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Abstract
Wheel-type tractors carry out a range of processing operations, with the exception of early spring work, when caterpillar 

tractors are used to reduce the compaction effect on the soil. Therefore, to plan the costs and reserves associated with fuel consump-
tion, it is necessary to have an estimate of the fuel economy of the tractor in basic agricultural operations.

An objective assessment of fuel consumption requires a mathematical model that describes the fuel characteristics of the 
engine, taking into account the speed and load torque in a wide range of variation. Verification of the model is possible only with 
experimental data.

Since the efficiency and fuel economy of a tractor depends not only on engine performance, but also on the perfection of the 
transmission, the running system and the rational choice of speed, it is necessary to take into account the time-varying nature of the 
tractor’s traction load. The complex of agricultural operations can be divided into characteristic cycles of load change over time. 
This principle is the basis of PowerMix test cycles, which are conducted on a concrete track to ensure repeatability of the experiment. 
The use of the variable load on the tractor in the PowerMix tests is positive, but in actual field tests the results may differ due to the 
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instability of the soil properties. On the other hand, PowerMix field cycles can be taken as standard test loads in the simulation of 
tractor traction tests on the ground.

Keywords: diesel engine, specific fuel consumption, approximation of specific fuel consumption, fuel efficiency, PowerMix 
test cycles.

DOI: 10.21303/2461-4262.2020.001352

1. Introduction
To assess fuel economy and determine hourly fuel consumption in partial engine operation 

modes, a model [1–3] is used that takes into account the crankshaft rotational speed and engine load 
in terms of power relative to the rated power taken through the tractor power take-off shaft. The 
coefficients of this model are determined by the results of tests on five engine operation modes. 
The peculiarity of the models hourly fuel consumption [1–3] is the use of experimental data of three 
modes of engine operation with full throttle supply and only two modes with incomplete fuel sup-
ply. That is, fuel consumption in partial modes is modeled using two points. Also, the hourly fuel 
consumption model [1–3] does not take into account the nature of the external speed characteristics 
of the engine. In addition, when building it, fuel consumption data are not used at a crankshaft 
rotational speed lower than at maximum torque, because it is in this mode range that the diesel 
engine is highly economical [4]. Therefore, the use of the model [1–3] for simulation of tractor 
traction dynamics is difficult. It should also be noted that the type of transmission of the tractor 
and the mode of its operation significantly affect the fuel economy. So in [5], a significant differ-
ence is established in the hourly fuel consumption during automatic and manual operation of a 
continuously variable transmission. A similar difference is found in [6] when comparing a stepwise 
and continuously variable transmission, as well as a reception, consists in shifting to a higher gear 
while “shift up and throttle back” (SUTB). Hourly fuel consumption can be estimated according 
to test reports of the German Agricultural Society (DLG, Deutsche Landwirtschafts-Gesellschaft) 
according to the PowerMix procedure [7], or the testing laboratory of the University of Nebraska in 
the USA (University of Nebraska, Lincoln, Nebraska tractor test laboratory) [8]. The test procedure 
is carried out according to the OECD Code 2 protocol [9]. The hourly fuel consumption model [1–3] 
is based precisely on the test reports of the University of Nebraska [8]. But the use of DLG pro- 
tocols [7] makes it possible to use the data of experimental tests in four partial modes when con-
structing a fuel consumption model, instead of two of the protocols [8].

Therefore, the aim of the work is to develop a model of the characteristics of a diesel engine 
and fuel consumption to assess the fuel economy of a tractor when modeling with PowerMix field 
cycles on the ground.

To achieve the intended aim, it is necessary to complete the following objectives:
– to formulate a methodology for approximating the fuel characteristics of the engine using 

the experimental data of the external speed characteristics and partial engine operation modes;
– to develop a mathematical model of the characteristics of a diesel engine to determine the 

traction dynamics of a wheel-type tractor and to test it in a simulation with PowerMix field cycles.

