi
ω

2ν

r
yÞ��

þ sin ωt−2
ffiffiffiffiffiffi
ω

2ν

r�
yÞÞ� ð32Þ

Expression (32) for the velocity Vy, as well as the expres-
sion for the velocity Vx, can be examined as a superposition of
attenuated waves. However, unlike the expression for the
velocity Vx in the expression (32) for the vertical velocity
component Vy in multi-layered flow of the working medium
granules there are two types of waves which correspond to
two types of damping. So, along with waves, having length

2π
ffiffiffiffi
2ν
ω

q
, which are propagating with the velocity

ffiffiffiffiffiffiffiffi
2νω

p
and

are damping under the law e−
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
, there are the with length

2π
ffiffiffiffi
ν
2ω

p
, in the working medium. The waves are propagating

along the axis OY with the velocity
ffiffiffiffi
νω
2

p
and are damping

under the law e−2
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
.

Thus, the solutions of the equations system (9) taking into
account the boundary conditions, represented by the expres-
sions Vx |y =0=−Aω sinωt and Vy |y=0=Aω cos ωt , are the
followings relations:

Vx y; tð Þ ¼ −Aωe−
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
sin ωt−

ffiffiffiffiffiffi
ω
2ν

r
y

� �
;

Vy y; tð Þ ¼ Aω e−
ffiffiffiffiffiffiffiffiffi
ω=2v y

ph
1þ 2

3

��
CP A

ffiffiffiffiffiffi
ω
2ν

r Þcos ωt−
ffiffiffiffiffiffi
ω
2ν

r�
yÞ þ

þ 2

3
CP A

ffiffiffiffiffiffi
ω
2ν

r
sin ωt−

ffiffiffiffiffiffi
ω
2ν

r
y

� �Þ− 2

3
CP A

ffiffiffiffiffiffi
ω
2ν

r
e−2

ffiffiffiffiffiffiffiffiffi
ω=2v y

p
�

� cos ωt−2
ffiffiffiffiffiffi
ω
2ν

r��
yÞ þ sin ωt−2

ffiffiffiffiffiffi
ω
2ν

r
y

� �Þ� :

8>>>>>>><>>>>>>>:
ð33Þ

Thus, the expression (17) for determination of pressure in
the multi-layered flow of the working medium granules is as
follows:

P y; tð Þ ¼ CP ρω
2A2e−2

ffiffiffiffiffiffiffiffiffi
ω=2v y

p
cos ωt−2

ffiffiffiffiffiffi
ω
2ν

r
y

� �
: ð34Þ

The expression (34) is presented as a damped wave which

is propagating with the phase velocity
ffiffiffiffi
νω
2

p
along the axisOY,

then it is damping in the same direction under the law

e−2
ffiffiffiffiffiffiffiffiffi
ω=2v y

p
and has a wavelength 2π

ffiffiffiffi
ν
2ω

p
.

It is necessary to add that the waves described higher are
analogical not acoustic, but thermal waves [24, 25].

Quantity ν , which characterizes the kinematic viscosity of
multi-layered flow of the working medium granules, is deter-
mined by the attenuation of the motion velocity of the gran-
ules as a result of damping effect of the working medium. In
addition, there are some methods to determine experimentally

the coefficient
ffiffiffiffi
ω
2ν

p
, characterizing the damping of the motion

velocity of the granules [26].
Examining the reasons of the effect of structural compo-

nents of the damping coefficient of the motion velocity of the
granules on the mechanism of vibration treatment process it
should be added that in the theory of gas, the laws of which we
follow, kinematics viscosity ν ∼Vm, where Vm is the average
motion velocity of gas molecules. In our case, at motion of the
by-wall multi-layered flow of granules of the working medi-
um in the oscillating reservoir similarity Vgr∼Aω is executed.
So, we can conclude that the coefficient

ffiffiffiffi
ω
2ν

p
should not

depend on the frequency of vibrations of the reservoir.

