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LIST OF CONDITIONAL ABBREVIATIONS 

 

DMT – decision-making task; 

EC – electronic computer; 

MGCA – a method of group consideration of arguments; 

DM – the person who makes the decision; 

PEC – personal electronic computer; 

Kg – gambling criterion; 

Kh – Hurwitz criterion; 

Kher – Hermeyer's criterion; 

Kh.m. – modified Hurwitz criterion; 

Kprod – criterion of products; 

Kmm – maximin criterion; 

Kn – neutral criterion; 

Kn.r. – neutral criterion on regrets; 

Ksr.a – criterion of subjective-average regrets; 

Kbl – Bayes - Laplace criterion; 

Khl – Hodge-Lehmann criterion; 

Kmd – the criterion of the minimum variance of the evaluation functional; 

Ks – Savage's criterion; 

Kx – Khomenyuk's criterion; 

 – lower net price of the game; 

 – the top net price of the game; 

 – the price of the matrix game. 

  



INTRODUCTION 

Decision-making is the most important aspect of human activity. Choosing 

one alternative from several, from a large but finite set of alternatives, or even from 

an infinite number of possible solutions permeates all human life. Most daily 

decisions a person makes almost automatically, based on your life experience. Some 

decisions that are considered secondary to a person are evaluated and chosen 

intuitively, without a serious analysis of alternatives and the consequences that 

follow from them. Finally, there are important decision-making problems, often in 

unique situations that require long reflection when looking for a rational or better 

solution in a large number of alternatives, conflicting requirements, and 

uncertainties about the future situation.  

Problems of decision-making in non-standard or unique situations have 

always existed in technology, human society, in the management of individual 

enterprises or organizations and states, in interstate relations. Finding an acceptable 

solution in unique situations has always been and remains to some extent an art, 

comparable in complexity to thinking. However, there is a well-developed theory 

of decision-making, which has accumulated the experience of many generations of 

people and allows you to properly solve typical decision-making problems, 

especially when the wishes of the decision-maker do not want to take into account 

his capabilities. This theory is too large to be considered in a small textbook, so let's 

limit ourselves to problems in which "decision-making" means single or multiple 

acts of choosing from a given set of alternatives to one or more of the best or 

optimal. This limitation includes many different decision-making tasks, the search 

for the best alternatives which is usually not trivial. In addition, the process of 

finding the best alternatives in many more complex problems can be represented as 

a sequence of solutions to these problems. Equally important, familiarity with 

general methods and the definition of best alternatives in many specific decision-

making tasks (DMT) will help to avoid common mistakes that often occur when 

making different decisions:  

 not to prepare in time for the resolution of the DMT or to make difficult 

decisions, regardless of the possible consequences; 



 make selfish decisions that do not take into account the interests of others 

(partners, allies, competitors, and even enemies); 

 make "ingenious" or emotional decisions, relying on intuition and 

inspiration or the basis of mood or sympathy; 

 make self-satisfied and self-confident decisions without listening to the 

opinions of others; 

 make unwise and stubborn decisions that have already led to bad 

consequences.  

The purpose of the laboratory workshop is to introduce the reader to the circle 

of mathematical problems of modern decision theory, to teach him to optimally use 

available information when solving specific problems, to evaluate all possible 

alternatives, and choose the best among them. The textbook contains eight 

laboratory works, each of which provides theoretical information about decision-

making methods and guidelines for laboratory work in the discipline "Tools and 

algorithms for decision-making."  

For a more in-depth study of the issues under consideration, each laboratory 

work contains a list of references on the topic of the work. 

  



LABORATORY WORK 1 

RESEARCH OF DECISION-MAKING CRITERIA IN CONDITIONS OF 

UNCERTAINTY 

 

1.1. The purpose of laboratory work 

 Obtaining and consolidating knowledge, forming practical skills of working 

with criteria for decision-making in conditions of uncertainty. 

 

 1.2. Short information from the theory 

 

1.2.1. Mathematical models of decision-making problems 

Any mathematical model of the problem of decision-making is a formal 

description of the purpose, means, and results, as well as the method of connecting 

means with results. To formally describe the means and results, we can specify two 

sets: the set 𝑋 = {𝑥1, … , 𝑥𝑛}, the elements of which will be called alternatives, and 

the set 𝐴 = {𝑎1, … , 𝑎𝑛}, the elements of which will be called the results. Alternatives 

are what the decision-maker chooses, and the results are what they lead to, given 

the specific state of the environment. 

In decision-making problems with finite sets X and A, there are several types 

of the relationship of results from alternatives. 

The simplest type of link between alternatives and results is that each 

alternative leads to only one result. In this case, there is a functional dependence of 

the results on the alternatives. 

The second type of relationship is based on the assumption that each of the 

alternatives can lead to one result 𝑎𝑘 from some set 𝐴 (𝑎𝑘 ∈ 𝐴) of results, each of 

which has a certain probability of occurrence. In this case, there is a stochastic 

dependence of the results on alternatives. 

In the third type of connections of alternatives and results, each of alternatives 

can also lead to one of several outcomes, but even the stochastic relationship 

between outcomes and alternatives is unknown. 



The result obtained (the state of some particular system) is determined by two 

factors: the choice of alternative by the decision-maker (DM), and the state of the 

external environment. Each result of 𝑎𝑖𝑗 ∈ 𝐴 by what has been said is a function of 

two arguments: 𝑎𝑖𝑗 = 𝐹(𝑥𝑖 , 𝑦𝑖), where 𝑥𝑖  (𝑥𝑖 ∈ 𝑋) – the chosen alternative; 

𝑦𝑗  (𝑦𝑗 ∈ 𝑌) – the state of the external environment. 

In the first type of connection of alternatives with the results, it is said that 

the decision is made under conditions of certainty, in the second – in stochastic 

conditions (risk conditions), and the third – in conditions of uncertainty. 

DM's awareness of the relationship of alternatives with the results may not 

coincide with the objectively existing relationship. For example, objectively there 

is a stochastic dependence of results on alternatives, but DM when choosing each 

specific alternative does not have the onset probabilities of results, so for DM, the 

conditions of decision-making must be classified as conditions of uncertainty. Thus, 

this classification of decision-making tasks is related to the subject. 

Visually, the relationship between alternatives and results can be given using 

the implementation function F(x, y). This function compares with each pair an 

alternative - the state of the environment due to her result. If the set of alternatives 

and the set of states of the environment are finite, then it is convenient to give the 

implementation function F in the form of a table (table 1.1). This table for the 

specific problems under consideration defines all their possible solutions, so it is 

often called a solutions matrix. These decisions (results, consequences) must allow 

for a quantitative assessment, and we will simply identify these assessments with 

the corresponding results. 

 

Table 1.1 – Tabular view of the implementation function 

F(x, 

y) 
𝑦1 … 𝑦𝑗 … 𝑦𝑚 

𝑥1 𝑎11 = 𝐹(𝑥1, 𝑦1) … 𝑎1𝑗 = 𝐹(𝑥1, 𝑦𝑗) … 𝑎1𝑚 = 𝐹(𝑥1, 𝑦𝑚) 

… … … … … … 

𝑥𝑖 𝑎𝑖1 = 𝐹(𝑥𝑖 , 𝑦1) … 𝑎𝑖𝑗 = 𝐹(𝑥𝑖 , 𝑦𝑗) … 𝑎𝑖𝑚 = 𝐹(𝑥𝑖 , 𝑦𝑚) 



… … … … … … 

𝑥𝑛 𝑎𝑛1 = 𝐹(𝑥𝑛, 𝑦1) … 𝑎𝑛𝑗 = 𝐹(𝑥𝑛, 𝑦𝑗) … 𝑎𝑛𝑚 = 𝐹(𝑥𝑚, 𝑦𝑚) 

 

Consider a matrix of solutions with a different awareness of DM about the 

possibility of certain states of the external environment. 

1. DM knows the state of the external environment, then the result (the value 

of the implementation function) depends only on the selected DM alternative, ie we 

get the task of decision-making under conditions of certainty. In this case, the table 

degenerates into a single column, which corresponds to the state of the environment 

at the time in question. 

2. DM knows the probabilities 𝑞𝑗  (∑ 𝑞𝑗 = 1)𝑚
𝑗=1  of the appearance of each 

state 𝑦𝑗  (𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ ) of external environment. In this case, if alternative 𝑥𝑖 is chosen, 

then for each result 𝑎𝑘 ∈ 𝐴 we can find the probability 𝑝𝑘 of its occurrence. To do 

this, note in the i-th line of the table 1.1 all the cells where the result is 𝑎𝑘, and sum 

the probabilities of the corresponding columns. So, probabilistic measure 

corresponds to each alternative on the set of results, and therefore, in this case, we 

have the problem of decision-making in stochastic conditions. 

3. DM has only table 1.1 and does not even know the probabilities of 

appearance of conditions of the external environment, that is when choosing the 

alternative 𝑥𝑖, she knows only about the possibility of an appearance of one of the 

results, which is in the i-th row of the table. The result obtained is determined by 

two factors: the choice of an alternative that carries out DM, and the state of the 

external environment. Decision-making, in this case, is carried out in conditions of 

uncertainty. 

 

1.2.2. Classical decision-making criteria in conditions of uncertainty 

 

 1.2.2.1. Maximin criterion (Wald's criterion) 

 Assume that we do not have information about the probabilities of appearance 

of conditions of the external environment. In this case, one of the main approaches 



to decision-making (choosing an alternative) is to introduce hypotheses about the 

behavior of the environment. The hypothesis introduced should allow for each 

alternative to quantify the associated consequences and, thus, to compare any two 

alternatives. One of the most important hypotheses of this type is the hypothesis of 

antagonism. It is based on the assumption that the external environment behaves the 

worst to DM. After accepting the hypothesis of antagonism, each alternative is 

evaluated by the result that has the worst numerical value for this alternative. If the 

decision matrix for the considered problem of decision-making is a matrix of 

winnings, then each alternative is estimated by the result which gives the smallest 

gain. If the decision matrix is a loss matrix, then each alternative is evaluated by the 

result that gives the largest loss. 

We consider the case when the decision matrix (table 1.1) is a matrix of 

winnings and each alternative 𝑥𝑖  (𝑖 = 1, 𝑛̅̅ ̅̅ ̅) is estimated by the result that gives the 

smallest gain: min
𝑗

𝑎𝑖𝑗 , 𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅  . The best alternative is the one in which the 

minimal element is the biggest. Formally, this means that the optimal alternative is 

the i-th alternative, which gives the extremum of the expression:  

 

𝐾𝑚𝑚 = max
𝑖

min
𝑗

𝑎𝑖𝑗  .      (1.1) 

 

This principle of determining the solution is called the maximin principle, and 

the alternative on which the maximum is achieved in expression (1.1) is called the 

maximin. Expression (1.1) is called the maximin criterion. 

 The value of the maximin principle: 

First, the maximin approach describes a very common cause of behavior in 

which two parties pursue opposite goals and, therefore, can be considered as 

competitors (antagonists). 

Second, the number min
𝑗

𝑎𝑖𝑗, which is one of the most important 

characteristics of alternative 𝑥𝑖, is its guaranteed level, that is when choosing 



alternative 𝑥𝑖 any events in the external environment cannot lead to a result that is 

worse than min
𝑗

𝑎𝑖𝑗. 

Third, max
𝑖

min
𝑗

𝑎𝑖𝑗   – the largest of the guaranteed levels. In this regard, the 

principle of maximin is also called the principle of the greatest guaranteed result, 

"tactics of the opposite", ie based on the fact that success was guaranteed in the 

worst conditions. 

Fourth, when making decisions in conditions of uncertainty, the maximum 

criterion or maximum score is the only absolutely reliable estimate. 

Fifth, this criterion is commonly used by DM, which is prone to extreme 

pessimism ("If the trouble can happen, it will happen"). Due to this, the maximum 

criterion is also called the criterion of extreme pessimism. 

The alternatives selected using the maximum criterion eliminate the risk. 

However, the no-risk provision can be costly. We demonstrate this by the example 

of the following matrix of winnings (table 1.2). 

Alternative 𝑥1, at first glance, is more profitable, but the maximum criterion 

chooses alternative 𝑥2. This excludes the smallest value of 𝑎11 = 0.9, which is 

realized in the state of the environment 𝑦1, and guarantees the value of 𝑎21 = 1.0. 

However, in the state of the external environment 𝑦2, the gain 𝑎12 = 90 is lost, 

instead of which the gain 𝑎22 = 1.0 is obtained, which is two orders of magnitude 

smaller. 

 

Table 1.2 - Matrix of winnings 

F(x, y) 𝑦1 𝑦2 min
𝑗

𝑎𝑖𝑗 max
𝑖

min
𝑗

𝑎𝑖𝑗   

𝑥1 0.9 90.0 0.9 - 

𝑥2 1.0 1.0 1.0 1.0 

 

This example shows that in many practical situations, the pessimism of the 

maximin criterion and the lack of reasonable risk can be very disadvantageous. 

 



1.2.2.2. Gambling criterion (maximax criterion) 

Another possible hypothesis about the behavior of the external environment 

- the environment promotes DM. In this case, each alternative is characterized by 

the most favorable result. When using the matrix of winnings, each alternative 

𝑥𝑖  (𝑖 = 1, 𝑛̅̅ ̅̅ ̅) is evaluated by the result that gives the greatest gain:  

max
𝑖

 𝑎𝑖𝑗 , 𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ . The best alternative is the one in which the maximum element is 

the biggest. Formally, this means optimal the alternative is the i-th alternative, which 

gives the extremum of the expression 

 

𝐾𝑛.𝑐. = max
𝑖

min
𝑗

𝑎𝑖𝑗   

 

Thus, when using this criterion, the bet is made on the most advantageous 

case, that is DM behaves like a gambler who is prone to risk and who is extremely 

optimistic. Therefore, this criterion is sometimes called the criterion of extreme 

optimism. 

 

1.2.2.3. Neutral criterion 

Another possible assumption about the behavior of the external environment 

is that the environment is neutral to DM and, therefore, all states of the external 

environment appear with equal probability. In this case, it is advantageous to choose 

an alternative to which the maximum average value corresponds: 

 

𝐾𝑁 = max
𝑖

(
1

𝑚
∑ 𝑎𝑖𝑗

𝑚
𝑗=1 ).     (1.3) 

 

Criterion (1.3) was named due to the hypothesis used neutral criterion. Other 

names of this criterion: Laplace-Bernoulli criterion, the criterion of insufficient 

grounds. They are related to the principle of insufficient grounds Laplace-Bernoulli. 

This principle recommends setting the probabilities of states of objects or nature to 

be the same if there is no reason to think that any of these states are more or less 

probable to others. 



 

1.2.2.4. Hurwitz test (pessimism-optimism test) 

In this criterion, an attempt is made to combine the advantages of the 

gambler's criterion and the maximum criterion. The resulting criterion is more 

balanced than the gambler's criterion and less pessimistic than the maximin 

criterion: 

𝐾𝐻 = 𝑐𝐾𝑚𝑚 + (1 − 𝑐)𝐾𝑛.𝑐. = max
𝑖

(𝑐 min
𝑗

 𝑎𝑖𝑗 + (1 − 𝑐)max
𝑗

 𝑎𝑖𝑗),   (1.4) 

 

where c – a constant that satisfies the condition 0 ≤ 𝑐 ≤ 1. At c = 1, Hurwitz's 

criterion becomes the maximin criterion, and at c = 0 – the gambler's criterion. There 

are no simple recommendations for choosing the value of the constant c, so in most 

cases, it is assumed that c = 0.5. 

Example 1.1. Having the advantages of the two criteria does not make the 

Hurwitz test unmistakable in solving any problem. As an example, confirming this 

statement, consider the choice of the best alternative for the implementation 

function, given in table 1.3. 

