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Abstract. A review has been conducted of key trends in the development 
of geometric topology of geothermal heat exchangers. Authors proposed 
approaches to improving the designs and network structures for heat-
transfer media circulation in the bottom-hole space of oil-and-gas 
reservoirs. Four geometric topologies of geothermal heat exchangers have 
been analysed: І – ІІ – rectilinear vertical smooth and finned pipelines; 
ІІІ – IV – a cluster in the form of a set of smooth and finned single-pipe 
elements, representing a figure of “squirrel wheel” or “meridian sphere” 
type. It is shown that the most effective technical solution, which ensures 
the increase in the coefficient of performance (COP) of bore-hole 
geothermal systems is finning the heat exchanging pipes. For the heat 
exchangers of І – ІІ type, the calculated increase in COP in comparison 
with smooth pipes is 40%, and for ІІІ – IV type – 95%. The key parameters 
influencing the COP of a geothermal heat exchanger are: the radius of 
fluids draining out during the heat exchange process, the radius of 
pipelines with circulating heat-transfer medium, the diameter of a cluster 
heat exchanger, the heat exchange area, the parameters of rocks thermal 
resistance in the bottom-hole zone of heat-receiving.  

1 Introduction 
The density of geothermal heat flux near the Earth’s surface on the mainland land-based 
area is at an average 58 mW/m2 [1]. During a detailed survey with the use of geophysical 
instruments in the bore-holes of the Dnipro-Donetsk depression on the territory of Ukraine, 
it has been specified that at depths of up to 3 – 4 km the heat fluxes have a slightly lower 
potential of heat power of 30 – 40 mW/m2 [2]. At the same time, the assessment of the heat 
influx from heated underground rocks in works [1 – 2] was made by the conductive 
component of laminar conditionally steady-state thermodynamic processes. The convection 
and radiation components in the bottom-hole area were not taken into account due to the 
complexity of the geological structure of the rock massif at depths reached by the bore-
hole. At the same time, according to [3 – 4], their fraction in the total geothermal heat flux 
may be greater by several orders of magnitude. This is facilitated by the conditions of free  
vertical fluids movement in the zone of increased natural or artificial fracturing, cavern 
porosity, lithological heterogeneity of the rock massif.  
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It has been obtained a sufficient amount of convincing practical evidence of the level of 
a specific by area geothermal heat influx from the boundary of the oil and gas reservoirs 
impermeable beds to the impermeable reservoir, as well as to the built in (into this 
reservoir) pipe-like heat exchanger 5 – 10 W/m2 [5, 7, 9, 11]. To further increase the 
production of geothermal energy resources, it is necessary to improve geothermal heat 
exchangers in terms of their thermal engineering parameters and overall efficiency [3 – 5].  
Let us analyse in more detail the practical results of modern development and 
implementation of improved geothermal heat exchangers, concentrating on solutions 
concerning the geometric topologies. The underground heat exchangers of near-surface and 
deep heat pumps are mainly performed in the form of linear and U-shaped or linear 
segments of the vertical, horizontal and inclined type, ring-shaped, spiral and network-type 
elements, scallops, stars, flowers, brushes, or a combination of them (Fig. 1). And this is 
detailed and analysed in various aspects in the works [1, 4, 6 – 12]. In particular, in the 
work [12], it is emphasized that the geometric figures topology of used geothermal heat 
exchangers is constantly evolving with a tendency to complication, which can be observed 
in Fig. 1, when considering the topology variants from the top downward. 

a 

 
b 

 
c 

 
d 

 
e 

 
Fig. 1. The geometric topology of heat exchangers of heat pumps and geothermal systems with 
enclosed-type circulation through the internal heat-transfer medium. In the first row from the top, the 
simplest types of topologies are shown, in the bottom row – topologically more complicated: а – the 
basic 2D-topologies; b – the multi-row topology modifications; с – the network modifications; d – the 
combinations of multi-row and network modifications; e – the frequently used complicated 2D- and 
3D-topologies. 
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The demonstrated geometric topologies of heat exchangers can be implemented in 2D- 
and 3D-dimensions. In the lower part of Fig. 1, three combined geometric topologies are 
presented of the “basket”, twisted “Tesla spiral” and “twisted spiral multi-row brush” type, 
which are used in geothermal heat exchange systems located in the basis of buildings, 
bottom river (lake), mountain and ravine geological 3D-structures [12 – 17]. The 
combinations and complications of the geometric topologies of geothermal heat exchangers 
provide maximum heat exchange area, improved heat influx to heat removal elements, 
optimal coverage of the working volume of the rock massif and, accordingly, maximum 
efficiency of the heat flux transfer from mine rocks to the pipe-like heat exchanger. One of 
the main ways to increase the heat exchange surface is finning, pimples, roughness, and the 
use of acicular, as well as tree-like structures [18 – 21].  