5 Solution of equations of motion of the working medium
for the conditions of the oscillating reservoir

Expressions (33), being the solution of the system (9) at y =0,
are transformed in the followings relationships:

Vx ¼ −Aω sinωt; ð35Þ
Vy ¼ Aωcosωt: ð36Þ

The set relationships (35) and (36) describe the kinematics
of granules of by-wall flow of the working medium in the
reservoir, where each point of planed working surface accom-
plishes oscillating motion along the trajectory close to a circle.
Such kinematics results in forming of circulation and oscilla-
tion of the granules of multi-layered by-wall flow, the motion
of which is directed oppositely to the motion of the reservoir
walls. Forming of features of flowmotion is explained that the
granules do not repeat to a full degree the motion pattern of the
planed working surfaces of the oscillating reservoir. It is
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associated with damping and dissipative properties of the
working medium because of power losses.

Let us suppose that in the moment of time t0, when the
velocity Vy of the wall takes a negative value, the separation of
granules of by-wall flow takes place from the wall of the
reservoir (Fig. 3). At this point the vertical components of
motion velocity of the granules of by-wall flow become less
than the vertical component of wall motion of the reservoir,
i.e., Aω cos ωt ≥Aω cosα0. Not taking into account the
action of gravity, it can be noted that by-wall flow of the
working medium granules will begin rectilinear motion with
velocity Aω at an angle to the wall plane of the reservoir, i.e.
α0=ωt0. This rectilinear motion will be maintained to the
moment of time t∗=α∗/ω , when the reservoir wall during its
circular moving again will enter into a contact with the work-
ing medium granules, accomplishing short-time independent
motion.

Moment of time t∗=α∗/ω can be determined from the
equality of displacements in the vertical direction of the res-
ervoir wall and the by-wall flow of granules. Vertical displace-
ment of the wall h rw for a time interval from t0 to t* is
determined by the following relation:

hrw ¼ ∫
t�

t0
Vy tð Þdt ¼ ∫

t�

t0
Aωcos ωtð Þ ¼ A sinωt�−sinωt0ð Þ

¼ A sinα�−sinα0ð Þ: ð37Þ

The vertical displacement of granules hgr in the by-wall
flow for the same period of time, i.e., from t0 to t*, will be
equal:

hgr ¼ Aω t*−t0
� �

cosωt0 ¼ A α*−α0

� �
cosωt0: ð38Þ

Equating expressions (37) and (38), we get the following
equation:

sinα0−α0cosα0 þ α*cosα0−sinα* ¼ 0: ð39Þ

Thus, the motion of the by-wall flow of working medium
granules can be described as follows:

– longitudinally the axis OY:

V 1y ¼ Aωcosωt at 0≤ t < t0 ¼ α0=ω;

V 2y ¼ Aωcosωt0 ¼ Aωcosα0 at t0≤ t < t*; i:e:
α0

ω
≤ t <

α*

ω
;

V 3y ¼ Aωcosωt at t*≤ t < T ¼ 2π
ω

; i:e:
α*

ω
≤ t <

2π
ω

;

ð40Þ
– longitudinally the axis OX :

V 1x ¼ −Aω sinωt at 0≤ t < t0 ¼ α0=ω;

V 2x ¼ −Aω sinωt0 ¼ −Aω sinα0 at t0≤ t < t* ¼ α*

ω
;

V 3x ¼ −Aω sinωt at t*≤ t < T ¼ 2π

ω
: ð41Þ

Changing the motion velocity of the by-wall flow of
granules in this case is illustrated by the graphic depen-
dences (Fig. 4a, b). The proposed model of motion
assumes that in the moment of time t * the motion ve-
locity of the working medium granules becomes the
equal to the motion velocity of the wall of the oscillating
reservoir.

Described above the relationships (40) and (41) for the
motion velocity of the working medium are newly accepted
boundary conditions for the solution of the system (9) within
the framework of the offered model of interaction of the
working medium with the oscillating planed wall of the
reservoir.

The displacement of the flow of the working medi-
um granules in vertical direction for one period of
vibrations T of the reservoir will be determined by the
relation:

Aω t*−t0
� �

cosωt0 þ Aω ∫
Tþt0

t*
cosωt ¼ t*−t0

� �
ωcosωt0þ

�
þ sinωt0−sinωt*
� ��A ¼ A α*−α0

� �
ωcosα0 þ sinα0−sinα*

� �:
ð42Þ

The relation (42) taking into account Eq. (39) is equated
with a zero, i.e., the displacement of the by-wall flow of
granules in vertical direction for period T of the oscillating
motion of the reservoir is nonexistent practically.