2. Mathematical modeling of diesel engine characteristics
To assess the energy performance and fuel efficiency of the engine in the entire load and 

speed range of operating modes, it is convenient to use a universal or multi-parameter characteris-
tic, according to which the specific effective fuel consumption is determined by the expression [10]:

                                                       ,ω= ⋅ ⋅e n Ng g k k     (1)

where kN, kω – coefficients that take into account the engine load in terms of power and speed; 
gn – specific effective fuel consumption of the engine in nominal mode.

The coefficients kN, kω are usually approximated by polynomials, [10]:

2 ;ω ω ω ω ω ω= + ⋅ ε + ⋅ εk a b c
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                                                     1;ω ω ω+ + =a b c     (2)
 

2 ;N N N Ne N Nek a b c= + ⋅ ε + ⋅ ε

                                                     1,N N Na b c+ + =     (3)
 

where εω – ratio of reduced- and full-throttle engine speeds at operating load (decimal); εNe – ratio 
of reduced- and full-throttle engine power at operating load (decimal):

                                                          ,e
Ne

eP

N
N

ε =     (4) 

where Nе, NеP – effective engine power in the current mode and full-throttle engine power at the 
same speed mode.

In the presence of experimental data, the engine performance model can be substantially re-
fined. At the first stage, it is necessary to approximate full-throttle engine performance character-
istic. The most universal method is spline approximation, which allows one to obtain a functional 
dependence of the specific fuel consumption with a confidence R2=1:

                                                    ( ).e
ge

n

g
k f

g ω ω= = ε    (5)

Replacing (2) with (5) significantly improves the quality of approximation of the specific 
fuel consumption rate by engine speed. The next step of refinement may be to use the load charac-
teristics of the engine or their series. In their absence, an alternative may be the DLG test protocols 
according to the PowerMix procedure [7], which, in terms of engine testing, is carried out accord-
ing to the OECD Code 2 protocol [9], which assumes measurements of fuel consumption in partial 
modes when loading at a speed εω and power εN according to the Table 1.

Table 1
Partial engine test modes according to the OECD Code 2 protocol [9]

Measurement point εω εN

#1 >1 0,8

#2 0,9 0,8

#3 0,9 0,4

#4 0,6 0,6

#5 0,6 0,4

The data in Table 1 allow the polynomial (3) to be approximated with respect to the 
load εN at εω=const, according to modes 2–3 or 4–5. It is correct to use these 4–5 modes, since 
they are closer to the nominal one, which will reduce the discrepancy between the theoretical 
calculation and the experiment. Also, in accordance with the diesel engine operating model of 
wheel-type agricultural tractors, engines 70 % of the time of the annual employment cycle are 
operated at εω>0.9 (with a share of the minimum idle mode of 15.4 %). When approximating (3),  
the second-degree polynomial of the third point is the regime of full-throttle characteristic 
determined by the previously approximated dependence (5) εω=0.9. Moreover, the mandatory 
fulfillment of condition (3) is also necessary, so that the reliability of the approximation R2≠1 
can’t always be fulfilled.

After approximating the surface of fuel consumption (1), the calculation results are re-
fined in accordance with the data of fuel consumption in the modes of the Table 1, and in the 
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regimes of the regulatory branch of the full-throttle characteristic using the probability density 
function of the two-dimensional normal distribution. In this case, the mathematical expectation 
vectors of the angular velocity of the engine crankshaft Mω, the effective torque MM, the effective 
power MN in the operating modes according to the Table 1 are formed and on the regulatory 
branch of the full-throttle characteristic and experimentally determined fuel consumption gee 
on them.