 

Table 1.3 – Implementation function 

F(x, y) 𝑦1 𝑦2 … 𝑦𝑚−1 𝑦𝑚 

𝑥1 1000 1 … 1 1 

𝑥2 999 999 … 999 0.99 

 

Hurwitz's criterion for any weighting factor c in the considered 

implementation function identifies as the best alternative 𝑥1, although any DM with 

"common sense" would choose alternative 𝑥2. 

 

1.2.2.5. Modified Hurwitz test 

Analysis of example 1.1 shows that the unsatisfactory choice of alternative 

x1 using the Hurwitz test is because this criterion does not take into account the 



average value of each alternative. To overcome this shortcoming of the considered 

criterion, a modified Hurwitz test is proposed 

 

𝐾𝐻𝑚
= max

𝑖∈𝐼
(𝑐 min 

𝑗
 𝑎𝑖𝑗 + (1 − 𝑐)𝑚𝑎𝑥 𝑎𝑖𝑗),     (1.5) 

 

where 𝑖 ∈ 𝐼, if 𝐾𝑖 =
1

𝑚
∑ 𝑎𝑖𝑗

𝑚
𝑗=1 ≥ 𝐾𝑠𝑒𝑡, that is the best alternative is selected only 

from those alternatives in which the arithmetic mean is not worse than the specified 

value. 

 

1.2.2.6. Criterion of multiplication 

The multiplication criterion 𝐾𝑚𝑢𝑙 is applied only to implementation functions 

with positive elements. It is determined by the ratio 

 

𝐾𝑚𝑢𝑙 = max
𝑖

∏ 𝑎𝑖𝑗
𝑚
𝑗=1 , 𝑎𝑖𝑗 > 0; 𝑖 = 1, 𝑛̅̅ ̅̅ ̅; 𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ .   (1.6) 

 

If the condition 𝑎𝑖𝑗 > 0 is violated, then all elements of the implementation 

function are increased by some constant 𝑎 (𝑎 > | min 
𝑖,𝑗

𝑎𝑖𝑗|). The constant a is often 

determined by the ratio 𝑎 = | min 
𝑖,𝑗

𝑎𝑖𝑗| + 1. 

 

1.3. Individual tasks 

1. For a given variant of the implementation function, using Excel, determine 

the best alternatives using criteria (2.1) - (2.3), (2.6). 

2. Propose and justify your unique criterion 𝐾𝑠𝑡𝑢𝑑𝑒𝑛𝑡 with regrets for making 

decisions in conditions of uncertainty. 

3. Demonstrate the performance of your criterion on the specified and 

proposed implementation functions. 

4. Investigate the feasibility of applying the criteria 𝐾𝑠, 𝐾𝑛.𝑐, 𝐾𝑠𝑎.𝑐, 𝐾𝑋, 𝐾𝑚𝑚, 

𝐾𝑠𝑡𝑢𝑑𝑒𝑛𝑡 in conditions of uncertainty for the matrix of gains by 10-fold random 



selection of environmental conditions and calculation of the average gain for any 

two non-uniform laws of distribution of probabilities of environmental conditions. 

Sort the criteria by the size of the average win for each of the distributions. 

5. Investigate the feasibility of applying the criteria 𝐾𝑠, 𝐾𝑛.𝑐, 𝐾𝑠𝑎.𝑐, 𝐾𝑋, 𝐾𝑚𝑚, 

𝐾𝑠𝑡𝑢𝑑𝑒𝑛𝑡 in conditions where all environmental conditions appear with equal 

probability. Sort the specified criteria by the value of the average gain with N-fold 

random selection of environmental conditions. Investigate the influence of the value 

of N on the ordering of criteria. 

6. Make a report on laboratory work. 

  



LABORATORY WORK 2 

INVESTIGATION OF CRITERIA WITH REGRETS 

 

2.1. The purpose of laboratory work 

 Obtaining and consolidating knowledge, forming practical work skills with 

criteria with regrets for making decisions in conditions of uncertainty. 

 

 2.2. Short information from the theory 

 

2.2.1. Criteria with regrets for decision making in conditions of uncertainty 

2.2.1.1. Savage criterion (or minimax regret criterion) 

Savage's criterion is defined by an expression 

 

𝐾𝑆 =  min 
𝑖

( max 
𝑗

( max 
𝑖

𝑎𝑖𝑗 − 𝑎𝑖𝑗)).      (2.1) 

 

To understand this criterion, the value of 𝑑𝑖𝑗 =  max 
𝑖

𝑎𝑖𝑗 − 𝑎𝑖𝑗 is possibly 

interpreted as additional winnings (or as regret for lost winnings). These gains 

would be obtained if at the state of the environment 𝑦𝑗 instead alternatives 𝑥𝑖(𝑖 =

1, 𝑛̅̅ ̅̅ ̅) alternative 𝑥𝑘(𝑘 ≠ 𝑖) was chosen for which fair expression 𝑎𝑘𝑗 =

 max 
𝑖

𝑎𝑖𝑗 , 𝑖 = 1, 𝑛̅̅ ̅̅ ̅. Sizes 𝑑𝑖𝑗 =  max 
𝑖

𝑎𝑖𝑗 − 𝑎𝑖𝑗 can interpreted as fines punishable by 

DM (decision maker), which chooses suboptimal decision. In fact, the initial matrix 

of winnings ‖𝑎𝑖𝑗‖ ratio 𝑑𝑖𝑗 =  max 
𝑖

𝑎𝑖𝑗 − 𝑎𝑖𝑗 turns into a matrix ‖𝑑𝑖𝑗‖ possible 

additional winnings or a matrix of regrets, or a matrix of penalties for the wrong 

decision. When making decisions in conditions of uncertainty and assuming that the 

environment is hostile, each alternative using the ratio  max 
𝑗

𝑑𝑖𝑗 =

 max 
𝑗

( max 
𝑖

𝑎𝑖𝑗 − 𝑎𝑖𝑗) characterized by the possible maximum fine or regret. Then 

using the operation minimum is selected an alternative that minimizes the negative 

consequences of any possible conditions external environment. 



Example 2.1. Let in the course of operation of the computer there were 

failures. It is necessary to decide on the further operation of the computer. Possible 

the following solutions: 

𝑥1 – full computer inspection; 

𝑥2 – minimal inspection; 

𝑥3 – refusal to check. 

The computer may be in the following states: 

𝑦1 – no faults, failures were accidental; 

𝑦2 – there are minor faults that will have little effect on the future computer 

operation; 

𝑦3 – there are serious faults that will distort the results of calculations and will 

lead to the failure of other units. 

The results of losses in relative units from computer shutdown are given in 

table 2.1. These include the cost of checking and troubleshooting, as well as the 

costs associated with the loss of machine time due to stopping the machine. 

 

Table 2.3 – Output matrix 

F(x, y) 𝑦1 𝑦2 𝑦3 max
𝑖

𝑎𝑖𝑗 𝐾мм 

𝑥1 – 20 – 22 – 40 – 40 – 40 

𝑥2 – 12 – 23 – 43 – 43 - 

𝑥3 0 – 24 – 55 – 55 - 

 

Using the ratio 𝑑𝑖𝑗 =  max 
𝑖

𝑎𝑖𝑗 − 𝑎𝑖𝑗, 𝑖, 𝑗 = 1,3̅̅ ̅̅ , where 𝑎𝑖𝑗 – elements of the 

original matrix (tab. 2.1), it is easy to determine the elements 𝑑𝑖𝑗 of the matrix 

regrets (tab. 2.2), and then the value of the Savage criterion, which distinguishes the 

second alternative as the best. 

 

 

 



Table 2.4 – Matrix of regrets 

F(x, y) 𝑦1 𝑦2 𝑦3 max
𝑗

𝑑𝑖𝑗 𝐾𝑆 

𝑥1 20 0 0 20 - 

𝑥2 12 1 3 12 12 

𝑥3 0 2 15 15 - 

 

The choice of alternative 𝑥2 in the absence of computer malfunctions (when 

the state of the environment is 𝑦1) leads to losses of 12 units compared to 19 

alternative 𝑥3. If the additional losses will be determined at 𝑦2 or 𝑦3, then when 

choosing alternative 𝑥2 compared to alternative 𝑥1 they will be to make accordingly 

one and three units, and the general losses thus will make respectively 23 and 43 

units. 

Thus, if the maximum element of the matrix column ‖𝑎𝑖𝑗‖ is not equal to 

zero, then Savage's criterion minimizes additional losses without taking into account 

the total level of losses. If all columns of the original matrix are maximal losses are 

zero, then the choice of the best alternative using the criterion Savage is more or 

less objective. But if the level of total losses is as large as in the second and third 

columns of the matrix ‖𝑎𝑖𝑗‖, wherein the second column the base level of losses is 

22 times greater than the additional losses when choosing the alternative 𝑥2, the 

application of the Savage criterion can lead to conflicting solutions "common 

sense". In the considered example (look at tab. 2.1) at a choice alternative 𝑥2 

maximum losses can be 43 units, while the best alternative 𝑥1 by the maximum 

criterion leads to maximum losses of only 40 units. 

The rule of choosing the best alternative according to Savage's criterion can 

be interpreted as follows. A new matrix is being built – a regrets matrix 𝐷 = ‖𝑑𝑖𝑗‖. 

Elements 𝑑𝑖𝑗(𝑖 = 1, 𝑛̅̅ ̅̅ ̅; 𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ ) matrix of regrets obtained as the difference 𝑑𝑖𝑗 =

max 𝑎𝑖𝑗

𝑖
− 𝑎𝑖𝑗 between the maximum element of the j-th column of the original 

matrix ‖𝑎𝑖𝑗‖ and element 𝑎𝑖𝑗. The matrix of regrets is supplemented by another 

column ‖𝑑𝑖(𝑚+1)‖, each element of which is the maximum element of the 



corresponding row of the regrets matrix. It is chosen alternative 𝑥𝑖, which 

corresponds to the minimum element of the additional column of the regrets matrix. 

 

2.2.1.2. Neutral criterion on regrets 

Savage's criterion implicitly assumes that the environment is hostile to DM. 

However, the environment can be not only hostile but also committed or neutral to 

DM. In the case of a neutral environment, we have a criterion  

 

𝐾𝑛.𝑐 =  min 
𝑖

1

𝑚
∑ ( max 

𝑖
𝑎𝑖𝑗 − 𝑎𝑖𝑗)𝑚

𝑗=1 ,    (2.2) 

 

which is analogous to the neutral criterion for the payoff matrix. 

 

2.2.1.3. Criterion of subjective-average regrets 

Savage's criterion, minimizing the damage or additional losses, is not takes 

into account the absolute value of the elements of the original matrix of solutions 

‖𝑎𝑖𝑗‖, and this can lead to optimality in regrets and greater overall losses. In this 

regard, the criterion 𝐾𝑠𝑎.𝑐 of subjective-average regrets was proposed, which, to 

some extent, eliminated the lack of Savage's criterion at the expense of taking into 

account the values of the sums of the elements in the columns of the matrix ‖𝑎𝑖𝑗‖: 

 

𝐾𝑠𝑎.𝑐 =  min 
𝑖

1

𝑚
∑ ( max 

𝑖
𝑎𝑖𝑗 − 𝑎𝑖𝑗)𝑚

𝑗=1 𝑝𝑗,     (2.3) 

 

where 𝑝𝑗 – subjective probability of the state of the environment 𝑦𝑗, which is 

taken such that is equal to the ratio of the sum of the elements of the j-th column of 

the matrix ‖𝑎𝑖𝑗‖ to the sum of all elements of the matrix ‖𝑎𝑖𝑗‖: 

 

𝑝𝑗 =
(∑ 𝑎𝑖𝑗

𝑛
𝑖=1 )

(∑ ∑ 𝑎𝑖𝑗
𝑛
𝑖=1

𝑚
𝑗=1 )

, 𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ .     (2.4) 

 



Example 2.2. Using the criterion of subjective-average regrets choose the 

best alternative for the data of example 2.1. To do this first calculate the subjective 

probabilities 𝑝𝑗 by formula (2.4), and then by using expression (2.3) determine the 

best alternative. The results of the calculations are given in the table. 2.3. 

 

Table 2.5 - The result of calculations 

F(x, y) 
𝑦1 𝑦2 𝑦3 

∑ 𝑑𝑖𝑗𝑝𝑗

3

𝑗=1

 𝐾𝑠𝑎.𝑐 
𝑝1 = 0,134 𝑝2 = 0,289 𝑝3 = 0,577 

𝑥1 20 0 0 2,680 2,680 

𝑥2 12 1 3 3,628 - 

𝑥3 0 2 15 9,233 - 

 

Thus, taking into account the values of the elements 𝑎𝑖𝑗 of the original matrix 

in the subjective probabilities of the criterion 𝐾𝑠𝑎.𝑐 leads to the choice of another 

alternative than Savage's criterion. 

 

2.2.1.4. Khomenyuk's criterion 

In Khomenyuk's criterion, as well as in the criterion of subjective-average 

regrets, there are no objective probabilities of the appearance of environmental 

conditions. To take into account the impact of the appearance of a state of the 

environment, subjective probabilities are introduced using a matrix of regrets 

 

𝑝𝑗 =
(∑ ( max 

𝑖
𝑎𝑖𝑗–𝑎𝑖𝑗)𝑛

𝑖=1 )

(∑ ∑ ( max 
𝑖

𝑎𝑖𝑗–𝑎𝑖𝑗)𝑛
𝑖=1

𝑚
𝑗=1 )

, 𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ .     (2.5) 

 

Khomenyuk's criterion is: 

 

𝐾𝑋 =  max 
𝑖

∑ 𝑎𝑖𝑗𝑝𝑗
𝑚
𝑗=1 .     (2.6) 

 



Thus, Khomenyuk's criterion, as well as the criterion of subjective-average 

regrets, uses in its expression both the elements of the decision matrix ‖𝑎𝑖𝑗‖ and the 

elements of the regret matrix ‖𝑑𝑖𝑗‖. 

 

2.3. Individual tasks 

1. For a given variant of the implementation function, using Excel, determine 

the best alternatives using criteria (2.1) - (2.3), (2.6). 

2. Propose and justify your unique criterion 𝐾𝑠𝑡𝑢𝑑𝑒𝑛𝑡 with regrets for making 

decisions in conditions of uncertainty. 

3. Demonstrate the performance of your criterion on the specified and 

proposed implementation functions. 

4. Investigate the feasibility of applying the criteria 𝐾𝑠, 𝐾𝑛.𝑐, 𝐾𝑠𝑎.𝑐, 𝐾𝑋, 𝐾𝑚𝑚, 

𝐾𝑠𝑡𝑢𝑑𝑒𝑛𝑡 in conditions of uncertainty for the matrix of gains by 10-fold random 

selection of environmental conditions and calculation of the average gain for any 

two non-uniform laws of distribution of probabilities of environmental conditions. 

Sort the criteria by the size of the average win for each of the distributions. 

5. Investigate the feasibility of applying the criteria 𝐾𝑠, 𝐾𝑛.𝑐, 𝐾𝑠𝑎.𝑐, 𝐾𝑋, 𝐾𝑚𝑚, 

𝐾𝑠𝑡𝑢𝑑𝑒𝑛𝑡 in conditions where all environmental conditions appear with equal 

probability. Sort the specified criteria by the value of the average gain with N-fold 

random selection of environmental conditions. Investigate the influence of the value 

of N on the ordering of criteria. 

6. Make a report on laboratory work. 

  



LABORATORY WORK 3 

RESEARCH OF DECISION-MAKING CRITERIA 

IN RISK 

 

3.1. The purpose of laboratory work 

 

Obtaining and consolidating knowledge, developing practical skills of 

working with criteria for decision-making in conditions of risk. 