Fig. 3 Motion pattern of the working medium granules at the oscillating
wall of the reservoir

270 Int J Adv Manuf Technol (2014) 70:263–276



The displacement of the flow of the working medium
granules in horizontal direction is determined by the following
equation:

−Aω t*−t0
� �

sinα0 þ
Z
α*=ω

Tþt0ð Þ=ω

sinωt

264
375

¼ −A α*−α0

� �
sinα0−cosα0 þ cosα*

� �
: ð43Þ

In Eq. (43), we accept that T ¼ 2π
ω . The quantity of the

horizontal displacement of the flow of the working medium
granules under the action of the reservoir wall is different from
a zero and negative, that is the explanation of the opposition in
the direction of the granules motion of the working medium
flow and the wall of the oscillating reservoir.

If to expand the velocity of granules of the by-wall flow of
the workingmedium into a Fourier series, then for the solution
of the equations system (9) with new boundary conditions we
can use the previously got solutions (32) and (34). In this case,
the solution of the equations system (9) will be an endless sum

of solutions with frequency kω (k =1,2,3......), taken with
certain coefficients, the values of which are determined at
expansion of new boundary conditions into a Fourier
series.

Let us designate the vertical and horizontal components
of motion velocity of the working medium granules, ac-
cordingly through V 0(t )=V 0y(t ) and U 0(t )=V 0x(t ). The
expansion into a Fourier series of both velocity constants
looks like [27, 28]:

U 0 tð Þ ¼ aU0
2

þ
X
k¼1

∞

aUk coskωt þ bUk sinkωt
� �

;

V 0 tð Þ ¼ aV0
2

þ
X
k¼1

∞

aVk coskωt þ bVk sinωt
� �

:

8>>>>>>><>>>>>>>:
;

ð44Þ

On determination aU0 ¼ 2
T ∫
2π=ω

0
U 0 tð Þdt; aV0¼ 2

T ∫
2π=ω

0
V 0 tð Þdt;

aUk ¼ 2

T

Z
0

2π=ω

U 0 tð Þcoskωt dt; bUk ¼ 2

T

Z
0

2π=ω

U0 tð Þ sinkωt dt;

aVk ¼ 2

T

Z2π=ω
0

V 0 tð Þcoskωt dt; bVk ¼ 2

T

Z2π=ω
0

V 0 tð Þ sinkωt dt:

With newly accepted boundary conditions for U(t ) and
V(t), we have:

aU0 ¼ −
2Aω
T

Zα0=ω

0

sinωt dt þ sin ωt0ð Þ α�

ω
−
α0

ω

� �
þ
Z
α*=ω

α0=ω

sinωt dt

264
375 ¼

¼ −
2A

T
α*−α0

� �
sinα0 þ cosα*−cosα0

� �
: ð45Þ

aV0 ¼ −
2Aω

T

Zα0=ω

0

cosωt þ cos ωt0ð Þ α*

ω
−
α0

ω

� �
þ
Z
α*=ω

2π=ω

cosωt dt

264
375 ¼

¼ −
2A

T
sinα0−sinα*
� �þ α*−α0

� �
cosα0

� �
: ð46Þ

From the Eq. (39) a0
V=0. We find other remaining coeffi-

cients in Fourier series of the system (44):

Fig. 4 Change of the motion velocity of granules of the by-wall flow of
the workingmedium: a vertical motion velocity V0y/Aω and b horizontal
motion velocity V0x/Aω
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aUk ¼ −
2Aω