One of the ways to improve the geometric topology is to set the intermediate geothermal 
heat exchangers in vertical and horizontal heat exchange sections (Fig. 2) [12]. However, 
the difficulties arise with the placement of internal pipe intermediate heat exchangers in the 
cramped conditions of bottom-hole sections of the bore-hole. To solve this problem, 
microfluidic systems are used, produced, in particular, by stamped way with miniature heat-
conducting channels. Since the total calculated diameter of intermediate heat exchangers in 
horizontal areas in practice does not exceed 50 mm, then the diameters of multi-channel 
heat exchangers of the “pipe-in-pipe” type can be reduced to tens-hundreds of micrometres 
with the use of exclusively microfluidic technologies [18]. 

The authors of [20 – 21] offer their ramified geometry in order to increase the efficiency 
of geothermal heat exchangers, especially in the conditions of the complex structure of the 
rock massif. In practice, this is realized, in particular, by drain-hole drilling. In addition, 
artificial or natural fractures (caverns), adjacent to the wall face, play a positive role in the 
development of the heat exchange surface [22 – 23]. The heat exchange process in the 
bottom-hole zone can be intensified by a convection or conduction mechanism. As the 
working body of the heat exchange process of the bottom-hole zone can be gaseous, liquid 
or solid substances.  

The authors [23] observed that repeated use of hydraulic fractures has a persistent effect 
of the influx and circulation of fluids to the bottom-hole. Otherwise, the fractures are being 
“grown over” with bridging agents or are taken cover with sticky pulps, closed up. The 
formation of additional “thermal bridges” along the thermal diffusion line of persistent 
heat-conducting colmated compounds, may be a promising solution (e.g., organic-silicon 
salts with nanopowders).  

It is known that the main parameter that indicates the efficiency of a heat pump of a 
geothermal system, i.e., which assesses the usefulness of heat power coming to the 
consumer, is the COP [12 – 14]. However, in well-known studies there is no comparative 
analysis of the topologies of underground geothermal heat exchangers in terms of the СОР 
coefficient achieved by them.  

The authors of this paper think that one of the promising ways to improve underground 
geothermal heat exchangers is to optimize their topology by the COP criterion. To achieve 
this goal, the following tasks should be performed:  

– analyze and classify the geometric topologies of geothermal heat exchangers of old oil 
and gas bore-holes, identify the main structural and topological approaches when solving 
the problem of increase in COP with a limited drilled out volume of the bottom-hole of a 
geothermal bore-hole; 

– develop a mathematical model of the geothermal system “heat exchanger-rock 
massif”, determine the key parameters influencing the COP of the geothermal heat 
exchanger in the bottom-hole zone of heat-receiving and assess them quantitatively. 
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2 Mathematical model. Research methods 
Accept the following nomenclature of parameters: a іs time of moving heat front (year); 
COP: Coefficient of performance; Сp is specific heat capacity (J/kg∙K); D is pipe diameter 
(m); h: convective heat transfer coefficient (W/m2∙K); d is fluid drainage diameter across 
the reservoir (m); K is total heat transfer coefficient (W/m2∙K); k is overall heat transfer 
coefficient in the pipe (W/m2∙K); L is length (m); m is mass flow rate (kg/s); Nu is Nusselt 
number; Pr is Prandtl number; Q is power-heat flow rate (J/s); r is radius (m); R is linear 
thermal resistance coefficient (K∙m/W); Re is Reynolds number; S is cross-sectional area 
(m2); t is time (s); T is temperature (K); V is volume (m3); v is flow velocity of the fluid 
(m/s); at is thermal diffusivity (m2/s); λ is thermal conductivity (W/m∙K); λt is thermal 
conductivity of the material of the pipe (W/m∙K); ρ is density (kg/m3); x is distance (m). 

The COP coefficient is determined by the ratio [12 – 14]: 

l

n l

Q
COP

Q Q
=

−
,     (1) 

where Ql, Qn is heat power, received in the heat exchanger and by the consumer, 
respectively. 

According to the Fourier’s law, it can be written for Qn as follows: Qn = –K(Tg – Twx), 
where: Tg, Twx are the temperature of the mine rock at the boundary of the heat exchange 
zone and the temperature of the heat exchange pipeline surface, respectively, x is the 
coordinate along the pipeline axis; K = 1/x∙R (Fig. 2). 

 
Fig. 2. The structural model of a rectilinear element of the geothermal heat exchanger (I – II type of 
topologies is represented). 