The standard deviations are taken so that the condition is satisfied:

         
( ) ( ) ( ) ( )2 2 2 2

2 2 2 2 .i j Mi Mj i j Mi MjM M M Mω ω ω ω− + − ≥ ⋅σ − ⋅σ + ⋅σ − ⋅σ  (6)

This will ensure that there is no significant mutual influence when adjusting the fuel con-
sumption values for the indicated engine operation modes. The theoretical values of fuel consump-
tion get are calculated using (1), (3) and (5) by substituting the values of mathematical expectations 
Mω, MM, MN and compared with experimental gee. Next, the difference between the experimental 
and theoretical values is determined

                                                       .i eei etig g∆ = −     (7)

The refinement coefficients are calculated for the probability density function of the two-di-
mensional distribution law for the indicated modes

                                                2 .i i Mi iωτ = ⋅ π ⋅ ∆ ⋅σ ⋅σ    (8)

This allows to adjust the theoretical values of specific fuel consumption so that they coin-
cide with the available experimental ones at n points using the probability density functions of the 
two-dimensional normal distribution, the superposition of which forms the surface, and the fuel 
consumption
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Then the adjusted specific fuel consumption

                        ( ), , , , , , .ω ω ω ω= ⋅ ⋅ + ε ε σ σ τek n N gek M i Mi i Mi ig g k k f M M   (10)

For simulation at partial loads and engine speed operating modes, it is proposed to obtain 
the full-throttle torque characteristic by approximating the spline in the normalized form Мnorm so 
that the nominal mode corresponds to the point (1; 1)

                                                      ( ).norm MM f ω= ε     (11)

Effective moment Me and engine power Ne

;e n MM M= ⋅ ε

                       ,ω ω= ⋅ω = ⋅ ε ⋅ω = ⋅ ε ⋅ ε ⋅ω = ⋅ εe e e n n M n n NN M M M N   (12)

where Мn – the rated torque of the engine; ωn – the angular velocity, which corresponds to the rat-
ed speed nn; Nn – the rated engine power; εω, εМ, εN – engine relative loading by angular velocity, 
torque and power, respectively.
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The specific fuel consumption depends on the speed and load conditions of the engine, 
namely εω and εМ. Let’s change these values εω∈[ωmin/ωrated, kx], εМ∈[εМmin, kм], where ωmin – the 
minimum angular velocity of the crankshaft, εМmin=(0,3…0,4); kx – coefficient determining the reg-
ulatory branch of the full-throttle characteristics, kx=1.04…1.10; kM – the safety factor of torque.  
The εМ value is limited by the normalized engine torque Мnorm, which corresponds to the full-throt-
tle characteristic.

To determine the operating modes of a diesel engine, use the differential equation of motion 
of the shaft with the parameters given to it

                                                      ,e cJ M M⋅ω = −     (13)

where J, Mc – moment of inertia of the tractor with the unit and the moment of resistance to move-
ment reduced to the engine shaft.

To take into account the possible partial engine load and the dependence of the effective 
torque on the speed mode and the position of the fuel control, let’s introduce the coefficient εr. This 
coefficient characterizes the position of the fuel control. Then the relationship of engine perfor-
mance can be written as follows

                                          ( ) ( )1 .r norm M xM kωε = ε + − ε ⋅ −    (14)

                                           .
1

r
e norm n

x

M M M
k

ω ε − ε
= + ⋅ − 

   (15) 

After transformations of equation (13), taking into account (15), let’s obtain in relative quan-
tities in the form

                                   .
1

r
n norm M n

x

J M M
k

ω
ω

 ε − ε
⋅ ε ⋅ω = + − ε ⋅ − 
   (16)

The proposed equation (16) differs from the existing ones in that it allows one to realize 
any regularity in time of a change in the external resistance or εМ and fuel supply control εr. The 
totality of all the above parameters form a multi-parameter engine characteristic, which calcu-
lates the instantaneous fuel consumption (GМ, g/s) and fuel consumption (GtМ, g) for the time 
interval t∈[ts, te]

6 ;
3,6 10
e N n

M
g N

G
⋅ ε ⋅

=
⋅

                               6 6d d .
3,6 10 3,6 10

e e

s s

t t
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tM e N
t t
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G t g t