 

3.2. Short information from the theory 

 

3.2.1. Decision-making in conditions of risk 

 

The mathematical model of the problem of decision-making is a formal 

description of the purpose, means, and results, and also a way of communication of 

means with results. To formally describe the means and results, set the set 𝑋 =

{𝑥1, … , 𝑥𝑛} of alternatives and the set 𝐴 = {𝑎1, … , 𝑎𝑛} of results. Alternatives are 

what the decision-maker chooses, and the results are what they lead to in a particular 

state of the environment. 

In decision-making tasks with finite sets X and A, there are several types of 

dependence of results on alternatives. This laboratory work considers the type of 

connection, which assumes that each alternative can lead to one of several results, 

each of which has a certain probability of occurrence. This probability is determined 

by two factors: the choice of alternative, carried out by DM, and the state of the 

environment. Let us denote the set of all states of the external environment by 𝑌 =

{𝑦1, … , 𝑦𝑚} , then each result 𝑎𝑖𝑗 ∈ 𝐴 as a result of the above is a function of two 

arguments: 𝑎𝑖𝑗 = 𝐹(𝑥𝑖 , 𝑦𝑗), where 𝑥𝑖  (𝑥𝑖  ∈ 𝑋) – the chosen alternative; 𝑦𝑗  (𝑦𝑗  ∈

𝑌) – state of the environment. 

The function F(x, y) is called the implementation function. If the set of 

alternatives and the set of states of the environment are finite, it is convenient to 



give the implementation function F in the form of a table (tab. 3.1). This table for 

the specific problems under consideration defines all their possible solutions, so it 

is often called a solution matrix. These decisions (results, consequences) must be 

quantified, and we will simply identify these quantifications with the corresponding 

results. 

Consider a matrix of solutions for situations where the DM knows the 

probabilities 𝑞𝑗(∑ 𝑞𝑗 = 1)𝑚
𝑗=1  of occurrence of each state 𝑦𝑗(𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ ) of the 

environment. In this case, if alternative 𝑎𝑘 is chosen, then for each result 𝑎𝑘 ∈ 𝐴 we 

can find the probability 𝑝𝑘 of its occurrence. To do this, note in the i-th line of the 

table 3.1 all cells where the result 𝑎𝑘 is, and sum the probabilities of the 

corresponding columns. Thus, each alternative on the set of results corresponds to 

a probabilistic measure, and therefore, in this case, we have the task of making 

decisions in stochastic conditions or conditions of risk. 

 

Table 3.1 – Decision matrix 

F(x, 

y) 
𝑦1 … 𝑦𝑗 … 𝑦𝑚 

𝑥1 𝑎11 = 𝐹(𝑥1, 𝑦1) … 𝑎1𝑗 = 𝐹(𝑥1, 𝑦𝑗) … 𝑎1𝑚 = 𝐹(𝑥1, 𝑦𝑚) 

… … … … … … 

𝑥𝑖 𝑎𝑖𝑚 = 𝐹(𝑥𝑖 , 𝑦1) … 𝑎𝑖𝑗 = 𝐹(𝑥𝑖 , 𝑦𝑗) … 𝑎𝑖𝑚 = 𝐹(𝑥𝑖 , 𝑦𝑚) 

… … … … … … 

𝑥𝑛 𝑎𝑖𝑚 = 𝐹(𝑥𝑛, 𝑦𝑗) … 𝑎𝑛𝑗 = 𝐹(𝑥𝑛, 𝑦𝑗) … 
𝑎𝑛𝑚

= 𝐹(𝑥𝑛, 𝑦𝑚) 

 

3.2.2. Classical criteria for decision-making in conditions of risk 

 

3.2.2.1. Bayes - Laplace criterion 

The Bayes – Laplace criterion can be considered as a generalization neutral 

criterion used for decision-making under conditions of uncertainty in the 

assumption that the environment is neutral to DM and, therefore, all its states appear 



with equal probability. In such cases, it is advisable to choose alternatives that are 

corresponded to the maximum average value. 

 

𝐾𝑛 =  max 
𝑖

(
1

𝑚
∑ 𝑎𝑖𝑗

𝑚

𝑗=1

). 

 

If each state 𝑦𝑗(𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ ) of the external environment appears with its 

probability 𝑞𝑗, then the average value corresponding to each alternative must be 

calculated taking into account these probabilities using an expression for 

mathematical expectation. As a result of this generalization, the relation for the 

Bayes-Laplace criterion is obtained 

 

𝐾𝐵𝐿 =  max 
𝑖

(∑ 𝑎𝑖𝑗𝑞𝑗
𝑚
𝑗=1 ), ∑ 𝑞𝑗 = 1.𝑚

𝑗=1     (3.1) 

 

Thus, the Bayes-Laplace test chooses the best alternative that meets the 

greatest mathematical expectation. 

The application of the Bayes - Laplace criterion involves the following 

conditions: 

 accurate knowledge of the probabilities of environmental conditions; 

 the independence of the probabilities of environmental conditions from 

 time; 

 the implementation of solutions (at least in theory) an infinite number of 

times. 

Under these conditions, the Bayes - Laplace criterion is an absolute reliable 

criterion that excludes any risk. Violation of these conditions makes the Bayes - 

Laplace criterion risky. 

 

 

 



3.2.2.2. Hodge-Lehmann criterion 

The Bayes - Laplace criterion gives more optimistic forecasts than maximum 

criterion, but it also implies a higher level of awareness and multiple 

implementations. 

The Bayes-Laplace test is reliable only when the probabilities of appearance 

of environmental conditions are well known, but in practice, exact numbers are 

usually absent. This weakens the credibility of this criterion and forces us to resort 

to a more reliable maximum criterion, which guarantees the specified minimum. 

You can try to increase this guaranteed minimum by using a weighted linear 

combination of the considered criteria 

 

𝐾𝐻𝐿 =  𝑐𝐾𝐵𝐿 + (1– 𝑐)𝐾𝑀𝑀 =   max 
𝑖

(𝑐 ∑ 𝑎𝑖𝑗𝑞𝑗 + (1– 𝑐) min 
𝑗

𝑎𝑖𝑗
𝑚
𝑗=1 ).  (3.2) 

 

Parameter 𝑐(0 ≤ 𝑐 ≤ 1), on the one hand, expresses the degree of confidence 

in the probability distribution used, and on the other hand - the degree of undesirable 

occurrence of very small values. If the degree of trust is high and the number of 

implementations of the adopted decision is significant, the 𝐾𝐵𝐿 criterion is 

emphasized, otherwise, preference is given to the maximum criterion. Since the 

numerical estimation of the degree of confidence in the probability distribution used 

and the degree of undesirable occurrence of small values is usually difficult, the 

choice of the parameter c is usually subjective. In many cases, take into account that 

c = 0.5. When c = 1, the 𝐾𝐻𝐿 criterion becomes the Bayesian-Laplace criterion, and 

at c = 0 becomes the maximum criterion. 

 

3.2.2.3. Criteria for the minimum variance of the evaluation functional 

The Hodge-Lehmann criterion with the help of the maximum criterion to 

some extent limits the appearance of individual solutions with unacceptably small 

values, even with larger average values obtained by the Bayes-Laplace criterion. 

Another way to limit the appearance of small values is to limit the value of the 

variance relative to the average value obtained using the Bayes-Laplace test. Since 



the variance 𝐷𝑖 the i-th row of the decision matrix characterizes the scattering of the 

elements of this row relative to its average value, the smaller the value of the 

variance, the less likely it is those small elements 𝑎𝑖𝑗 appear in the row and appear 

as solutions. 

The criterion for the minimum variance of the evaluation functional has the 

form 

 

𝐾𝑀𝐷 =  m𝑖𝑛 
𝑖

𝐷𝑖 =  m𝑖𝑛 
𝑖

(∑ (𝑎𝑖𝑗 − ∑ 𝑎𝑖𝑗𝑞𝑗
𝑚
𝑗=1 )

2
𝑞𝑗

𝑚
𝑗=1 ),   (3.3) 

 

where 𝑞𝑗(𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ ) – the probability of occurrence of environmental 

conditions. 

Criterion (3.3) in most cases is used only as an auxiliary criterion because of 

the relation 𝐷𝑖 < 𝐷𝑘 can be fulfilled under the condition 

 

∑ 𝑎𝑘𝑗𝑞𝑗

𝑚

𝑗=1

>> ∑ 𝑎𝑖𝑗𝑞𝑗

𝑚

𝑗=1

. 

 

As an auxiliary criterion, it can be applied, for example, to those alternatives 

whose Bayes-Laplace criterion value is greater than some predetermined value, or 

to alternatives that have the same or similar values of the Bayes-Laplace criterion. 

Known modifications of the criterion, taking into account the scatter of values 

not relative to the average, but relative to the largest value, relative to the most 

probable value. 

 

3.2.2.4. Hermeyer's criterion 

Hermeyer’s criterion is defined by the expression 

 

𝐾𝐻𝑒𝑟 =  max 
𝑖

  m𝑖𝑛 
𝑗

𝑎𝑖𝑗𝑞𝑗 , ∑ 𝑞𝑗 = 1.𝑚
𝑗=1     (3.4) 

 



In a known relation, the Hermeyer criterion is a generalization maximum 

criterion. In the case of uniform distribution, when 𝑞𝑖 =
1

𝑚
 (𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ ), they become 

identical. 

The Hermeyer criterion is reliable only if the probabilities of the occurrence 

of environmental conditions are known and the solution is implemented a large 

number of times. Otherwise, the use of the Hermeyer criterion may lead to 

unreasonably high risk. 

 

3.2.2.5. Criterion of subjective-average regrets and Khomenyuk's criterion 

There are criteria that are similar in form to the Bayes-Laplace criterion, but 

they use not objective but subjective probabilities and are criteria for decision-

making in conditions of uncertainty. One of such criteria is the criterion of 

subjective-average regrets 

 

𝐾𝑠𝑎.𝑐 =  m𝑖𝑛 
𝑖

1

𝑚
∑ (  m𝑎𝑥 

𝑖
𝑎𝑖𝑗 − 𝑎𝑖𝑗)𝑚

𝑗=1 𝑝𝑗 ,    (3.5) 

 

where 𝑝𝑗 – the subjective probability of the state 𝑦𝑗 of the external 

environment, which is taken to be equal to the ratio of the sum of the elements of 

the j-th column of the matrix ‖𝑎𝑖𝑗‖ to the sum of all elements of the matrix ‖𝑎𝑖𝑗‖: 

 

𝑝𝑗 =
(∑ 𝑎𝑖𝑗

𝑛
𝑖=1 )

(∑ ∑ 𝑎𝑖𝑗
𝑛
𝑖=1

𝑚
𝑗=1 )

.      (3.6) 

 

In Khomenyuk's criterion subjective probabilities are entered by means of a 

matrix of regrets: 

 

𝑝𝑗 =
(∑  m𝑎𝑥 

𝑖
(𝑎𝑖𝑗–𝑎𝑖𝑗)𝑛

𝑖=1 )

(∑ ∑ ( m𝑎𝑥 
𝑖

𝑎𝑖𝑗–𝑎𝑖𝑗
𝑛
𝑖=1

𝑚
𝑗=1 )

.     (3.7) 

 



Khomenyuk's criterion itself in appearance completely coincides with the 

Bayes-Laplace criterion: 

 

𝐾𝑋 =  m𝑎𝑥 
𝑖

∑ 𝑎𝑖𝑗𝑝𝑗
𝑚
𝑗=1 .      (3.8) 

 

3.3. Individual tasks 

 

1. For a given variant of the implementation function, using Excel, determine 

the best alternatives using criteria (2.1) - (2.3), (2.6). 

2. Propose and justify your unique criterion 𝐾𝑠𝑡𝑢𝑑𝑒𝑛𝑡 with regrets for making 

decisions in conditions of uncertainty. 

3. Demonstrate the performance of your criterion on the specified and 

proposed implementation functions. 

4. Investigate the feasibility of applying the criteria 𝐾𝑠, 𝐾𝑛.𝑐, 𝐾𝑠𝑎.𝑐, 𝐾𝑋, 𝐾𝑚𝑚, 

𝐾𝑠𝑡𝑢𝑑𝑒𝑛𝑡 in conditions of uncertainty for the matrix of gains by 10-fold random 

selection of environmental conditions and calculation of the average gain for any 

two non-uniform laws of distribution of probabilities of environmental conditions. 

Sort the criteria by the size of the average win for each of the distributions. 

5. Investigate the feasibility of applying the criteria 𝐾𝑠, 𝐾𝑛.𝑐, 𝐾𝑠𝑎.𝑐, 𝐾𝑋, 𝐾𝑚𝑚, 

𝐾𝑠𝑡𝑢𝑑𝑒𝑛𝑡 in conditions where all environmental conditions appear with equal 

probability. Sort the specified criteria by the value of the average gain with N-fold 

random selection of environmental conditions. Investigate the influence of the value 

of N on the ordering of criteria. 

6. Make a report on laboratory work. 

  



LABORATORY WORK 4 

SYNTHESIS OF MULTICOMPONENT CRITERIA BY ALGORITHM 

WITH LINEAR PARTIAL DESCRIPTIONS OF THE METHOD 

GROUP ACCOUNTING OF ARGUMENTS 

 

4.1. The purpose of laboratory work 

Obtaining and consolidating knowledge, forming practical skills of working 

with an algorithm with linear partial descriptions of the method of group accounting 

of arguments in the synthesis of multicomponent decision-making criteria in 

conditions of uncertainty. 

 

4.2. Short information from the theory 

 

4.2.1. Synthesis of multicomponent criteria 

 The assessment of many real-world situations or objects cannot be performed 

using one- or two-component classical decision-making criteria, as these objects or 

situations are assessed by dozens or even hundreds of different indicators. In such 

cases, the following criteria are used for decision-making 

 

𝐾 = ∑ 𝑎𝑖𝐾𝑖
𝑛
𝑖=1 ,      (4.1) 

 

where 𝑎𝑖  (𝑖 = 1, 𝑛̅̅ ̅̅ ̅) – weights; 𝐾𝑖 (𝑖 = 1, 𝑛̅̅ ̅̅ ̅) – the simplest one- or two-component 

criteria. 

Various methods and algorithms can be used to obtain the criteria of the form 

(4.1). Consider one of them - an algorithm with linear partial descriptions of the 

heuristic method of self-organization of mathematical models (or the method of 

group consideration of arguments (MGCA)), which is designed to synthesize the 

criteria of the form (4.1). In this algorithm at the first stage of its work as the simplest 

criteria or evaluation functions are possible to use known one- or two-component 

criteria 𝐾1
1, 𝐾2

1, …, 𝐾𝑚
1 , where the superscript indicates that these are the criteria of 



the first stage or the first row of selection of the multicomponent criterion. In this 

case, we assume that it is necessary to obtain the criterion 𝐾∗, which can be used to 

divide the sets of some objects into two classes, for example, objects with some 

certain properties (first class), and on objects that do not have these properties 

(second class). To synthesize this criterion, we will use the training set M of objects, 

for which we know the correct distribution of these two classes: 𝑀1 and 𝑀2, 𝑀1 ∩

 𝑀2 = ∅, 𝑀1 ∪ 𝑀2 = 𝑀. Consider the main steps of the algorithm for synthesizing 

the criterion 𝐾∗. 

 

4.2.2. MGCA algorithm with linear partial descriptions for the synthesis 

of criteria 

Step 1. In the first row of selection, the set 𝐾1 = {𝐾1
1, 𝐾2

1, … , 𝐾𝑚
1 } of the 

simplest criteria is used to divide the objects of the learning set M into two specified 

classes: 𝑀1 and 𝑀2. 