Linear thermal resistance for the considered topological element – for single-pipe 
elementary rectilinear section or otherwise – total thermal resistance R from the calculated 
boundary of the heat exchange zone volume to the axial zone of the heat transfer flux in the 
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channel (pipe) of the geothermal heat exchanger, is determined with account of three transit 
components of the heat passage (Fig. 2) – inside the pipe – Rconv, through the wall – Rpipe, 
outside the pipe – Rsoil: 

ln
1 1

2

e

i
total pipe soil

i w pipe soil

D
D

R R R
D h K SKπ π

 
 
 = + = + + ,     (2) 

where De, Di are the external and internal diameter of the heat exchange element of the 
pipeline; Kpipe, Ksoil are the heat transfer coefficient through a unit of area of a pipe and a 
rock massif, respectively; hw is the heat transfer coefficient inside the pipeline along the 
radius. 

For the heat transfer coefficient inside the pipeline hw, it can be written as follows: 
hw = 2·Nu∙k/D, where Nu = f(Re, Pr) for heat exchange pipelines is calculated by empirical 
formula Nu = 0.023·Re0.8∙Pr0.3 [4]. 

Thus: 
0.8 0.30.023 Re Prw

i

kh
D

= .     (3) 

For the area S of geothermal reservoir cylinder (per one meter of heat exchanger along 
the axial line), it can be written as follows: 

2
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Using Equations (1 – 4) for СОР of pipeline with length L, it will be written: 
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The theoretical task is to increase COP with a possible decrease in the drilled out and 
enabled volume of rocks with convective heat transfer πd2L/4 (Fig. 2).  

Consider a cluster of geothermal heat exchanger in the form of a set of single-pipe 
elementary rectilinear elements, analysed above. Let us assume that the cluster 
geometrically represents the figure of the “squirrel cage” type by external diameter Dt << d 
of n elements, arranged in steps hn, oriented vertically in height h of the underground 
reservoir. If the height of the reservoir with convection heat exchange is 100 m, then at 
n = 20 the total length of single-pipe elementary rectilinear cluster elements L = 2000 m. 

The passing of heat flux along the height of the reservoir is determined by the thermal 
diffusivity parameter А = λо/ρСр, where λо is the linear thermal conductivity coefficient 
from a single elementary rectilinear pipe element into the rock massif. 

With decrease in the radii of the edges of the “squirrel wheel” to “0”, it is converted into 
a “meridian sphere” or “meridian ellipsoid” (Fig. 3). It can be seen from Fig. 3 that the 
surface of pipes 2 is increased by their finning and entering by needles 4 into the fluid-
permeable stratum 5. The stratum is bounded by impermeable beds in its roof 3 and the 
bottom 6. The arrows indicate the direction of the predominant inflow of the thermal energy 
to the bottom underneath. The direction of heat inflow from the impermeable beds 
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surrounding permeable stratum depends on the local geological specifics, in particular – for 
negative geothermal gradients, the direction will change by 180 degrees [22 – 25]. 

a 

 

b 

 

Fig. 3. The proposed geometric topology of the geothermal heat exchanger of the “meridian ellipsoid” 
type at the bottom-hole of the bore-hole with finning the pipe channels with heat-conducting materials 
(III – IV type of topologies is shown): а – the finned “meridian ellipsoid”; b – the “meridian sphere” 
with a developed acicularity in the lower part; the arrows indicate the heat flux. 

The areal thermal conductivity Ksoil for such topologies is determined as follows: 

o r e
soil

t

K K D L
K

h D
⋅ ⋅ ⋅

=
⋅

,        (6) 

where Ko is the areal thermal conductivity of a unit pipe element of the cluster heat 
exchanger; De is the pipe element diameter; h is the height of permeable cylindrical 
reservoir of the fluid-permeable stratum; Kr is the coefficient of the heat-conducting surface 
development of the finned cluster heat exchanger relative to a unit smooth pipe element. 

Therefore, the COP for developed geometric topologies of the “squirrel wheel” or 
“meridian ellipsoid” type (with finning the surfaces of cluster pipe-elements) can be 
determined by the formula: 
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. (7) 

The expressions (5) and (7) are mathematical models of the “heat exchanger – rock 
massif” geothermal system in terms of the COP of the geothermal heat exchanger in the 
bottom-hole zone of heat-receiving, respectively, for: rectilinear vertical pipeline and a 
cluster in the form of a set of smooth and finned single-pipe elements (a figure of “squirrel 
wheel” or “meridian sphere” type). 