⋅ ε ⋅
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⋅ ⋅∫ ∫   (17)

Work (A, kW⋅h) and average specific fuel consumption gem per time t ∈[ts, te]

d d ;
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                                     1 d / d .
1000

e e

s s

t t
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em e N N
t t

G
g g t t

A
= = ⋅ ⋅ ε ε∫ ∫  (18)

The mathematical model of the engine characteristic and its specific fuel consumption 
makes it possible to estimate fuel economy taking into account the tractor’s variable pulling load 
over time.
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3. The results of modeling the fuel economy of a wheel-type tractor when loading in field 
cycles PowerMix

The test report of the Fendt 942 Vario Gen 6 tractor [11] was taken as the initial data for 
modeling the specific ge and hourly Gt fuel consumption and approbation of the proposed math-
ematical model, the data of which when obtaining the engine characteristics through the power 
take-off shaft (PTO) are given in Table 2 and in Fig. 1.

Table 2
Engine performance obtained on the tractor power take-off shaft [11]

Mode Rotation  
frequency, min-1

Power per GDP, 
kW

Equivalent  
moment, Nm Gt, kg/h ge, g/kW∙h

rated power 1700 277 1555 58.4 211

maximum power 1700 277 1555 58.4 211

maximum torque 1350 257 1816 52.8 206

1000 rpm PTO 1604 275 1637 57.5 210

Partial load modes (# 1–5) according to OECD Code 2 [9]

Full throttle, 80 % of Nn (#1) 1742 221 1214 47.8 216

90 % of nn, 80 % of Nn (#2) 1535 222 1383 46.5 209

90 % of nn, 40 % of Nn (#3) 1532 111 691 26.1 236

60 % of nn, 60 % of Nn (#4) 1050 166 1510 34.2 206

60 % of nn, 40 % of Nn (#5) 1021 111 1038 23.6 212

Fig. 1. Engine performance obtained on the tractor power take-off shaft [11]

The results of the approximation of the specific fuel consumption ge (1), adjusted for partic-
ular modes (# 1–5, Table 2) gek (10) are shown in Fig. 2.
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a

b

Fig. 2. Specific fuel consumption model of the engine of the Fendt 942 Vario tractor:  
а – surfaces ge and gek; b – contour graphs gek, εN, εr

A mathematical model of engine characteristics and specific fuel consumption allowed to 
carry out simulation modeling with variable traction load for PowerMix field cycles, the results of 
which are given in Table 3.

Table 3
Performance and fuel consumption of the Fendt 942 Vario Gen 6 tractor [11]

PowerMix Field Performance and Fuel 
Consumption (Experiment/Calculation)

Rotation 
frequency, Speed Power Fuel consumption Gt

Fuel con-
sumption ge

min-1 km/h kW kg/h l/h g/kW·h

1 2 3 4 5 6 7

Z1P plow 100 %
1333 7.5 210 51.2 61.0 244

1328 6.5 202 49.4 59.0 245

Z1P non-compliance percentage, % –0.4 –13.3 –3.8 –3.5 –3.5 +0.4

Z1G cultivator 100 %
1503 9.4 218 53.6 63.9 246

1502 8.8 207 53.6 63.9 249
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1 2 3 4 5 6 7