Step 2. For each simplest criterion of the set 𝐾1, the quality index 𝑛𝑗  (𝑗 =

1, 𝑚̅̅ ̅̅ ̅̅ ) of the criterion operation is calculated, for example, the number of correctly 

classified objects of the initial educational set M. 

Step 3. According to the quality indicators 𝑛𝑗  (𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ ), the preset is selected 

the number r of 𝐾1
1̅̅ ̅̅ , 𝐾2

1̅̅ ̅̅ , …, 𝐾𝑟
1̅̅ ̅̅  criteria that correctly performed the classification 

the largest number of objects from the training set M. If at least one of the criteria 

correctly classified all the objects of the set M, the required criterion is found, and 

the algorithm stops. 

Step 4. The obtained set of criteria 𝐾1̅̅ ̅̅ = {𝐾1
1̅̅ ̅̅ , 𝐾2

1̅̅ ̅̅ , … , 𝐾𝑟
1̅̅ ̅̅ } is checked for the 

possibility of correct classification of all objects of the set M. If the elements of the 

set M are detected, which cannot be correctly classified by the selected set of 𝐾1̅̅ ̅̅  

criteria, the set 𝐾1̅̅ ̅̅  is expanded: 𝐾1̅̅ ̅̅ = {𝐾1
1̅̅ ̅̅ , 𝐾2

1̅̅ ̅̅ , … , 𝐾𝑟
1̅̅ ̅̅ , … , 𝐾𝑟1

1̅̅ ̅̅ }, 𝑟1 > 𝑟 including 

additional criteria that have lower quality indicators, but allow correctly classify 

these elements of the set M. 



Step 5. The criteria of the set 𝐾1̅̅ ̅̅ = {𝐾1
1̅̅ ̅̅ , 𝐾2

1̅̅ ̅̅ , … , 𝐾𝑟
1̅̅ ̅̅ , … , 𝐾𝑟1

1̅̅ ̅̅ }, 𝑟1 > 𝑟 are passed 

to the second row of selection (or the second stage of the algorithm) and with their 

help, the set 𝐾2 of two-term criteria of the form is synthesized: 

𝐾𝑞
2 = 𝑐𝑖𝐾1

1̅̅ ̅̅ + (1 − 𝑐𝑖)𝐾2
1̅̅ ̅̅ , 𝑞 = 1, 𝑙̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ; 

𝐾𝑞
2 = 𝑐𝑖𝐾1

1̅̅ ̅̅ + (1 − 𝑐𝑖)𝐾3
1̅̅ ̅̅ , 𝑞 = 𝑙 + 1, 2𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ; 

…………………………………………………………. 

𝐾𝑞
2 = 𝑐𝑖𝐾1

1̅̅ ̅̅ + (1 − 𝑐𝑖)𝐾𝑟1
1̅̅ ̅̅ , 𝑞 = (𝑟1 − 2)𝑙 + 1, (𝑟1 − 1)𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 𝑖 = 1, 𝑙̅̅ ̅̅ ; (4.2) 

𝐾𝑞
2 = 𝑐𝑖𝐾2

1̅̅ ̅̅ + (1 − 𝑐𝑖)𝐾3
1̅̅ ̅̅ , 𝑞 = (𝑟1 − 1)𝑙 + 1, 𝑟1𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 𝑖 = 1, 𝑙̅̅ ̅̅ ; 

…………………………………………………………. 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑟1

1̅̅ ̅̅ + (1 − 𝑐𝑖)𝐾𝑟1
1̅̅ ̅̅ , 𝑞 = (𝐶𝑟1

2 − 1)𝑙 + 1, 𝐶𝑟1
2 𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ; 

 

where 𝑐𝑖  (𝑖 = 1, 𝑙̅̅ ̅̅ ) – positive constants that satisfy the conditions: 0 < 𝑐𝑖 < 1, 𝑐𝑖 ≠

𝑐𝑗, if 𝑖 ≠ 𝑗; 𝐶𝑟1

2  – the number of combinations from 𝑟1 to 2. 

Step 6. Each criterion from the set 𝐾2 = {𝐾1
2, 𝐾2

2, … , 𝐾𝑑
2},, where 𝑑 = 𝑙𝐶𝑟1

2  is 

used to divide the objects of the training set M into two specified classes: 𝑀1 and 

𝑀2. In this case, for each criterion from the set 𝐾2, the quality index 𝑛𝑗  (𝑗 = 1, 𝑑̅̅ ̅̅̅) 

of the criterion is calculated. 

Step 7. According to the quality indicators 𝑛𝑗  (𝑗 = 1, 𝑑̅̅ ̅̅̅) is selected in advance 

the number r of the best criteria 𝐾1
2̅̅ ̅̅ , 𝐾2

2̅̅ ̅̅ , … , 𝐾𝑟
2̅̅ ̅̅ , which correctly performed the 

classification of the largest number of objects from the training set M. If one or more 

of the best criteria correctly performed the classification of all objects of the set M, 

then the goal of criteria synthesis is achieved, and the algorithm for obtaining new 

criteria stops. 

Step 8. The obtained set of criteria 𝐾2̅̅ ̅̅ = {𝐾1
2̅̅ ̅̅ , 𝐾2

2̅̅ ̅̅ , … , 𝐾𝑟
2̅̅ ̅̅ } is checked for the 

possibility of correct classification of all objects of the training set M. If elements 

of the set M are found that cannot be correctly classified by the selected set of 𝐾2̅̅ ̅̅  

criteria, the set 𝐾2̅̅ ̅̅  is extended to the value of 𝐾2̅̅ ̅̅ = {𝐾1
2̅̅ ̅̅ , 𝐾2

2̅̅ ̅̅ , … , 𝐾𝑟
2̅̅ ̅̅ , … , 𝐾𝑟2

2̅̅ ̅̅ }, 𝑟2 >

𝑟, including additional criteria of the current or first row of selection, which have 



lower quality indicators, but which allow to correctly classify these elements plural 

M. 

Step 9. The criteria of the set 𝐾2̅̅ ̅̅ = {𝐾1
2̅̅ ̅̅ , 𝐾2

2̅̅ ̅̅ , … , 𝐾𝑟
2̅̅ ̅̅ , … , 𝐾𝑟2

2̅̅ ̅̅ }, 𝑟2 ≥ 𝑟 are passed 

to the third row of selection, where the set of 3K criteria of the form is synthesized: 

𝐾𝑞
3 = 𝑐𝑖𝐾1

2̅̅ ̅̅ + (1 − 𝑐𝑖)𝐾2
2̅̅ ̅̅ , 𝑞 = 1, 𝑙̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ; 

𝐾𝑞
3 = 𝑐𝑖𝐾1

2̅̅ ̅̅ + (1 − 𝑐𝑖)𝐾3
2̅̅ ̅̅ , 𝑞 = 𝑙 + 1, 2𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.3) 

…………………………………………………………. 

𝐾𝑞
3 = 𝑐𝑖𝐾𝑟2−1

2̅̅ ̅̅ ̅̅ ̅ + (1 − 𝑐𝑖)𝐾𝑟2
2̅̅ ̅̅ , 𝑞 = (𝐶𝑟2

2 − 1)𝑙 + 1, 𝐶𝑟2
2 𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ; 

 

where 𝑐𝑖  (𝑖 = 1, 𝑙̅̅ ̅̅ ) – positive constants that satisfy the conditions 0 < 𝑐𝑖 < 1, 𝑐𝑖 ≠

𝑐𝑗, if 𝑖 ≠ 𝑗. 

The process of synthesis, evaluation, and selection of criteria continues until 

a criterion is obtained that correctly classifies the elements of the set M, or until 

other conditions for the end of the algorithm are met, for example, by the number 

of rows of selection, in the absence of better quality criteria series of selection in 

comparison with indicators of criteria of one or several previous series of selection, 

etc. 

Example 4.1. Consider the synthesis of the criterion for the implementation 

function, which has 8 alternatives and 7 states of the environment (table 4.1). 

 

Table 4.1 – Implementation function 

F(x,y) 𝑦1 𝑦2 𝑦3 𝑦4 𝑦5 𝑦6 𝑦7 𝐾𝑚𝑚 𝐾𝑛.𝑐. 𝐾𝑁 𝐾𝑆 𝐾𝑚𝑢𝑙 𝐾1
2 𝐾2

2 

𝑥1 3 7 8 9 10 11 12 3 12 8.57 6 2.00 ∙ 106 10.28 7.00 

𝑥2 2 3 7 8 4 5 12 2 12 5.86 8 0.81 ∙ 105 8.93 6.04 

𝑥3 8 6 5 10 6 7 8 5 0 7.14 7 0.81 ∙ 105 8.57 5.04 

𝑥4 7 5 5 3 10 13 6 3 13 7.00 9 0.41 ∙ 106 10.00 6.70 

𝑥5 4 10 11 12 9 8 7 4 12 8.71 5 2.66 ∙ 106 10.35 7.33 

𝑥6 8 2 12 1 12 11 6 1 12 7.43 11 0.15 ∙ 106 9.71 6.07 

𝑥7 9 3 11 11 10 9 10 3 11 9.00 7 2.94 ∙ 106 10.00 6.97 



𝑥8 5 6 5 11 7 11 10 5 11 7.86 7 1.27 ∙ 106 9.43 6.13 

𝑛𝑗 – – – – – – – 4 2 4 2 4 8 8 

 

In the example, the set of alternatives {𝑥1, 𝑥2, … , 𝑥8} is used as a learning set 

M. The set M is divided into two subsets: the best alternatives 𝑀1 = {𝑥1, 𝑥4, 𝑥5, 𝑥7} 

and the worst alternatives 𝑀2 = {𝑥2, 𝑥3, 𝑥6, 𝑥8} . It is necessary to synthesize a 

criterion with the help of the training set M, which allows to correctly classify the 

alternatives that belong to the same classes as the alternatives of the teaching set. 

We use for the classification of alternatives first the classic criteria: maximum 

(4.4), gambler (4.5), neutral (4.6), Savage (4.7) and the criterion of products (4.8), 

which have the form: 

𝐾𝑚𝑚 =  m𝑎𝑥 
𝑖

  m𝑖𝑛 
𝑗

𝑎𝑖𝑗,      (4.4) 

𝐾𝑛.𝑐. =  m𝑎𝑥 
𝑖

  m𝑎𝑥 
𝑗

𝑎𝑖𝑗,      (4.5) 

𝐾𝑛 =  m𝑎𝑥 
𝑖

(
1

𝑚
∑ 𝑎𝑖𝑗

𝑚
𝑗=1 ),      (4.6) 

𝐾𝑆 =  m𝑖𝑛 
𝑖

(  m𝑎𝑥 
𝑗

(  m𝑎𝑥 
𝑖

𝑎𝑖𝑗 − 𝑎𝑖𝑗)),     (4.7) 

𝐾𝑚𝑢𝑙 =  m𝑎𝑥 
𝑖

(∏ 𝑎𝑖𝑗
𝑚
𝑖=1 ),      (4.8) 

 

where 𝑎𝑖𝑗  (𝑖 = 1, 𝑛̅̅ ̅̅ ̅; 𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ ) – elements of the implementation function; n – the 

number of lines of the implementation function; m – the number of columns of the 

implementation function. 

The results of the application of the criteria are given in the table 4.1. Analysis 

of this table shows that the maximum criterion among the three best alternatives 

includes alternatives: 𝑥3, 𝑥8 and 𝑥5, which have higher scores, by criterion (𝐾𝑚𝑚 ≥

4). For the fourth place in the subset 𝑀1 claims three alternatives: 𝑥1, 𝑥4 and 𝑥7, 

which have the same value of the criterion (𝐾𝑚𝑚 = 3) and which are included in 

the training subset 𝑀1 of the set M. In this regard, we can assume that the maximum 

criterion divided the set M into such two subsets: 𝑀1 = {𝑥1, 𝑥3, 𝑥4, 𝑥5, 𝑥7, 𝑥8}, 𝑀2 =



{𝑥2, 𝑥6},. Into the set of the best alternatives are correctly included alternatives 

𝑥1, 𝑥4, 𝑥5, 𝑥7 and erroneously included 𝑥3, 𝑥8. 

The quality index 𝑛𝑗  (𝑗 ∈ {𝑚𝑚, 𝑛. 𝑐. , 𝑛, 𝑆, 𝑚𝑢𝑙}) of work of any criterion 

𝐾𝑗  (𝐾𝑗 ∈ {𝐾𝑚𝑚, 𝐾𝑛.𝑐., 𝐾𝑛, 𝐾𝑆, 𝐾𝑚𝑢𝑙}) is defined as follows: 

 

𝑛𝑗 = 𝑛1 − 𝑛2,      (4.9) 

 

where 𝑛1, 𝑛2 – the number of alternatives that are correctly and incorrectly 

classified, respectively. 

The larger the value of 𝑛𝑗, the better the criterion 𝐾𝑗 classifies the alternatives 

of the learning set M. Note that as an indicator of the quality of the criteria can be 

used and each individual monomial of the right-hand side of expression (4.9). 

The maximum criterion for classifying alternatives made only two errors, so 

by relation (4.9), we have 𝑛𝑚𝑚 = 6– 2 = 4. 

Similarly, indicators of the quality of work and others were obtained criteria, 

these indicators are given in the last line of the table 4.1. Analysis of the 

performance indicators of the criteria shows that none of the applied criteria solves 

the problem of dividing the set of alternatives into two given subsets. In this regard, 

we perform a synthesis of two-component criteria. Formally, the following criteria 

will be obtained using relations (4.2): 

 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑚𝑚 + (1 − 𝑐𝑖)𝐾𝑛.𝑐., 𝑞 = 1, 𝑙̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;    (4.10) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑚𝑚 + (1 − 𝑐𝑖)𝐾𝑛, 𝑞 = 𝑙 + 1, 2𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;     (4.11) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑚𝑚 + (1 − 𝑐𝑖)𝐾𝑆, 𝑞 = 2𝑙 + 1, 3𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;     (4.12) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑚𝑚 + (1 − 𝑐𝑖)𝐾𝑚𝑢𝑙 , 𝑞 = 3𝑙 + 1, 4𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;    (4.13) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑛.𝑐. + (1 − 𝑐𝑖)𝐾𝑛, 𝑞 = 4𝑙 + 1, 5𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;    (4.14) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑛.𝑐. + (1 − 𝑐𝑖)𝐾𝑆, 𝑞 = 5𝑙 + 1, 6𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;    (4.15) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑛.𝑐. + (1 − 𝑐𝑖)𝐾𝑚𝑢𝑙 , 𝑞 = 6𝑙 + 1, 7𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;    (4.16) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑛 + (1 − 𝑐𝑖)𝐾𝑆, 𝑞 = 7𝑙 + 1, 8𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;     (4.17) 



𝐾𝑞
2 = 𝑐𝑖𝐾𝑛 + (1 − 𝑐𝑖)𝐾𝑚𝑢𝑙 , 𝑞 = 8𝑙 + 1, 9𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;    (4.18) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑆 + (1 − 𝑐𝑖)𝐾𝑚𝑢𝑙 , 𝑞 = 9𝑙 + 1, 10𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;    (4.19) 

 

Criteria (4.12), (4.15), (4.17), (4.19), in which one of the components includes 

the Savage criterion, are difficult to use directly because in the Savage criterion the 

last operation is min. It selects the minimum element and in other criteria the last 

operation max, which selects the maximum element from the numbers that 

characterize the alternatives. In this case, neither the minimum nor the maximum or 

weighted sum of the numerical values of the criteria is guaranteed the right choice 

of alternative. In this regard, it is necessary to somehow change one of the 

components of the last operation to the opposite, so that both terms of the compound 

criterion are either minimized or maximized. Naturally, the ordering of alternatives 

using the transformed criterion should remain the same as in the initial. Let's convert 

Savage's criterion to the form: 

 

𝐾𝑆
∗ =  m𝑎𝑥 

𝑖
( m𝑎𝑥 

𝑖,𝑗
𝑑𝑖𝑗 − 𝐾𝑆),     (4.20) 

 

where 𝑑𝑖𝑗  (𝑖 = 1, 𝑛̅̅ ̅̅ ̅; 𝑗 = 1, 𝑚̅̅ ̅̅ ̅̅ ) – the elements of the regret matrix. 