T

Z
0

α0=ω

sin ωtð Þcos kωtð Þdt þ
Zα*=ω

α0=ω

cos kωtð Þ sin ωt0ð Þdtþ

264
þ
Z
α*=ω

2π=ω

sin ωtð Þcos kωtð Þdt� ¼ −
2A

T

1

2 k þ 1ð Þ cos α* k þ 1ð Þ� �
−

�


−cos α0 k þ 1ð Þð ÞÞ þ 1

2 1−kð Þ cos α* 1−kð Þ� �
−cos α0 1−kð Þð Þ� �þ

þ sinα0

k
sin kα*
� �

−sin kα0ð Þ� ��; ð47Þ

ð48Þ

bUk ¼ −
2Aω
T

Z
0

α0=ω

sin ωtð Þ sin kωtð Þdt þ
Zα*=ω

α0=ω

sinα0 sin kωtð Þdtþ

264
þ
Z
α*=ω

2π=ω

sin ωtð Þ sin kωtð Þdt� ¼ −
2A

T

1

2 k þ 1ð Þ sin α* k þ 1ð Þ� �
−

�


−sin α0 k þ 1ð Þð ÞÞ þ 1

2 1−kð Þ sin α0 1−kð Þð Þ−sin α* 1−kð Þ� �� �
−

−
sinα0

k
coskα*−coskα0

� ��;
aVk ¼ 2Aω

T

Z
0

α0=ω

cos ωtð Þcos kωtð Þdt þ
Zα*=ω

α0=ω

cosα0 cos kωtð Þdtþ

264
þ
Z2π=ω
α*=ω

cos ωtð Þcos kωtð Þdt� ¼ 2A

T

1

2 k þ 1ð Þ sin α0 k þ 1ð Þð Þ−ð



−sin α* k þ 1ð Þ� �Þ þ 1

2 1−kð Þ sin α0 1−kð Þð Þ−sin α* 1−kð Þ� �� �þ
þ cosα0

k
sin kα*
� �

−sin kα0ð Þ� ��; ð49Þ

bVk ¼ 2Aω
T

Z
0

α0=ω

cos ωtð Þ sin kωtð Þdt þ
Zα*=ω

α0=ω

cosα0 sin kωtð Þdtþ

264
þ
Z2π=ω
α*=ω

cos ωtð Þ sin kωtð Þdt� ¼ 2A

T

1

2 k þ 1ð Þ cos α* k þ 1ð Þ� �
−

�


−cos α0 k þ 1ð Þð ÞÞ þ 1

2 1−kð Þ cos α0 1−kð Þð Þ−cos α* 1−kð Þ� �� �þ
þ cosα0

k
cosα0−cosα*
� �� ð50Þ

The expressions (47), (48), (49) and (50) are valid for the
values k =2,3,4…∞. But they have uncertainty at the values
k =1.

The coefficients a1
U and b1

V can be determined from the
general expressions, using the Lopital’s rule. Then we get:

aU1 ¼ −
2A

T

1

4
cos2α*−cos2α0

� �þ sinα0 sinα*−sinα0

� �
 
; ð51Þ

bV1 ¼ 2A

T

1

4
cos2α*−cos2α0

� �þ cosα0 cosα0−cosα*
� �
 

: ð52Þ

For the coefficients a1
V and b1

U it is necessary to make
integration of the expressions (48) and (49) at k =1. As a
result, we get the following:

bU1 ¼ −
2Aω

T

Z
0

α0=ω

sin2 ωtð Þdt þ sinα0

Zα*=ω

α0=ω

sin ωtð Þdtþ

264
þ
Z
α*=ω

2π=ω

sin2 ωtð Þdt� ¼ −
2A

T

1

2



α0−α*
� �þ πþ 1

4
sin2α*−sin2α0

� �þ
þsinα0 cosα*−cosα0

� ��: ð53Þ

aV1 ¼ 2Aω

T

Z
0

α0=ω

cos2 ωtð Þdt þ
Zα*=ω

α0=ω

cosα0 cos ωtð Þdtþ

264
þ
Z
α*=ω

2π=ω

cos2 ωtð Þdt� ¼ 2A

T

1

2



α0−α*
� �þ πþ 1

4
sin2α0−sin2α*
� �þ

þcosα0 sinα*−sinα0

� ��: ð54Þ

Thus, the final expressions for the velocitiesU0(t) and V0(t)
on the surface of the reservoir-planed wall are as follows:

U 0 tð Þ ¼ aU0
2

þ
X
k¼1

∞

aUk cos kωtð Þ þ bUk sin kωtð Þ� �
; ð55Þ

V 0 tð Þ ¼
X
k¼1

∞

aVk cos kωtð Þ þ bVk sin kωtð Þ� �
: ð56Þ

Coefficient
αU
0

2 determines the motion velocity of granules
of the working medium by-wall flow, directed oppositely to
motion of the oscillating reservoir wall. This coefficient de-
pends on the quantities of the angles α0 and α

* of interaction
of the reservoir wall with the working medium granules, i.e.,
on the quantity of the «separation» angle α0 and the angle α

*

of subsequent «meeting» of the working medium granules
with the container wall. The angles are determined from the
expression (39), on the basis of which the graphic dependence
has been got (Fig. 5).