Z1G non-compliance percentage, % 0 –8.5 –5.1 –4.1 –4.1 +1.2

Z2P plow 60 %
1143 8.6 147 35.5 42.3 242

1150 7.4 148 36.2 43.2 245

Z2P non-compliance percentage, % +0.6 –13.9 +0.7 +2.0 +2.0 +1.2

Z2G cultivator 60 %
1219 11.6 167 40.6 48.4 242

1224 10.6 168 41.1 49.1 245

Z2G non-compliance percentage, % +0.4 –8.6 +0.6 +1.2 +1.2 +1.2

Z3K rotary harrow 100 %
1391 5.5 225 49.0 58.4 218

1385 5.0 220 48.8 58.3 222

Z3K non-compliance percentage, % –0.4 –9.1 –2.2 –0.4 –0.4 +1.8

Z3M mower 100 %
1383 14.0 227 51.8 61.8 228

1380 14.0 216 49.9 59.6 231

Z3M non-compliance percentage, % –0.2 0 –4.8 –3.7 –3.7 +1.3

Z4K rotary harrow 70 %
1132 5.6 160 35.0 41.8 218

1106 5.3 151 33.7 40.3 224

Z4K non-compliance percentage, % –2.3 –5.4 –5.6 –3.7 –3.7 +2.8

Z4M mower 70 %
1110 14.2 160 36.9 44.0 230

1120 14.3 156 36.3 43.3 233

Z4M non-compliance percentage, % +0.9 +0.7 –2.5 –1.6 –1.6 +1.3

Z5K rotary harrow 40 %
1145 6.0 95 22.8 27.2 241

1132 5.7 99 24.1 28.7 243

Z5K non-compliance percentage, % –1.1 –5.0 +4.2 +5.7 +5.7 +0.8

Z5M mower 40 %
1142 15.9 100 25.4 30.3 255

1143 15.3 107 26.8 31.9 250

Z5M non-compliance percentage, % +0.1 –3.8 +7.0 +5.5 +5.5 –2.0

Z6MS manure spreading
1256 5.7 170 39.7 47.4 234

1255 5.7 170 39.7 47.4 233

Z6MS non-compliance percentage, % –0.1 0 0 0 0 –0.4

Z7PR baler
1261 7.6 146 35.5 42.3 243

1252 7.6 145 33.3 39.7 230

Z7PR non-compliance percentage, % –0.7 0 –0.7 –6.2 –6.2 –5.3

Experiment average fuel consumption 237

Simulated model average fuel consumption 237
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The results of the implementation of the mathematical model of specific fuel con-
sumption completely coincide with the experimental data, both on the external speed char-
acteristic (black dots, Fig. 2, a) and on partial modes # 1–5 (blue dots, Fig. 2, a). After 
approximating the surface of the specific fuel consumption by kω – spline, kN – by a poly-
nomial of the second degree of the largest adjustment, a regime near the regulatory branch 
of the full-throttle characteristic is required. In this area, there is a significant difference 
in the surfaces of specific fuel consumption before the correction ge and after the correc- 
tion gek (Fig. 2, a).

In general, the proposed method for simulating specific fuel consumption ensures that the 
calculated data are fully consistent with the available experimental points. Comparison of the 
results of a simulation of tractor profitability when loading in field cycles PowerMix showed a 
satisfactory convergence of theoretical and experimental data. The maximum discrepancy be-
tween the indicators is: crankshaft speed (–2.3...+0.4) %; tractor speed (–13.9...+0.7) %; trans-
mitted power (–5.6...+7.0) %; hourly fuel consumption (–6.2...+5.7) %; specific fuel consump-
tion (–5.3...+2.8) %. The average value of the specific fuel consumption in the PowerMix field 
cycles, as the main indicator of profitability, coincides according to the results of modeling and  
experiment.

The difference between the calculation and the experiment is explained by the fact 
that, given the exact fuel characteristic of the engine, there is no data on the transmission ef-
ficiency and its dependence on the transmitted power, power loss on the auxiliary equipment 
drive. Also, during computer simulation, the selected gear ratio of a continuously variable 
transmission can significantly affect the result, it provides engine loading with a torque of εМ. 
According to the DLG PowerMix test reports, engine load can only be indirectly estimated by 
hourly fuel consumption.

Since the DLG PowerMix test reports contain information specifically about the trans-
mitted power, they can also be used to determine the tractor’s traction performance not on the 
concrete track, but on the agricultural soil. This is exactly what was done in the framework of 
this work. Therefore, in almost all test cycles, the actual tractor speed according to the simu-
lation results is lower due to higher slippage of tires on the soil than on a concrete track. This 
is especially noticeable in energy-intensive operations of Z1P, Z1G, Z2P, Z2G, Z3K cycles.