For this example, the elements of the regret matrix are given in the table 4.2. 

The last two columns of the table also show the results of the 𝐾𝑆, 𝐾𝑆
∗ criteria, which 

confirm the identity of their ranking of alternatives. Savage's criterion ranks 

alternatives as follows: 𝑥5, 𝑥1, 𝑥3, 𝑥7, 𝑥8, 𝑥2, 𝑥4, 𝑥6. Alternative 𝑥5 is better, and 

alternative 𝑥6 is worse, alternatives 𝑥3, 𝑥7, 𝑥8 are equivalent. The 𝐾𝑆
∗ criterion 

organizes the alternatives in the same way. To evaluate the alternatives of this 

application, it makes sense to directly use the criteria (4.13), (4.16), (4.18), (4.19), 

which contain as components the criterion of products. Data analysis table 4.1 

shows that the numerical values that characterize the alternatives and are determined 

by the product criterion are 4 – 6 orders of magnitude larger than the numerical 

values obtained by other criteria. In this regard, the criterion of products in relations 



(4.13), (4.16), (4.18), (4.19) must be used with a weighting factor 𝑐𝑚𝑢𝑙 ≅ 1 ∙

10−6 − 1 ∙ 10−5. 

 

Table 4.2 – Matrix of regrets 

F(x, y) 𝑦1 𝑦2 𝑦3 𝑦4 𝑦5 𝑦6 𝑦7 𝐾𝑆 𝐾𝑆
∗ 

𝑥1 6 3 4 3 2 2 0 6 5 

𝑥2 7 7 5 4 8 8 0 8 3 

𝑥3 1 4 7 2 6 6 4 7 4 

𝑥4 2 5 7 9 2 0 6 9 2 

𝑥5 5 0 1 0 3 5 5 5 6 

𝑥6 1 8 0 11 0 2 6 11 0 

𝑥7 0 7 1 1 2 4 2 7 4 

𝑥8 4 4 7 1 5 2 2 7 4 

𝑛𝑗 – – – – – – – 2 2 

 

The following expressions should be used for the synthesis of two-component 

criteria: 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑚𝑚 + (1 − 𝑐𝑖)𝐾𝑛.𝑐., 𝑞 = 1, 𝑙̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;    (4.21) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑚𝑚 + (1 − 𝑐𝑖)𝐾𝑛, 𝑞 = 𝑙 + 1, 2𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.22) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑚𝑚 + (1 − 𝑐𝑖)𝐾𝑆

∗, 𝑞 = 2𝑙 + 1, 3𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.23) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑚𝑚 + (1 − 𝑐𝑖)𝑐𝑚𝑢𝑙𝐾𝑚𝑢𝑙 , 𝑞 = 3𝑙 + 1, 4𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.24) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑛.𝑐. + (1 − 𝑐𝑖)𝐾𝑛, 𝑞 = 4𝑙 + 1, 5𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.25) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑛.𝑐. + (1 − 𝑐𝑖)𝐾𝑆

∗, 𝑞 = 5𝑙 + 1, 6𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.26) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑛.𝑐. + (1 − 𝑐𝑖)𝑐𝑚𝑢𝑙𝐾𝑚𝑢𝑙 , 𝑞 = 6𝑙 + 1, 7𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.27) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑛 + (1 − 𝑐𝑖)𝐾𝑆

∗, 𝑞 = 7𝑙 + 1, 8𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.28) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑛 + (1 − 𝑐𝑖)𝑐𝑚𝑢𝑙𝐾𝑚𝑢𝑙 , 𝑞 = 8𝑙 + 1, 9𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.29) 

𝐾𝑞
2 = 𝑐𝑖𝐾𝑆

∗ + (1 − 𝑐𝑖)𝑐𝑚𝑢𝑙𝐾𝑚𝑢𝑙 , 𝑞 = 9𝑙 + 1, 10𝑙̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝑖 = 1, 𝑙̅̅ ̅̅ ;   (4.30) 

 



In the table 4.1 the last two columns show the results of successful 

classification of the set of alternatives using criterion 𝐾1
2 (4.25) at 𝑐𝑖 = 0.5 and 

criterion 𝐾2
2 (4.27) at 𝑐𝑖 = 0.5; 𝑐𝑚𝑢𝑙 = 10−6. 

 

4.3. Individual tasks 

 

1. It is necessary to set the implementation function with dimensions not less 

than 8x7, where eight alternatives are considered as a training set M. Assign half of 

the alternatives to the subset M1 of the best alternatives, and the remaining - to the 

subset M2 so that at least seven one-component criteria cannot correctly classify a 

given set of alternatives. (As initial data, you can use the data in Table 4.1 by adding 

additional rows or (and) columns.) 

2. Synthesize using Excel and expressions (4.10) - (4.19) on the second row 

of selection of not less than 10 - 15 two-component criteria and to estimate the 

quality of their work. 

3. To synthesize, using Excel, on the third row of selection not less than 5 - 

10 criteria and to estimate the quality of their work. The synthesis of criteria can be 

stopped only if at least one criterion that solves the problem is obtained. 

4. Make a report on laboratory work. 

  



LABORATORY WORK 5 

SYNTESIS OF MULTICOMPONENT CRITERIA BY AN ALGORIYHM 

WITH NONLINEAR PARTIEL DESCRIPTIONS OF THE METHOD OF 

CGOUP ACCOUNTIONG OF ARGUMENTS  

 

5.1. The purpose of laboratory work 

 

Obtaining and consolidating knowledge, forming practical skills of working 

with an algorithm with nonlinear partial descriptions of the method of group 

consideration of arguments in the synthesis of multicomponent decision-making 

criteria in conditions of uncertainty. 

 

5.2. Short information from the theory 

 

5.2.1. Synthesis of multicomponent criteria 

 

Assessment of many real-world situations or objects can be performed not 

only using one-component or two-component classical decision-making criteria, but 

also using a weighted linear combination of n such criteria: 𝐾 = ∑ 𝑎𝑖𝐾𝑖
𝑛
𝑖=1  where 

𝑎𝑖(𝑖 = 1, 𝑛̅̅ ̅̅ ̅) - weights; 𝐾𝑖(𝑖 = 1, 𝑛̅̅ ̅̅ ̅)– the simplest one-component or two-

component criteria. In such cases, more complex appearance criteria are used for 

decision making: 

 

𝐾 = ∑ 𝑎𝑖𝐾𝑖
𝑛
𝑖=1 + ∑ ∑ 𝑎𝑖𝑘𝐾𝑗

𝑛
𝑖=1

𝑛
𝑖=1 𝐾𝑘+. …,    (5.1) 

 

where aj, ajk ( j, k =1, 𝑛̅̅ ̅̅ ̅) – weights; Kq (q =1, 𝑛̅̅ ̅̅ ̅)– the simplest one-component or two-

component criteria. 

Various methods and algorithms can be used to obtain the criteria of the form 

(5.1). Consider one of them - an algorithm with nonlinear partial descriptions of the 

method of group consideration of arguments (MGCA). In this algorithm at the first 

stage of its work as the simplest criteria it is possible to use known criteria K1
1, K2

1 

, ..., Km
1 , where the superscript indicates that these are the criteria of the first stage 



or the first row of selection of the MGCA algorithm. We assume that it is necessary 

to obtain the criterion K*, which can be used to divide the sets of some objects into 

two classes, for example, objects with certain properties (first class), and objects 

that do not have these properties (second class). To synthesize this criterion, we will 

use the training set M of objects for which the correct division into the two specified 

classes is known: M1 й M2, M1 ∩ M2 = ∅, M1 ∪ M2 = M. Consider the main steps of 

the algorithm for the synthesis of the criterion K*. 

 

5.2.2. Algorithm with nonlinear partial descriptions of MGCA for synthesis of 

criteria 

 

Step 1. On the first row of selection set K1 = {K1
1 , K2

1 , ..., Km
1 } the simplest criteria 

are used to classify learning objects sets M into two specified classes: M1 and M2. 

Step 2. For each simplest criterion of the set K1, the quality index nj ( j =1, 𝑚̅̅ ̅̅ ̅̅ ) of the 

criterion operation is calculated, for example, the number of correctly classified 

objects of the initial educational set M. 

Step 3. In terms of quality nj ( j =1, 𝑚̅̅ ̅̅ ̅̅ ) a predetermined number of r criteria is 

selected 𝐾1

1
, 𝐾2

1
, … , 𝐾𝑟

1
, who correctly performed the classification of the largest 

number of objects from the training set M. If at least one of the criteria correctly 

classified all objects of the set M, then the required criterion is found, and the 

algorithm stops. 

Step 4. Set of criteria 𝐾
1

= {𝐾1

1
, 𝐾2

1
, … , 𝐾𝑟

1
} check for the possibility of correct 

classification of all objects of the set M. If elements of the set M are detected that 

cannot be correct classified by the selected set K критеріїв, then the set K1 is 

extended: 𝐾
1

= {𝐾1

1
, 𝐾2

1
, … , 𝐾𝑟

1
, … , 𝐾𝑟1

1
} , r1 > r , including additional criteria that 

have lower quality indicators, but allow you to correctly classify these elements of 

the set M. 

Step 5. Criteria of the set 𝐾
1

= {𝐾1

1
, 𝐾2

1
, … , 𝐾𝑟

1
, … , 𝐾𝑟1

1
} r1 > r are passed to the 

second row of selection (or the second stage of operation of algorithm with 



nonlinear partial descriptions of MGVA) and with their help set K2 of two-

membered criteria of a kind is synthesized:  

 

𝐾𝑞
2 = 𝑐1𝑖

𝑞
𝐾1

1 + 𝑐2𝑖
𝑞

𝐾2
1 + 𝑐3𝑖

𝑞
𝐾1

1 𝐾2
1, 𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
= 1, 𝑞 = 1, 𝑙, 𝑖 = 1, 𝑙; 

 𝐾𝑞
2 = 𝑐1𝑖

𝑞
𝐾1

1 + 𝑐2𝑖
𝑞

𝐾3
1 + 𝑐3𝑖

𝑞
𝐾1

1 𝐾3
1, 𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
= 1, 𝑞 = 𝑙 + 1, 2𝑙, 𝑖 = 1, 𝑙;  

𝐾𝑞
2 = 𝑐1𝑖

𝑞 𝐾1
1 + 𝑐2𝑖

𝑞 𝐾𝑟1
1 + 𝑐3𝑖

𝑞 𝐾1
1 𝐾𝑟1

1 , 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1, 𝑞 = (𝑟1 − 2)𝑙 + 1, (𝑟1 − 1)𝑙, 𝑖 = 1, 𝑙; 

 𝐾𝑞
2 = 𝑐1𝑖

𝑞 𝐾2
1 + 𝑐2𝑖

𝑞 𝐾3
1 + 𝑐3𝑖

𝑞 𝐾2
1 𝐾3

1, 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1, 𝑞 = (𝑟1 − 1)𝑙 + 1,  𝑟1𝑙, 𝑖 = 1, 𝑙; 

……………………………………………………………………………………………… 

𝐾𝑞
2 = 𝑐1𝑖

𝑞 𝐾𝑟1−1
1 + 𝑐2𝑖

𝑞 𝐾𝑟1
1 + 𝑐3𝑖

𝑞 𝐾𝑟1−1
1  𝐾𝑟1

1 , 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1, 𝑞 = (𝐶𝑟1

2 − 1)𝑙 + 1, 𝐶𝑟1
2 𝑙, 𝑖 = 1, 𝑙; 

 

where 𝑐𝑖  (𝑖 = 1, 𝑙)  positive constants that satisfy the conditions 0 < c1 < 1, ci  cj, 

if і  j; 𝐶𝑟1

2   number of combination from r1 by 2.  

Step 6. Each criterion from the set 𝐾2 = { 𝐾2
1, 𝐾2

2, … , 𝐾𝑑
2} , where d = l𝐶𝑟1

2 , is used 

to divide the objects of the learning set M into two specified classes: M1 and M2. 

Thus for each criterion from set K2 the quality indicator nj (j=1,d) of work of 

criterion is calculated. 

Step 7. By quality indicators 𝑛𝑗  (𝑗 = 1, 𝑑) preset is selected the number r of the best 

𝐾1

2
, 𝐾2

2
, … , 𝐾𝑟

2
 criteria which were performed correctly classification of the greatest 

number of objects from the training set M . If one or several of the best criteria 

correctly performed the classification of all objects set M, then the goal of the 

synthesis of criteria is achieved, and the operation of the algorithm with obtaining 

new criteria is stopped. 

Step 8. The resulting set of criteria 𝐾
2

= {𝐾1

2
, 𝐾2

2
, … , 𝐾𝑟

2
}, check for the possibility 

of correct classification of all objects of the training set M. If the elements of the set 

M are found, which cannot be correct, but which allow to correctly classify these 

elements of the set M, which cannot be correctly classified by the selected set 𝐾
2
 

criteria, then the set 𝐾
2
 expand to the value 𝐾

2
= {𝐾1

2
, 𝐾2

2
, … , 𝐾𝑟

2
, … , 𝐾𝑟2

2
 }, r2 >r, 



including additional criteria of the current or first row of selection, which have lower 

quality indicators, but which allow to correctly classify these elements of the set M. 

Step 9. Criteria of the set criteria 𝐾
2

= {𝐾1

2
, 𝐾2

2
, … , 𝐾𝑟

2
, … , 𝐾𝑟2

2
 } r2 ≥ r are passed to 

the third row of selection, where the set of K3 criteria of the form is synthesized: 

 

𝐾𝑞
3 = 𝑐1𝑖

𝑞 𝐾1
2 + 𝑐2𝑖

𝑞 𝐾2
2 + 𝑐3𝑖

𝑞 𝐾1
2 𝐾2

2, 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1, 𝑞 = 1, 𝑙, 𝑖 = 1, 𝑙;𝐾𝑞

3 = 𝑐1𝑖
𝑞 𝐾1

2 + 𝑐2𝑖
𝑞 𝐾3

2 +

𝑐3𝑖
𝑞 𝐾1

2 𝐾3
2, , 𝑐1𝑖

𝑞 + 𝑐2𝑖
𝑞 + 𝑐3𝑖

𝑞 = 1, 𝑞 = 𝑙 + 1,2𝑙, 𝑖 = 1, 𝑙; 

…………………………………………………………………………………(5.3) 

𝐾𝑞
3 = 𝑐1𝑖

𝑞 𝐾𝑟1−1
1 + 𝑐2𝑖

𝑞 𝐾𝑟2
2 + 𝑐3𝑖

𝑞 𝐾𝑟2−1
1  𝐾𝑟2

2 , 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1, 

𝑞 = (𝐶𝑟2
2 − 1)𝑙 + 1, 𝐶𝑟2

2 𝑙, 𝑖 = 1, 𝑙; 

 

where 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞  (𝑖 = 1, 𝑙) – positive constants, that satisfying the conditions 0 <

𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
< 1. 

The process of synthesis, evaluation and selection of criteria continues until 

a criterion is obtained that correctly classifies the elements of the set M, or until 

other conditions for the end of the algorithm are met, by the number of rows of 

selection, in the absence of improvement of quality indicators of the best criteria of 

the current series of selection in comparison with the indicators of the criteria of one 

or more previous rows of selection, etc. 