3 Results and discussion 

According to Equations (5) and (7), a comparative analysis has been made of dependences 
of COP = f(D, d, Rsoil, S, Dt) for a rectilinear element of a geothermal heat exchanger and 
for the geometric topology of the “squirrel wheel” type. Herewith, the total length of heat 
exchange sections is assumed as equal to L = 2000 m. The heat exchanger model was 
calculated in the factor space of parameters: d = 0 – 400 m; D = 0.1 – 0.14 m; Dt = 5 – 
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12 m; Rsoil = 1.35 – 1.40; S = 0.67 – 2 m2. 
In Fig. 4, the dependence of COP is represented on the radius d of draining out by the 

bore-hole of intrastratal fluids for different diameters D of pipe sections of the heat 
exchanger at different values of the rocks thermal resistance Rsoil. For two different values 
of Rsoil /Ro, differing by 5%, two families of curves have been obtained COP = f(D, d, Rsoil). 
A decrease in the diameter d of reservoir and D of the pipeline, as well as an increase in 
thermal resistance leads to a decrease in COP. In particular, an increase in the ratio of 
resistances Rsoil /Ro by 5% at d = 400 m leads to decrease in COP by 40%. 

 
Fig. 4. Dependence of COP on the radius d of 
draining out by the bore-hole of intrastratal fluids 
for different diameters D = Dе of pipe sections of 
the heat exchanger and on the parameter Rsoil /Ro. 

Fig. 5. Dependence of COP on the radius d for 
different diameters of the heat exchanger Dt at 
two different values of the area S of heat 
exchange surface. 

 
Fig. 6. Dependence of COP on the radius Dt for different diameters d at different values of the area S 
of heat exchange surface. 

In Fig. 5, the dependence of COP is represented on the radius d for different diameters 
of the heat exchanger Dt at different values of the area S of heat exchange surface. For two 
different values of area S, differing by 3 times, two families of curves have been obtained 
COP = f(Dt, d, S). A decrease in the diameter d of reservoir, Dt of heat exchanger and area 
S leads to a decrease in COP. In particular, a decrease in the area S of heat exchange 
surface from 0.67 to 2 m2 (per 1 m of the pipe-like heat exchanger length) at d = 400 m 
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leads to a decrease in COP by 95%. It should be noted that an increase in the area S of the 
heat exchange surface is achieved due to the external finning of the pipes (Fig. 3). 

In Fig. 6, the dependence of COP is represented on the radius Dt for different diameters 
d at different values of the area S of heat exchange surface. 

With an increase in the heat exchanger diameter Dt, the coefficient COP increases 
nonlinearly. Besides, with lower diameters d of the reservoir and area S, the curve of COP 
(Dt) is flattened. With an increase in these parameters, the velocity of COP growth 
increases. Thus, when the heat exchanger diameter Dt of “squirrel wheel” type is 10 m, 
d = 100 m and area 2 m2 (per 1 m of the pipe-like heat exchanger length), the COP = 3. At 
Dt = 10 m, d = 200 m, S = 2 m2, the COP = 3.5. At Dt = 10 m, d = 300 m, S = 2 m2, the 
COP = 5.6. 

4 Conclusions 
Four geometric topologies of geothermal heat exchangers have been analysed: І – ІІ – 
rectilinear vertical smooth and finned pipelines; ІІІ – IV – a cluster in the form of a set of 
smooth and finned single-pipe elements, representing a figure of “squirrel wheel” or 
“meridian sphere” type. The І-ІІ types are applicable in cases of extensive vertical tectonic 
disturbances with active vertical convection heat exchange. The ІІІ – IV types are 
applicable in more frequent cases of horizontal extension of fluid-permeable mine rock 
strata (water-gas-oil-saturated). The most effective technical solution to increase the COP 
of bore-hole geothermal systems is finning the heat exchanging tubes. For the heat 
exchangers of І – ІІ type, the calculated increase in COP in comparison with smooth pipes 
is 40%, and for ІІІ – IV type – 95%.  

A mathematical model has been developed of the “heat exchanger – rock massif” 
geothermal system by the COP of the geothermal heat exchanger in the bottom-hole zone 
of heat-receiving. It has been established that the key parameters influencing the COP of a 
geothermal heat exchanger are: the radius of fluids draining out during the heat exchange 
process, the radius of pipelines with circulating heat-transfer medium, the diameter of a 
cluster heat exchanger, the heat exchange area, the parameters of rocks thermal resistance 
in the bottom-hole zone of heat-receiving. A quantitative assessment of these parameters 
influence on COP is given.  

It should be noted the finning factor influence (acicularity, texture, roughness) of the 
heat exchanger surface on the mine rock thermal resistance in the inter-finned space. In 
subsequent studies, it is advisable to consider the influence on COP of spatial intrusion into 
the geometric topology of intermediate heat exchangers, profiling the heat-conducting 
elements of intrusion into the rock (fins, needles, tapes, pimples), the parameters of the 
intrusion elements network (density and network step) and nanostructured coatings of the 
heat-exchange surface. 

The authors express their gratitude to their colleagues from the University of Otto von Guericke 
University Magdeburg (Germany), prof. Stefan Palis, Soren Hirsch and Dr. Alex Aman for valuable 
advice and comprehensive assistance in the preparation of this scientific work. 
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