4. Discussion of the results of modeling the fuel economy of a wheel-type tractor when loading 
in field cycles PowerMix

The obtained dependences in the materials of this article are the first step in an in-depth 
analysis of the traction efficiency of existing tractors and justification of the design indicators of 
the tractors.

Testing the above methodology for approximating the fuel characteristics together 
with a mathematical model of the full-throttle and partial speed characteristics of a diesel 
engine showed that the calculation results coincide with the experimental points. If there are 
more experimental points according to the mathematical model, the calculation results can be 
further refined on the modes remote from the full-throttle characteristics and experimental  
modes # 1–5 (Table 2, Fig. 2).

The satisfactory convergence of experimental data and theoretical calculations on Power-
Mix cycles when simulating tractor movement on the ground allows to state the advisability of 
using the declared mathematical apparatus.

The peculiarity of the study is that, unlike the existing ones, when determining the fuel 
economy of a wheel-type tractor, the characteristic of the fuel consumption of the engine is approx-
imated with high accuracy by the above method. This allows to move on to the use of DLG Power-
Mix test field cycles that simulate the dynamic load on the tractor when simulating movement on 
agricultural soil instead of a concrete track.
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The use of the proposed model may be limited in the absence or insufficient amount of 
experimental data on fuel consumption by the tractor engine in partial modes. But the model 
can be adapted to a different amount of experimental data, which, of course, will affect its 
accuracy.

The prospect of further research in the outlined direction is the determination of technical 
and economic indicators of tractors and analysis of the structure of power losses during simulation 
tests on PowerMix field cycles. At the same time, it is planned to pay special attention to the load 
conditions of tractor tires, the regulation of the necessary internal pressure in them, and the envi-
ronmental aspect of the tire-soil interaction.

5. Conclusions
The proposed method for approximating the specific fuel consumption of a diesel en-

gine is based on experimental test data on a full-throttle characteristic and on partial engine 
operation modes. It is proposed to approximate the full-throttle characteristic of specific fuel 
consumption by a spline, and for partial loads, to carry out the approximation by a polyno-
mial of the second degree using the data of fuel consumption at modes at a speed of 0.9 of 
the nominal. These modes according to the OECD Code 2 protocol [11] are contained in the 
test results of tractors [7]. The surface area of specific fuel consumption can be approximated 
using experimental data on fuel consumption in all partial modes, as well as on the regula-
tory branch of the full-throttle characteristic. Such a refinement can be carried out using the 
probability density function of the two-dimensional normal distribution of random variables, 
which allows to obtain complete agreement between the calculation and the experiment at the 
available experimental points.

The mathematical model of the characteristics of the diesel engine and the approximate 
specific fuel consumption is tested on the example of the Fendt 942 Vario Gen 6 tractor as part 
of a complex mathematical model for determining the traction dynamics of a wheel-type tractor. 
The results of simulation showed that they coincide with the experimental data obtained with 
PowerMix field cycles, with an error that does not exceed 2.3 % for the crankshaft rotational 
speed, 13.9 % of the actual tractor speed, 7.0 % of the transmitted power, and hourly fuel con-
sumption 6.2 %, specific fuel consumption of 5.3 %. The difference between the calculation and 
the experiment is explained by the lack of data on the efficiency of a continuously variable trans-
mission, its dependence on the transmitted power and losses on the auxiliary equipment drive.

The biggest difference in the actual speed is due to simulation of PowerMix cycles on the 
soil, as well as a higher slipping of tires compared to movement on a concrete track.

In the following, a mathematical model can be used to analyze the structure of tractor power 
losses and the environmental aspect of the interaction of the tire with the ground during traction 
and dynamic simulation tests of tractors.
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