Example 5.1. Consider as an example the synthesis of a criterion for an 

implementation function that has 8 alternatives and 7 states of the environment and 

which is given in example 4.1 (Table 4.1) of laboratory work № 4. In this example, 

a set M of alternatives is used as a learning set {x1, x2,…, x8}. The set M is divided 

into two subsets: the best alternatives M1 = {x1, x4, x5, x7} and the worst alternatives 

M2 = {x2, x3, x6, x8}. It is necessary to synthesize a criterion with the help of the 

training set M, which allows to correctly classify the alternatives that belong to the 

same classes as the alternatives of the teaching set. 

As in laboratory work № 4, we first use the classical criteria for the 

classification of alternatives: maximum (4.4), gambler (4.5), neutral (4.6), modified 



Savage criterion (4.20) and product criterion (4.8). The quality index nj of any 

criterion Kj is left the same. The results of the application of the criteria are given in 

the laboratory work № 4. 

Since none of the applied criteria correctly solves the problem of dividing the 

set of alternatives into two given subsets, we synthesize the criteria of the second 

series of selection using the relations of the form (5.2) of the MGCA algorithm with 

nonlinear partial descriptions. The result will be the following criteria: 

 

𝐾𝑞
2 = 𝑐1𝑖

𝑞
𝐾𝑀𝑀

1 + 𝑐2𝑖
𝑞

𝐾𝑎.г
1 + 𝑐3𝑖

𝑞
𝐾ММ

1 𝐾а.г
1 , 𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
= 1, 𝑞 = 1, 𝑙, 𝑖 = 1, 𝑙; 

𝐾𝑞
2 = 𝑐1𝑖

𝑞
𝐾𝑀𝑀

1 + 𝑐2𝑖
𝑞

𝐾Н
1 + 𝑐3𝑖

𝑞
𝐾ММ

1  𝐾Н
1, 𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
= 1, 𝑞 = 𝑙 + 1, 2𝑙, 𝑖 = 1, 𝑙; 

𝐾𝑞
2 = 𝑐1𝑖

𝑞
𝐾𝑀𝑀

1 + 𝑐2𝑖
𝑞

𝐾𝑎.г
1 + 𝑐3𝑖

𝑞
𝐾ММ

1  𝐾а.г
1 , 𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
= 1, 𝑞 = 2𝑙 + 1,3𝑙, 𝑖 =

1, 𝑙; 

𝐾𝑞
2 = 𝑐1𝑖

𝑞 𝐾𝑀𝑀
1 + 𝑐2𝑖

𝑞 сдоб𝐾доб
1 + 𝑐3𝑖

𝑞 сдоб𝐾ММ
1  𝐾доб

1 , 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1, 𝑞 = 3𝑙 + 1, 4𝑙, 𝑖 = 1, 𝑙; 

𝐾𝑞
2 = 𝑐1𝑖

𝑞
𝐾а.г

1 + 𝑐2𝑖
𝑞

𝐾Н
∗1 + 𝑐3𝑖

𝑞
𝐾а.г

1  𝐾Н
1, 𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
= 1, 𝑞 = 4𝑙 + 1, 5𝑙, 𝑖 = 1, 𝑙; 

𝐾𝑞
2 = 𝑐1𝑖

𝑞
𝐾а.г

1 + 𝑐2𝑖
𝑞

𝐾𝑆
1 + 𝑐3𝑖

𝑞
𝐾а.г

1  𝐾𝑆
1, 𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
= 1, 𝑞 = 5𝑙 + 1, 6𝑙, 𝑖 = 1, 𝑙; 

𝐾𝑞
2 = 𝑐1𝑖

𝑞 𝐾а.г
1 + 𝑐2𝑖

𝑞 сдоб𝐾доб
1 + 𝑐3𝑖

𝑞 сдоб𝐾а.г
1  𝐾доб

1 , 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1, 𝑞 = 6𝑙 + 1, 7𝑙, 𝑖 = 1, 𝑙; 

𝐾𝑞
2 = 𝑐1𝑖

𝑞
𝐾Н

1 + 𝑐2𝑖
𝑞

𝐾𝑆
∗1 + 𝑐3𝑖

𝑞
𝐾Н

1 𝐾𝑆
∗1, 𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
= 1, 𝑞 = 7𝑙 + 1, 8𝑙, 𝑖 = 1, 𝑙; 

𝐾𝑞
2 = 𝑐1𝑖

𝑞
𝐾Н

1 + 𝑐2𝑖
𝑞

сдоб𝐾доб
1 + 𝑐3𝑖

𝑞
сдоб𝐾Н

1 𝐾доб
1 , 𝑐1𝑖

𝑞
+ 𝑐2𝑖

𝑞
+ 𝑐3𝑖

𝑞
= 1, 𝑞 = 8𝑙 + 1, 9𝑙, 𝑖 = 1, 𝑙; 

𝐾𝑞
2 = 𝑐1𝑖

𝑞 𝐾𝑆
1 + 𝑐2𝑖

𝑞 сдоб𝐾доб
1 + 𝑐3𝑖

𝑞 сдоб𝐾𝑆
1 𝐾доб

1 , 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1, 𝑞 = 9𝑙 + 1, 10𝑙, 𝑖 = 1, 𝑙; 

 

the required criterion 𝑐1𝑖
𝑞

, 𝑐2𝑖
𝑞

, 𝑐3𝑖
𝑞

 (𝑞 = 1,10𝑙, 𝑖 = 1, 𝑙) can be obtained either on the 

second or on subsequent rows of selection. The criteria of the third row of selection 

are easy to obtain using relations (5.3), and to obtain criteria for subsequent series 

of selection it is necessary to use the relations: 

 

𝐾𝑞
𝑘+1 = 𝑐1𝑖

𝑞 𝐾1
𝑘 + 𝑐2𝑖

𝑞 𝐾2
𝑘 + 𝑐3𝑖

𝑞 𝐾1
𝑘 𝐾2

𝑘, 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1, 𝑞 = 1, 𝑙, 𝑖 = 1, 𝑙;𝐾𝑞

𝑘+1 = 𝑐1𝑖
𝑞 𝐾1

𝑘 +

𝑐2𝑖
𝑞 𝐾3

𝑘 + 𝑐3𝑖
𝑞 𝐾1

𝑘 𝐾2
𝑘, 𝑐1𝑖

𝑞 + 𝑐2𝑖
𝑞 + 𝑐3𝑖

𝑞 = 1, 𝑞 = 𝑙 + 1,2𝑙, 𝑖 = 1, 𝑙; 

…………………………………………………………………………………………….. (5.4) 

𝐾𝑞
𝑘+1 = 𝑐1𝑖

𝑞 𝐾𝑟2−1
𝑘 + 𝑐2𝑖

𝑞 𝐾𝑟2

𝑘 + 𝑐3𝑖
𝑞 𝐾𝑟2−1

𝑘  𝐾𝑟2

𝑘 , 𝑐1𝑖
𝑞 + 𝑐2𝑖

𝑞 + 𝑐3𝑖
𝑞 = 1 𝑞 = (𝐶𝑟2

2 − 1)𝑙 + 1, 𝐶𝑟2
2 𝑙, 𝑖 = 1, 𝑙; 



 

where k is the variable that determines the current selection range; 𝐾𝑗
𝑘  ( 𝑗 = 1, 𝑟𝑘) - 

the best partial criteria of the k-th series of selection; rk is the number of partial 

criteria passed in the (k +1) series of selection. 

 

5.3. Individual tasks 

 

1. It is necessary to set the implementation function with dimensions not less 

than 8 x 7, where eight alternatives are considered as a training set M. Assign half 

of the alternatives to the subset M1 better alternatives, and the remaining to a subset 

M2 so that at least seven one-component criteria cannot correctly classify a given 

set of alternatives. (As initial data it is possible to use data of tab. 4.1 by adding 

additional rows or (i) columns.) 

2. To synthesize, using Excel and expressions (5.2), on the second row of 

selection not less than 10 - 15 three-component criteria and to estimate quality of 

their work.  

3. To synthesize, using Excel, on the third row of selection not less than 5 - 

10 criteria and to estimate quality of their work. The synthesis of criteria can be 

stopped only if at least one criterion that solves the problem is obtained.  

4.  Make a report on laboratory work. 
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LABORATORY WORK 6 

FORMALIZATION OF CONFLICT SITUATIONS USING GAME 

THEORY 

 

6.1. The purpose of laboratory work 

 

Obtaining and consolidating knowledge, the formation of practical skills in 

the formalization of conflict situations through game theory. 

 

6.2. Brief information on the theory 

 

6.2.1. Basic concepts and definitions of game theory 

Game theory – section of mathematics, which studies methods of decision 

making in conflict situations. 

 

Game - mathematical model of the conflict situation in which the participants 

of the conflict (players), their possible actions (strategies), the information received 

by them, conditions of the end of game and rules of change of interest of each player 

are defined. 

Game lap– the case of playing the game in some specific way from start to 

finish. 

At present, there is no generally accepted classification of games, but there 

are several main areas used to classify games: the number of players and strategies, 

the nature of the relationship between players, the number of steps, the nature and 

type of winning functions, etc. 

Depending on the number of players, there are games of two and n players. 

The most widespread were the games of two players. They are the most researched 

and widely used in practice. N-player games are less researched and less commonly 

used, as they are much more difficult to solve than two-player games, and the 

difficulty of solving games increases with the number of players. 



According to the number of strategies, all games can be divided into finite 

and infinite. A game is called finished if each player has a finite number of 

strategies. Otherwise, the game is called infinite. 

According to the nature of the relationship between players, there are 

coalition, cooperative and non-coalition games. If during the game players can join 

agreements and and form coalitions, then such a game is called coalition. 

If coalitions are defined in advance, then the games are called cooperative. If 

during the game players cannot enter into agreements and form coalitions, then such 

games are called non-coalition. 

Depending on the number of moves, the games are divided into single-step 

and multi-step. A game is called one-step if each player takes one step. If at least 

one of the players takes more than one step, the game is called multi-step. 

By the nature of winnings, games are divided into games with zero sum and 

games with non-zero sum. If the sum of the winnings of all players in each game is 

zero, then the game is called a zero-sum game. In such a game, the sum of the total 

capital of all players remains unchanged and, depending on the result of the game, 

it is redistributed among the players. Thus, in zero-sum games, the winnings of some 

players result in the losses of other players. In the case of a two-player game, their 

goals become diametrically opposed, as the win of one player is equal to the loss of 

the other player. Games of two players with zero sum are called antagonistic. Many 

political, military, and economic situations can be mathematically described as zero-

sum games. 

In games with a non-zero amount, the total capital of all players changes 

during the game, so all players can win. Examples of such games are games that 

simulate mutually beneficial trade relations between countries. 

According to the type of winning functions, the following types of games 

are distinguished: matrix, bimatrix, convex, continuous, etc. 

Matrix game  is a complete one-step antagonistic game of two players, in 

which the winnings of the first player are set using a matrix of dimension n m, 

where n the number of lines and strategies of the first player; m number columns 



and strategies of the second player. Each pair of strategies (i, j) the number of the 

first and second players is matched accordingly aij, which is the win of the first 

player at the expense of the second, if aij > 0. If aij < 0, then with this pair of 

strategies the second player wins. This matrix is called the game matrix or payment 

matrix. A matrix game with an n × m matrix is often called a game n × m. 

Strategies i and j (i {1, 2,, n}, j {1, 2,, m}) respectively, the first 

and second players are often called pure strategies. 

The solution to the matrix game is to determine the best or optimal strategy 

for each player. Since the choice of the best strategy by each player is made in the 

absence of information about the actions of another player, we can give the 

following definition of the best or optimal strategy of one of the basic concepts of 

game theory. 

A player's strategy is called optimal if its application provides the player with 

the greatest guaranteed gain in any possible strategy of another player. 

Based on this definition, we investigate the payoff matrix 𝐴 =  ‖𝑎𝑖𝑗‖ the 

first player 

 

𝐴 = ||

𝑎11 …
… …

𝑎1𝑗 … 𝑎1𝑚

… … …
𝑎𝑖1 …
… …

𝑎𝑛1 …

𝑎𝑖𝑗 … 𝑎𝑖𝑚

… … …
𝑎𝑛𝑗 … 𝑎𝑛𝑚

|| 

 

If the first player chooses a strategy i (i {1, 2,, n}), the second player 

will strive to make a choice of his strategy j (j {1, 2,, m}) win the first player, 

and therefore minimize your loss:i min
𝑗

𝑎𝑖𝑗 , 𝑖 = 1, 𝑛; 

With minimal elements i an additional column is formed for each row. 

The first player will try to find a strategy i in which the value of i reaches the 

maximum value, so he selects the maximum element from this column: 

 



 max
𝑖

𝑎𝑖  max
𝑖

min
𝑗

𝑎𝑖𝑗   . 

 

Numeric i is called the lower net price of the game. It shows what the 

minimum win the first player can guarantee by following his maximum strategy. 

The optimal behavior of the second player is that he should use his strategies 

to minimize the winnings of the first player, ie for each of its strategies j he must 

determine his mimum possible loss j m𝑎𝑥
𝑖

𝑎𝑖𝑗 , to form from these losses 

additional line, anaxd then use this line to select a strategy in which the value j 

minimal: 

 

𝛽 = min
𝑗

𝛽𝑗 = min
𝑗

max
𝑖

𝑎𝑖𝑗   

 

Numeric is called the top net price of the game. It shows that the second 

player due to the application of his minimum strategy may not allow the first player 

to win . 

Thus, due to the optimal application of their net strategies, the first player can 

guarantee himself a win no less , and the second player - that his loss will not be 

more . 

If in matrix game A the lower and upper net prices of the game coincide, it is 

said that matrix game A has a saddle point in pure strategies and a net price of the 

game v. 

The saddle point in the matrix game A is called a pair (i0, j0) net strategies of 

the first and second players, respectively, in which equality is achieved between the 

upper and lower net prices of the game . 

Element ai0 j0 matrix A, located at the intersection of the line i0 and column j0 

is called the saddle point of the matrix game, and the number vi0 j0 is 

called the net price games. 

The concept of a saddle point has a certain meaning. Consider it. If there is 

a saddle point in matrix game A. (i0, j0) and one player follows a strategy that 



corresponds to the saddle point, the other player does not have a better strategy than 

also to follow the saddle point. Indeed, if the saddle point is followed by the first 

player and the second player wants to choose a strategy j  j0 , then, since by 

definition  element ai0 j0 = min
𝑗

𝑎𝑖0𝑗  𝑎𝑖0𝑗  𝑗 = 1, 𝑚 is the minimum in the extra line, 

the second player will not be able to reduce his loss, he will only be able to increase 

it. If the saddle point is followed by the second player, and the first wants to change 

the strategy i0 to i i0, then by definition element ai0 j0 = max
𝑖

𝑎𝑖𝑗0 and 𝑎𝑖0𝑗0 ≥

𝑎𝑖𝑗0 𝑖 = 1, 𝑚 the maximum element of the additional column, the first player will not 

be able to increase his winnings by replacing the strategy with any other, he will 

only be able to reduce it. So we have  

 

aij0  ai0 j0  ai0 j ,  

  

where i, j - respectively arbitrary net strategies of the first and second players; i0, j0 

- pure strategies of the first and second players, corresponding to the saddle point; 

aij0 is an arbitrary element of column j0 of matrix A; ai0 j0 - saddle element of the 

matrix game; ai0 j is an arbitrary element of row i0 of matrix A. 

  The saddle element ai0 j0 is the minimum element of the string i0 the maximum 

element of the column j0. 