It ensues from the graphic dependence (see Fig. 5) that at
the «separation» angle α0 of the working medium granules
from the reservoir wall, equal α0=π /2, quantity of the angle
α* of their subsequent «meeting» is close to 2π . It means that
the energy action of the reservoir planed walls on the working
medium is virtually nonexistent during one period of its
oscillation. With the growth of quantity of the angle α 0

quantity of the angle α* diminishes. It means that the time
of action of the reservoir wall on the working medium is
increased during one period of oscillation. Change of the
motions velocity Vgr of granules of the working medium
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depending on the «separation» angle α0 of granules from the
reservoir wall is shown by the graphic dependence (Fig. 6).
The velocity Vgr reaches its maximal value at α0=π /2 and is
equal Aω.

Other members of the series in the expressions (55) and
(56) are the boundary conditions for the solution of the equa-
tions system (9). The relations (33) and (34), taken with
frequencies ωk and the coefficients bk

U at Vx(y,t ) and ak
V

at Vy(y,t ), are the solutions of the equations system (9) for all
of members of the series (55), containing functions sin(ωkt)
and for all of members of the series (56), containing the
functions cos(ωkt):

Vxk y; tð Þ ¼ −bUk e
−
ffiffiffiffiffiffiffiffiffiffiffiffi
2ωk=vky

p
sin ωkt−

ffiffiffiffiffiffiffiffiffi
2ωk

νk

s
y

 !
;

Vyk y; tð Þ ¼ aVk e
−
ffiffiffiffiffiffiffiffiffiffiffiffi
ωk=2vky

p
1þ 2

3
CP

aVk
ωk

ffiffiffiffiffiffiffiffi
ωk

2νk

s ! 
cos ωkt−

ffiffiffiffiffiffiffiffi
ωk

2νk

s
y

 !
þ

þ 2

3
CP

aVk
ωk

ffiffiffiffiffiffiffiffi
ωk

2νk

s
sin ωkt−

ffiffiffiffiffiffiffiffi
ωk

2νk

s
yÞ !

−
2

3
CP

aVk
ωk

ffiffiffiffiffiffiffiffi
ωk

2νk

s
�

�e−2
ffiffiffiffiffiffiffiffiffiffiffiffi
ωk=2vky

p
cos ωkt−2

ffiffiffiffiffiffiffiffi
ωk

2νk

s
y

 !
þ sin ωkt−2

ffiffiffiffiffiffiffiffi
ωk

2νk

s
y

 ! !
:

ð57Þ
For the terms of the series (55), containing the functions

cos(ωkt) and the terms of the series (56), containing functions
sin(ωkt) the corresponding solutions of the equations system
(9) will be:

Wxk y; tð Þ ¼ −aUk e
−
ffiffiffiffiffiffiffiffiffiffiffiffi
ωk=2vk y

p
cos ωkt−

ffiffiffiffiffiffiffiffi
ωk

2νk

s
y

 !
;

Wyk y; tð Þ ¼ bVk e
−
ffiffiffiffiffiffiffiffiffiffiffiffi
ωk=2vky

p
1þ 2

3
CP

bVk
ωk

ffiffiffiffiffiffiffiffi
ωk

2νk

s ! 
sin ωkt−

ffiffiffiffiffiffiffiffi
ωk

2νk

s
y

 !
−

−
2

3
CP

bVk
ωk

ffiffiffiffiffiffiffiffi
ωk

2νk

s
cos ωkt−

ffiffiffiffiffiffiffiffi
ωk

2νk

s
yÞ !