This property of the saddle element allows you to offer a simple algorithm for 

determining saddle points: sequentially in each column determine the maximum 

element and check whether it is the minimum element in its row. If the element 

being tested satisfies this condition, then it is a saddle element, and the 

corresponding pair of pure strategies forms a saddle point. Naturally, you can search 

for saddle points by finding the minimum element in each row and then checking to 

see if it is the maximum in the column. 

The solution of the matrix game A in pure strategies it is called a pair of pure 

strategies (i0 , j0 ) forming the saddle point, and the saddle element ai0 j0. 

Strategies i0 , j0 , respectively the first and second players in the matrix game 

A, are called optimal net strategies. 



If in the matrix game there is no saddle point in pure strategies, then in this 

case  and and it is not possible to obtain a solution of the matrix game 

in pure strategies. One can only determine that the price of game v is in between 

and. To find a more accurate solution to the matrix game in such cases, it is 

necessary to use methods based not on pure but on mixed strategies of both players. 

Bimatrix game  it is a finite one-step non-coalition non-antagonistic two-

player game in which each player's winnings are set using a separate dimension 

matrix n m, where n the number of lines and strategies of the first player; m 

the number of columns and strategies of the second player. 

Continuous game – it is an endless game with continuous winning functions 

of each of the players, whose strategies are usually numbers from a certain interval. 

If the winning functions in a game are not only continuous but also convex, then 

such a game is called convex. 

 

6.2.2. Examples of games 

 

Consider a few examples of formalizing game or conflict situations in the 

form of games. 

Example 6.1. Players A and B choose one of the two sides of the coin and 

show it to each other at the same time. If the selected sides of the coins coincide, ie 

both coins are shown with the coat of arms or the tail, then player A wins the coin 

of player B. Otherwise, player A loses his coin to player B. The game matrix can be 

written as follows: 

 

Player strategies 
 Player B 

 

   
 

Tail 
 

Eagle 
 

   
 

     
 

Palyer A 
Tail 1  1 

 

    
 

Eagle 1 
 

1 
 

  
 

     
 

  

 

In this game, the first strategies of both players consist in the selection and 

presentation of the tail, and the second strategies - in the selection and presentation 



of the coat of arms. If both players have chosen the same strategies, the first player 

wins, if the players have chosen different strategies, the second player wins. 

Example 6.2. Formalization of the conflict situation between the two firms 

in the form of a matrix game. 

Suppose there are two strong firms A and B in some software market that 

develop different software products in parallel. Developed software products can be 

of good quality (Д) and not very successful (H). Let the firms first invest a unit in 

each of their developments. Suppose for simplicity also that the question of 

launching a software product or investing in it additional funds in the amount of b 

units of funds is always first decided by firm A. If firm A launches its software 

product, then firm B also does so immediately. In this case, the firm with the best 

software receives from the sale of 2a units of funds, and the second firm receives 

nothing. If the software is of the same quality (both companies are good or 

unsuccessful), then each company covers its costs, receiving a unit of funds from 

selling their products. If firm A does not sell its software, but invests additional 

funds in it, then firm B has two alternatives: 

 or it refuses to develop further and incurs a loss of a unit of funds, and firm 

A receives (2a + b) units of funds after finalizing its software and selling;

 or firm B invests additional funds in the amount of b units and then puts 

the product on sale, after which firm A is also forced to put its development on sale. 

If both firms have software products of the same quality, then firms recoup their 

development costs by receiving from the sale of (a + b) monetary units. If the 

software products are of different quality, the firm with the best software receives 

2(a + b) units, and the second firm receives nothing. All actions of firms can be 

expressed in tab. 6.1, where firm A is the first player in the matrix game and firm B 

is the second.

It is easy to see that Firm A has 4 different strategic options. The first is to put 

it on sale if it has good software, and to put on sale not very successful software. It 

is abbreviated as "sale-sale". Other strategic capabilities of firm A are: "sale-

additional funds", "additional funds-sale", "additional funds-additional funds". 

Similarly, firm B has 4 strategies, which are described in detail in table. 6.1.



Consider the actions of firms when firm A has chosen its first "sell-sell" 

strategy, and firm B has chosen its first strategy "sell if firm sells A… - sell if firm 

sells A…". In the event that both firms have created good software (Д, Д), both 

firms offset their development costs by selling software products. The same happens 

in the case of not very successful software products (H, H).

If firm A has a better software product than firm B (Д, H), it receives 2a units 

from the sale, and firm B incurs a loss of "-a" units. If firm B has the best software 

product (H, Д), it receives from the sale of 2a units of funds, and firm A suffers a 

loss of "-a" units. 

 

Table 6.1 – Matrix game  

G
o

o
d

 П
З 

 

Sale if firm A 
sells, and 
waiver of 
further 

development 
if firm A 
invests 

additional 
funds 

Sale if firm A 
sells, and 
waiver of 
further 

development if 
firm A invests 

additional 
funds 

Sale, if sold by 
firm A, and 

investment of 
additional 

funds, 
if firm A invests 

additional 
funds 

Sale, if sold by 
firm A, and 

investment of 
additional 

funds, 
if firm A invests 

additional 
funds 

  

B
ad

 П
З 

 

Sale if firm A 
sells, and 
waiver of 
further 

development 
if firm A 
invests 

additional 
funds 

Sale, if sold by 
firm A, and 

investment of 
additional 

funds, 
if firm A 
invests 

additional 
funds 

Sale if firm A 
sells, and 
waiver of 
further 

development 
if firm A 
invests 

additional 
funds 

Sale, if sold by 
firm A, and 

investment of 
additional 

funds, 
if firm A invests 

additional 
funds 

Selling Selling 0  0  0  0  

Selling Additional funds 3a/4  2a/4  (a - b)/4  -b/4  

Additional 
funds  

Selling a/4  (a + b)/4  0  b/4  

Additional 
funds 

Additional funds a  (3a + b)/4  (a - b)/4  0  

 

 



We assume that the probability of occurrence of each of the four described situations 

is equal to 0.25, then the average gain of firms with multiple the recurrence of the 

situation will be zero: a11 = 0,25((ВДД + ПДД) + (ВНН + + ПНН) + (ВДH + ПДH) + 

(ВHД + ПHД) = 0,25((a + a) + (a + a) + (a + 2a) +(a + 0)) = 0, де ВДД, ВНН, 

ВДH, ВHД respectively, the costs of firm A in creating quality software products 

(Д, Д), (Н, Н), (Д, Н), (Н, Д); ПДД, ПНН, ПДH, ПHД accordingly, the funds of 

firm A from the sale of goods in the creation of quality software products (Д, Д), 

(Н, Н), (Д, Н), (Н, Д). 

When calculating the elements a12, a13, a14 similarly obtained a11 = a12 = a13 

= a14 = 0. 

Consider the calculation of other elements of the table: 

 

a21= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

0,25((a + a) + ((a + b)+ (2a + b)) + (a + 2a) + ((a + b)+ (2a + b)) = 0,75a; 

a22= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

= 0,25((a +a) + ((a + b)+ (a + b)) + (a + 2a) + ((a + b)+ (2a + b)) = 0,5a; 

a23= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

= 0,25((a +a) + ((a + b)+ (2a + b)) + (a + 2a) +((a + b)+ 0) = 0,25(a b); 

a24= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

 = 0,25((a +a) + ((a + b)+ (a + b)) + (a + 2a) + ((a + b)+ 0) =0,25 b; 

a31= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

= 0,25((a + b)+ (2a + b)) + (a+ a) + ((a + b)+ (2a + b)) + (a +0) = 0,25 a; 

a32= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

= 0,25((a + b)+ (2a + b)) + (a+ a) + ((a + b)+ 2(a + b)) + 

= (a +0) = 0,25(a + b); 

a33= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

= 0,25((a + b)+ (a + b)) + (a+ a) + ((a + b)+ (2a + b)) + (a +0) = 0; 

a34= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

= 0,25((a + b)+ (a + b)) + (a+ a) + ((a + b)+ 2(a + b)) + (a +0) = 0,25b; 



a41= 0,25((ВDD + ПDD) + (ВНН + ПНН) + (ВDH + ПDH) + (ВHD + ПHD) = 

= 0,25((a + b)+ (2a + b)) + ((a + b)+ (2a + b)) + ((a + b)+ (2a + b)) + 

+ ((a + b)+(2a + b)) = a; 

a42= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

= 0,25((a + b)+ (2a + b)) + ((a + b)+ (a + b)) + ((a + b)+ 2(a + b)) + 

+ ((a + b)+ (2a + b)) = 0,25(3a + b); 

a43= 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

= 0,25((a + b)+ (a + b)) + ((a + b)+ (2a + b)) + ((a + b)+ (2a + b)) + 

+ ((a + b) + 0) = 0,25(a b); 

a44 = 0,25((ВДД + ПДД) + (ВНН + ПНН) + (ВДH + ПДH) + (ВHД + ПHД) = 

= 0,25((a + b)+ (a + b)) + ((a + b)+ (a + b)) + ((a + b)+ 2(a + b)) + 

+ ( (a + b) + 0) = 0. 

 

For the first player, the game matrix is a payout matrix, so an analysis of the 

first and third strategies of the first player shows that the third strategy is better than 

the first strategy. Indeed, comparing the elements of the first and third rows of the 

matrix in the corresponding columns, we have 0 <a/4; 0 <(a + b)/4; 0 = 0; 0 <b/4. 

Thus, only in the third strategy of the second player, the first and third strategies of 

the first player are equivalent. In all other cases, the first strategy is inferior to the 

third, because unlike the third strategy, it does not bring benefits to the first player, 

ie to apply the first strategy to the first player is unprofitable. Similarly, the fourth 

strategy of the first player is superior to his second strategy. Therefore, it makes no 

sense to apply the second strategy to the first player. Thus, the number of strategies 

used by the first player is reduced to two, so the original matrix game of size 4 × 4 

can be converted into a game of size 2 × 4 (Table 6.2). 

For the second player, the game matrix is a matrix of losses, so it is easy to 

see that the first strategy of the second player is worse than the third strategy, and 

the second strategy is worse than the fourth, because the elements of the third and 

fourth columns of the matrix are smaller than the corresponding elements of the first 

and second columns. the first and second strategies make no sense to the second 



player. Thus, the solution of the considered game can be reduced to the solution of 

the matrix game 2×2: 

 

0 b/4 
  

(a b)/4 0 
  

 

 

Table 6.2 – Matrix game 

 
  

  

Sale, if firm A 
sells, and refusal 

of further 
developments, 
if firm A invests 
additional funds 

Sale if firm A 
sells, and waiver 

of further 
processing if 
firm A invests 

additional funds 

Sale, if sold by 
firm A, and 

investment of 
additional funds, 
 if firm A invests 
additional funds 

Sale, if sold by 
firm A, and 

investment of 
additional 

funds, 
if firm A invests 
additional funds 

 

Sale, if sold by 
firm A, and 

waiver of further 
processing, 

if firm A invests 
additional funds 

Sale, if sold by 
firm A, and 

investment of 
additional funds, 
if firm A invests 
additional funds 

Sale if firm A 
sells, and waiver 

of further 
development if 
firm A invests 

additional 
funds 

Sale, if sold by 
firm A, and 

investment of 
additional 

funds, 
if firm A invests 
additional funds 

Additional 
funds  

Selling  a/4  (a + b)/4  0  b/4  

Additional 
funds  

Additional 
funds  

a  (3a + b)/4  (a - b)/4  0  

 

Example 6.3. Borel's game. Borel's game was proposed by a prominent 

French mathematician in 1921. In this game, two players A, B choose three non-

negative numbers, the sum of which is equal to one, namely: 

 

x1 x2 x31 и y1 y2 y31, 

 

 and arrange them in a certain order. Player A or B wins if the two numbers he 

chooses are greater than the corresponding numbers of the opponent. 

Example 6.4. Two generalizations of Borel's game. In the first 

generalization, players choose n non-negative numbers that satisfy the conditions 

 



∑ 𝑥𝑖 = 1𝑛
𝑖=1 , ∑ 𝑦𝑖

𝑛
𝑖=1 = 1     (6.1) 

 

and arrange them in a certain order. The player who has more numbers than the 

other player wins. 

In the second generalization, players also choose n non-negative numbers that 

satisfy conditions (6.1), but the player who has a larger sum due to the expressions 

wins: 

 

𝑆𝐴 = ∑ 𝑓(𝑎𝑖)𝑛
𝑖=1 , 𝑆𝐵 = ∑ 𝑓(𝑦𝑖)𝑛

𝑖=1  

 

де f given function. 

Borel's game can be a game of ruin. 

Game of ruin – a multi-step game in which each player has limited resources 

and in which with each step or game the resources of the losing player are reduced, 

for example, by one, by the price of the game, or by a value calculated in some other 

way. 

A game of ruin can be formulated as a game of winning, if we assume that 

players start the game with zero resources, and then at each step the resources of the 

winning player are increased by one or the price of the game played, or by a value 

calculated by otherwise. 

Example 6.5. Blotto. Borel's game developed in Colonel Blotto's so-called 

game, the nickname of a participant in many illustrative games used in the military. 

Consider an example of one such game. 

Two players A and B are fighting in N independent theaters of interaction 

(markets, zones of military conflict, etc.), denoted by the numbers 1. 2.…, N. They 

must distribute their forces (resources), respectively, F and G units in theaters of 

interaction, not knowing the distribution scheme of the opposing player. Payment 

(ie the numerical measure of player A win or player B loss) on the i-th theater is 

expressed by the function Pi(x, y), which depends on the i-th theater and the ratio 

resources x and y invested by players in this theater of interaction. The payment for 

the game is generally equal to the amount of payments in individual theaters. Let 



the fight take place in two theaters, and player A has 4 units of resources, and his 

opponent B – 3, which must be distributed between the theaters. The payment is 

determined as follows. The player receives the sum of his expenses and the expenses 

of the opponent in the theater, if his investment exceeds the opponent, and receives 

his expenses if the investment is equal or the opponent did not invest resources in 

this theater of action. If a player's investment is less than his opponent's, he gets 

nothing. The total payment is equal to the sum of the payments in both theaters of 

action. The results of player interaction are given in table. 6.3. 

 

Table 6.3 – The results of player interaction 

Strategies (3, 0) (0, 3) (2, 1) (1, 2) 
     

(4, 0) (7, 0) (4, 3) (6, 1) (5, 2) 
     

(0, 4) (4, 3) (7, 0) (5, 2) (6, 1) 
     

(3, 1) (4, 3) (3, 4) (6, 1) (4, 3) 
     

(1, 3) (3, 4) (4, 3) (4, 3) (6, 1) 
     

(2, 2) (2, 5) (2, 5) (5, 2) (5, 2) 
     

 

 

Behind each matrix cell is hidden either the end of the game, as in the case of 

simultaneous application of the first or second strategies by both players, or the 

continuation of the game with the same (for example, after applying strategies (1, 

2) or (2, 1) or other resources after the first player has applied the first strategy and 

the second - the fourth) In the latter case, the game shown in Table 6.4 will be 

played. 

 

Tables 6.4 – The results of player interaction 

Strategies (2, 0) (0, 2) (1, 1) 
    

(5, 0) (7, 0) (5, 2) (6, 1) 
    

(0, 5) (5, 2) (7, 0) (6, 1) 
    

(4, 1) (7, 0) (4, 3) (6, 1) 
    

(1, 4) (4, 3) (7, 0) (6, 1) 
    

(3, 2) (7, 0) (5, 2) (7, 0) 
    

(2, 3) (5, 2) (7, 0) (7, 0) 
    

 



 In the game, Blotto wins the one who depletes the enemy's resources.  

 

6.3. Individual tasks 

 

1. Formalize a conflict situation in the form of a game where each of the 

players has at least four strategies. 