þ 2

3
CP

bVk
ωk

ffiffiffiffiffiffiffiffi
ωk

2νk

s
�

�e−2
ffiffiffiffiffiffiffiffiffiffiffiffi
ωk=2vky

p
cos ωkt−2

ffiffiffiffiffiffiffiffi
ωk
2νk

s
y

 !
−sin ωkt−2

ffiffiffiffiffiffiffiffi
ωk
2νk

s
y

 ! !
:

ð58Þ

The complete solution of the equations system (9) with the
boundary conditions (55) and (56) is as follows:

U∑ ¼ a0
2
þ
X
k¼1

∞

Wxk y; tð Þ þ Vxk y; tð Þð Þ;

V∑ ¼
X
k¼1

∞

Vyk y; tð Þ þWyk y; tð Þ� �
:

8>>>><>>>>: ð59Þ

In the system of Eq. (59), U∑ and V∑ are the horizontal
and the vertical components of the motion velocity of the
elementary volume of granules of the working medium
by-wall flow.

In the expressions (57) and (58), the coefficients, determin-
ing the reduction of the motion velocity of the working medi-

um granules along the axis OY, have the form
ffiffiffiffiffi
ωk
2νk

q
and 2ffiffiffiffiffi

ωk
2νk

q
; their quantities practically do not depend on the angular

rotation velocity of the source of vibrations.
The dependence of pressure P on the quantities y and t ,

corresponding to the solution of the equations system (59) and
boundary conditions (44), is as follows:

PΣ ¼
X
k¼1

∞

CP ρ bVk
� �2

e−2
ffiffiffiffiffiffiffiffiffiffiffiffi
ωk=2vky

p
sin ωkt−2

ffiffiffiffiffiffiffiffi
ωk
2νk

r
y

� ��
þ

þ aVk
� �2

e−2
ffiffiffiffiffiffiffiffiffiffiffiffi
ωk=2vky

p
cos ωkt−2

ffiffiffiffiffiffiffiffi
ωk
2νk

s
y

 !Þ: ð60Þ

6 Numerical solutions of the motions velocity
of the working medium in the oscillating reservoir

The expressions (59) and (60) show that the horizontal Vx and
the vertical Vy components of the motion velocity of granules,
as well as the quantity of their pressure in the workingmedium
flow depend not only on time of action of the oscillating
reservoir wall to the working medium, but also on the coor-
dinate Y, which indirectly characterizes the direction of gran-
ules motion. Consequently, the trajectory of motion of the
working medium can be determined numerically in the form
of temporal dependences of the horizontal and vertical com-
ponents of the motion velocity of granules for four values of
their distances from the planed wall of the oscillating reservoir
(Fig. 7). The calculations have been carried out for the most
used values of basic technological parameters of vibration
treatment process, such as frequency and amplitude of

Fig. 5 Dependence of quantities of the «separation» angle α0 and the
«meeting» angle α* at interaction of the reservoir wall with the working
medium granules
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vibrations 50 Hz and 1.0 mm [29, 30], correspondingly; the
angles of «separation» and «meeting» of the reservoir wall
and the working medium granules 2,618 and 4,452 rad, cor-
respondingly, with taking into account the distance from the
reservoir wall to its central part, where the distance of com-
plete damping of the force impulse makes ≈250 mm because
of the inelastic collisions of granules [11].

The graphics of granules displacements of the working
medium by-wall flow testify that the displacement along the
axis Y is a harmonic pattern (see Fig. 7). When the distance
from the reservoir wall increases, the displacement amplitude
falls. Also the phase of the oscillations is changed. The dis-
placement along the axis X is a superposition of harmonic
vibrations and permanent displacement. The amplitude of
vibrations along the axis X also decreases while the distance
from the wall of the reservoir to its central part increases.

The total displacement of granules of the working medium
by-wall flow consists of vector sum of components of the
motion velocity of granules (Fig. 8). The chart shows some
variants of the motion trajectory of the working medium
granules during five periods of vibrations of reservoir, thus

for each of variants of the trajectory the motion of granules
begins at a certain distance Y0 from the reservoir wall.

In addition, the graphs show that the working medium
granules execute continuous motion on complex periodically
recurring curves which are close to the particular type of
cycloid–trochoid (see Fig. 8). When the distance from the
wall of the reservoir to its central part increases, the amplitude
of cycloids is reduced, and the looped character which is
observed in the bottom of each trochoid disappears gradually.
It is graphically shown also that in their motion the granules of
multi-layered flows of the working medium are displaced
from peripheral part near the walls of reservoir, where the
displacement has a maximal value, to central part into depth of
the reservoir. Thus the quantity of displacement duringmotion
to central part is reduced because of the effect of damping and
dissipation of the working medium. The initial value Y0 of the
distance of granules from the wall of reservoir corresponds to
each of four curves.

The processes of micro-cutting and elastic–plastic defor-
mation, which provide the mechanism of finishing–grinding
treatment in the oscillating reservoir, take place at the relative
moving and mutual pressure of the working medium granules
and parts. In this connection, along with the estimation of
kinematics of the working medium granules, it is expediently

Fig. 6 Dependence of motions velocity Vgr of granules of the working
medium by-wall flow on the «separation» angle α0 of granules from the
reservoir wall

Fig. 7 Temporal dependence of quantities of the horizontal XΣ and
vertical YΣ components of granules displacements of the working me-
dium by-wall flow for different distances Y0 from the reservoirs wall

Fig. 8 Trajectory of the granules motion of the working medium by-wall
flow during five periods of vibrations of the reservoir for different
distances Y0 from the wall of the reservoir

Fig. 9 Dependence of pressure of granules in the multi-layered flow of
the working medium on the quantity of distance of granules from the
reservoir’s wall
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to take into account the character of dependence of pressure in
the multi-layered flow of the working medium on the dis-
placement of the granules from the periphery to its central
part.

The initial phase of pressure changes in the flow of work-
ing medium, concordant with a curve (Fig. 9), is selected so
that P(y )y=0=0. It should be marked that as far as the granules
are distancing of from peripheral to central part of the reser-
voir, pressure can change a sign. Then the zone of rarefaction
appears in the reservoir with the minimum quantities of the
relative displacements and mutual pressure of the working
medium granules and parts, that leads to decrease of activity
of processing. At the distance Y0≈250 mm, the pressure in the
multi-layered flow of the working medium is reduced practi-
cally to the zero.

7 Conclusions

Mathematical modeling of motion of the working medium at
finishing–grinding treatment in the oscillating reservoir of
vibration machine, based on an analogy between the moving
working medium granules and gas molecules allows to give
the scientific explanation of the following physical effects,
which are incident to the behavior of free working medium,
executing the function of cutting tool in the processes of
micro-cutting and elastic–plastic deformation, providing the
achievement of the required technological result of finishing–
grinding treatment.

Some of the effects, which are visually examined by the
authors of the article and received a further mathematical
ground, are the following:

– formation of the multi-layered by-wall flow of the work-
ing medium granules at the planed wall of reservoir, thus
the direction of motion of the flow takes place oppositely
to direction of the reservoir motion and source of its
vibrations

– formation of motion of the working medium granules on
trajectories in the form close to trochoids–cycloids

– formation of motion of granules of the multi-layered
flows of the working medium at which the granules
accomplish a drift from peripheral part of the walls of
reservoir, where their displacement has a maximal value,
to central part into depth of the reservoir, while during
moving the displacement decreases because of the effect
of damping and dissipation of the working medium

The above theoretical results are of fundamental character,
and at the same time, the obtained mathematical conformities
to the law specify that the offered method of simulation of
motion of the working medium in the oscillating reservoir
will give practical results, consisting of determination of
such parameters of technology as amplitude, frequency and

trajectory of reservoir’s motion, as well as volume of its
loading and correlation of working medium and processed
parts in loading. The values of the indicated parameters quan-
titatively and qualitatively, by means of values of removing
metal and obtained roughness of surface influence on achieve-
ment of concrete technological results of finishing–grinding
vibration treatment. Among the results is possible to select the
following:

– cleaning of castings and forgings from moulding and
sticking sand

– cleaning from scale and different types of impurity
– rough polishing with the simultaneous removing the burrs

and rounding off the sharp edges on the parts after
machine-tool and forging-stamping operations

– clean polishing and polishing with diminishing of rough-
ness to prepare the surface for electroplating and other
kinds of surface impregnation

– Except for practical results, related to designing of new
technologies of vibration treatment, and increase of the
productivity and quality already existing technologies,
the above mathematical conformities to the law can be
used for the dynamic calculations of vibration exciter and
other oscillating units of vibration machines, applied both
on the operations of classic vibration processing and on
the operations of its varieties. Charts of such operations
can be obtained by combining the scheme of power
action on the working medium and the processed parts,
mounted in equipment, possessing by different kinematic
properties and degrees of freedom.
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