2. Investigate the developed game in order to determine its price and 

optimal strategies for each player. 

3. Make a report on laboratory work. 
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LABORATORY WORK 7 

SOLVING OF MATRIX GAMES BY THE METHOD OF 

CONSEQUENTIAL APPROXIMATION OF THE GAME PRICE 

 

7.1. The purpose of laboratory work 

 

Acquisition and consolidation of knowledge, the formation of practical 

skills in the numerical solution of matrix games. 

 

7.2. Brief information on the theory 

 

7.2.1. Numerical method of solving matrix games by sequentially approximating 

the price of the game 

 

Solving matrix games with matrix sizes n  m greater than or equal to 3  3 

and the absence of saddle points in pure strategies or the ability to reduce the size 

of the matrix by removing the dominant strategies in the general case is possible 

only by numerical methods . Consider one of these methods - the method of 

sequential approximation of the price of the game. In this method, many games are 

played consistently. In each game, both players choose the strategies that give them 

the biggest total win in all games, including the current one. After each game of the 

matrix game, the average value of the win v1 in one game of the first player, the 

average value of the loss v2 in one game of the second player and the half-sum v1 

and v2, which is taken as the approximate value of the matrix game v: 

 

𝑣1 =  
1

𝑁
max (𝑆1

1, 𝑆2
1, … , 𝑆𝑛

1); 𝑣2 =  
1

𝑁
max (𝑆1

2, 𝑆2
2, … , 𝑆𝑛

2); 𝑣 =  
𝑣1+ 𝑣1 

2
, 

 

where N the number of the game being played; S1
1, S2

1 , ..., Sn
1 wins the first 

player in N games, respectively, when applying their first, second, …, n pure 

strategy; n the number of net strategies of the first player; S1
2 , S2

2 , ..., Sm
2 losses 



of the second player in N games, respectively, when applying their first, second,…, 

m-th pure strategy; m the number of net strategies of the second player. 

Frequencies are counted to determine the optimal mixed strategies of both 

players fi
1 (𝑖 = 1, 𝑛) , fj

2 (𝑖 = 1, 𝑚) the application of each net strategy to the first 

and second players, respectively. These frequencies approximate the probabilities 

of applying the respective net strategies in the optimal mixed strategies of both 

players. 

It is proved that with an unlimited increase in the number of games, the 

average win of the first player and the average loss of the second player have an 

unlimited tendency to the price of the game. If the solution of the matrix game is 

the same, then the approximate values of the mixed strategies of both players are 

indefinitely close to their optimal mixed strategies. 

The amount of calculations in this method is proportional to the sum of the 

number of rows and columns of the original matrix of the game. 

 

7.2.2. An example of solving a matrix game 

 

Consider an example of solving a matrix game by sequentially approximating 

the price of the game. Let the game be given by the following matrix: 

 

𝐴 = |
50 15 20
25 40 30
10 30 60

| 

 

The application of any numerical method to solve a matrix game must begin 

with the determination of the lower net price of the game and the upper net price of 

the game β. This will avoid the use of numerical methods for solving matrix games 

in cases where the solution can be found in pure strategies. In our case we have  

 

 = max
𝑖

min
𝑗

𝑎𝑖𝑗 = max(15,25,10) = 25 

 = min
𝑗

max
𝑖

𝑎𝑖𝑗 = min(50,40,60) = 40 



 

Table 7.1 – Numerical method for solving a matrix game  

B
at

ch
 n

u
m

b
er

 N
 

Sec

ond 

play

er 

strat

egy 

The total winnings 

of the first player in 

strategy 

 

The overall win of 

the second player in 

the strategy 

The 

average 

value of 

the first 

player's 

win  
𝑣1 

The 

 average 

value of  

the second 

player's 

 loss  
𝑣1 

The price 

of the 

game 

𝑣 

 

𝑆1
1 𝑆2

1 𝑆3
1 𝑆1

1 𝑆2
1 𝑆3

1 
 

1 2 3 1 2 3 
 

1 1 50  25 10 1 50  15  20 50 15 32,50 
 

               
 

2 2 65  65 40 1 100  30  40 65/2 30/2 23,75 
 

               
 

3 2 80  105 70 2 125  70  70 105/3 70/3 29,17 
 

               
 

4 2 95  145 100 2 150  110  100 145/4 100/4 30,62 
 

               
 

5 3 115  175 160 2 175  150  130 175/5 130/5 30,50 
 

               
 

6 3 135  205 220 3 185  180  190 220/6 180/6 33,33 
 

               
 

7 2 150  245 250 3 195  210  250 250/7 195/7 31,78 
 

               
 

8 1 200  270 260 2 220  250  280 270/8 220/8 30,62 
 

               
 

9 1 250  295 270 2 245  290  310 295/9 245/9 29,44 
 

               
 

10 1 300  320 280 2 270  330  340 320/10 270/10 29,50 
 

               
 

11 1 350  345 290 1 320  345  360 350/11 320/11 30,45 
 

               
 

12 1 400  370 300 1 370  360  380 400/12 360/12 31,67 
 

               
 

13 2 415  410 330 1 420  375  400 415/13 375/13 30,38 
 

               
 

14 2 430  450 360 2 445  415  430 450/14 415/14 30,89 
 

               
 

15 2 445  490 390 2 470  455  460 490/15 455/15 31,50 
 

               
 

16 2 460  530 420 2 495  495  490 530/16 490/16 31,88 
 

               
 

17 3 480  560 480 2 520  535  520 560/17 520/17 31,76 
 

               
 

18 3 500  590 540 2 545  575  550 590/18 545/18 31,53 
 

               
 

19 1 550  615 550 2 570  615  580 615/19 570/19 31,18 
 

               
 

20 1 600  640 560 2 595  655  610 640/20 595/20 30,88 
 

               
 

21 1 650  665 570 2 620  695  640 665/21 620/21 30,60 
 

               
 

22 1 700  690 580 1 670  710  660 700/22 660/22 30,91 
 

               
 

23 3 720  720 640 1 720  725  680 720/23 680/23 30,43 
 

               
 

24 3 740  750 700 2 745  765  710 750/24 710/24 30,42 
 

               
 

25 3 760  780 760 2 770  805  740 780/25 740/25 30,40 
 

               
 



So, α β and the solution of the matrix game must be sought numerically. 

Suppose that in the first game the second player chooses his first strategy, then if the 

first player chooses his first strategy, he will win 50 units, if the second – 25 units, 

if the third – 10 units. We summarize the results in table 7.1. 

From the analysis of the column "Total winnings of the first player by 

strategies" table. 7.1 it follows that the first strategy of the first player brings him the 

biggest gain. Therefore, the first player must choose his first clean strategy (see the 

column "Strategy of the first player" in Table 7.1). In this case, if the second player 

chooses his first strategy, he loses 50 units, if the second – 15 units, if the third – 20 

units. The maximum win that the first player in the first game can get is 50 because 

 

v1 =
max(𝑆1

1,𝑆2
1,𝑆3

1)

1
= max(50,25,10) = 50. 

 

Similarly, the smallest possible loss of the second player 

 

v1 =
min(𝑆1

2,𝑆2
2,𝑆3

2)

1
= min(50,15,20) = 15. 

 

Knowing v1 and v2, it is easy to calculate their half-sum, ie the approximate 

value of the price of the game after the first game: v = (50 + 15)/2 = 32,5. 

Since the second player brought the best result to the second player in the first 

game (the loss is 15 units), he must choose it in the second game. In this case, the 

application of the first strategy by the first player will bring him a win of 15 units. 

Summing it up with the winnings obtained using the same strategy in the first game, 

we get 65 units. 

The first player's application of his second strategy in the current game brings 

him a win of 40 units and a total win in two games of 65 units. Similarly, the 

application of the third strategy by the first player brings him a win in the current 

game of 30 units and a total win in two games - 40 units. The biggest win in two 

games for the first player was provided by two strategies at once: the first and the 

second. 



In the general case, in terms of ensuring the stability of the decision in the 

next party, it is better to choose the strategy that was in the previous party. 

Therefore, in the second game, the first player applies his first strategy. If, in 

response, the second player chooses his first strategy, he loses 50 units in the current 

game and 100 units in two games; if he chooses the second strategy, he loses in the 

second game 15 units and 30 units in two parties; if he chooses the third strategy, he 

loses 20 and 40 units, respectively. The average win of the first player in two games 

is v1 = 65/2 = 32,5; the average loss of the second player in two games v2 =30/2 = 

15. Approximate value of the game price based on the results of two games 

 

v  (v1 v2 )/2 (32,515)/2 23,75. 

 

In the third and subsequent batches, the process of calculating and filling in 

Table 7.1 is similar. 

After the 25th game we have the following approximate values of the price of 

the game and the component of mixed strategies of the first and second players, 

respectively: v = 30.40; x = (0,280; 0,640; 0,080); y = (0,400; 0,320; 0,280). 

Comparison with the exact solution of this matrix game by the method of linear 

programming (v = 30,77; x = (0,314; 0,554; 0,132); y = (0,409; 0,289; 0,302)) shows 

satisfactory accuracy in determining the price of the game and a significant error in 

determining the components of mixed strategies of both players. This error is 

explained by the fact that in the considered numerical method the strategies used by 

players change not after one, two or three games, but irregularly: eight times in a 

row in games from 14 to 21 the second strategy of the first player was used; five 

times in a row (games 8 - 12) - the first strategy of the second player; in 18 games 

in a row (from the 8th to the 25th) the third strategy of the first player was not used, 

etc. In order for this irregularity not to have a significant impact on the final result, 

it is necessary to calculate hundreds of games. Indeed, if you demand that error  

the definition of the components of mixed strategies did not exceed, say, 0.01, and 

in the sequence of games there were m-fold occurrences in a row of one of the 



strategies of each player, then, in the first approximation, the number of games N 

can be estimated as follows: 

 

N 𝑚


, 

 

where m the highest frequency of occurrence in a row of one of the strategies of 

each of the players. 

When m = 8,  = 0.01 the number of batches must be at least 800 

To accurately determine the price of the game in the general case also requires 

a large number of games. Indeed, the analysis of the last column of table. 7.1 shows 

significant fluctuations in the price of the game, which decrease with the increase in 

the total winnings of the first player and the loss of the second player. 

 

7.3. Individual tasks 

 

1. Formalize the conflict situation in the form of a matrix game with a matrix 

size of at least 33 and the absence of saddle points in pure strategies. 

2. To develop an algorithm for numerical solution of a matrix game by the 

method of sequential approximation of the game price. Pay special attention to the 

conditions of stopping the computational process. 

3. Develop a program that implements the algorithm for numerical solution 

of the matrix game by this method. 

4. Make a report on laboratory work. 
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LABORATORY WORK 8 

SOLVING DECISION-MAKING PROBLEMS USING VECTOR 

CRITERIA 

 

8.1. The purpose of laboratory work 

 

Acquisition and consolidation of knowledge, formation of practical skills in 

solving decision-making problems using vector criteria. 

  

8.2. Brief information on the theory 

 

8.2.1. Solve problems with vector criteria 

 

Suppose that a set of objects X = {x1, ..., xn} is given, each of which is 

estimated by a vector criterion with m components K = (k1, ..., km). You need to use 

the criterion K from the set of objects X to select the best object. 

To solve the formulated problem, each of the objects of the set X = {x1, ..., xn} 

is estimated using the components k1, ..., km of the vector criterion, and the results of 

this evaluation are shown in table. 8.1. We will then consider the objects x1, ..., xn 

simply as sets of corresponding numerical values of indicators (k1 (x1), ..., km (x1)), 

..., (k1 (xn),. .., km (xn)), which includes all information about the main objects. As a 

result of such transition comparison of initial objects on criterion K is reduced to 

comparison of lines of tab. 8.1. 

To select the best object using the table. 8.1 requires a set of rules that allow 

you to compare any pair of objects xk, xl = X and determine whether one of the objects 

is preferable to another or not. This set of rules is called a system of decision rules. 

Consider a few types of decision rules that are most commonly used. However, first, 

to simplify the following statement (but without losing generality), we assume that 

a vector criterion such as K = (k1, ..., km) is used, and that the value of any component 

k j (j =1, m) with respect to each object xi the more preferable (better) the larger it 

is. 

 



Table 8.1 – Components of the vector criterion 

Components k1 … kj … km 

x1 k1(x1) … kj(x1) … km(x1) 

. . … . … . 

. . … . … . 

. . … . … . 
      

xi k1(xi) … kj(xi) … km(xi) 

. . … . … . 

. . … . … . 

. . … . … . 
      

xn k1(xn) … kj(xn) … km(xn) 

 

8.2.1.1. The rule of absolute superiority 

The object xk is considered better than the object xl if and only if for all 

components of the vector criterion K = {k1, ..., km} the relations are fulfilled 

 

k j (xk ) k j (xl ) , j1, m ,      (8.1) 

 

where the symbol ""can have two different meanings: 

 object xk by component kj vector criterion is better than the object xl or 

equivalent; 

 numerical value of the component kj vector criterion for the object xk greater 

than or equal to the numeric value of this component for the object xl . 

Thus, this crucial rule assumes that the best object is not worse than another 

object in any component of the vector criterion. For practical use, it is more 

convenient to use expression (8.1) with the symbol "greater than or equal to". 

Therefore, in the future we will use the symbol ""in this sense. 

Example 8.1. You need to choose the best of the four jobs (A, B, C, D). In this 

case, each place of work is evaluated on four indicators (k1, k2, k3, k4): the size of 

wages, duration of leave, travel time to work and prospects for future growth of the 

employee (Table 8.2). 



It is not possible to solve this problem directly by applying the rule of absolute 

superiority, because one is used to evaluate jobs qualitative indicator (growth 

prospects) and one indicator (travel time to work), which does not satisfy the 

assumption that the greater its value, the better the alternative. In this regard, it is 

necessary to transform the initial task. 

 

Table 8.2 – Estimates of indicators 

Work 
The  

Duration  
Time to travel to   

 

Amount of work, Growth prospects 
 

place of leave, days 
 

wages, hrn minutes 
 

 

   
 

     
 

A 1800 30 20 Slow growth 
 

     
 

B 1400 30 30 Slow growth 
 

     
 

C 1200 48 40 Rapid growth 
 

     
 

D 2400 24 10 Lack of growth 
 

     
 

 

To do this, instead of the indicator k3 (travel time to work), we introduce the 

indicator of saving time compared to the time of the longest trip to work:   

k3
* 40 k3 

Instead of the qualitative indicator k4 we will enter the quantitative 

mindicator k4
* using the table. 8.3 

 

Table 8.3 – Estimates of the quantitative indicator 

     

 k4  k4
*
  

 Lack of prospects for employee growth in the future  0  
     

 Slow career growth of the employee in the future  1  
     

 The average rate of career growth of the employee in the future  2  
     

 Rapid growth in the position of the employee in the future  3  
     

 

With vector of indicators (k1 , k2 , k3
* , k4

* ) table 8.2 will be converted to a 

new look (табл. 8.4). 



 

Table 8.4 – Vector of indicators (k1, k2, k3
*
, k4

*) 

Work place k1 k2 k3
* k4

*  

A 1800 30 20 1  

B 1400 30 10 1  

C 1200 48 0 2  

D 2400 24 30 0  

 

Regarding alternatives to table. 8.4 relations (8.1) are fulfilled only for a single 

pair of workplaces A and B: workplace A is better than workplace B in terms of k1 

and k3 * and the same with him in terms of k2 and k4
*. For other pairs of alternatives 

(jobs) it is not possible to establish the advantage using the rule of absolute 

preference. A similar situation is observed when solving other problems with a 

vector criterion using this rule 

The main disadvantage of the rule of absolute superiority is the narrow scope 

of its applicability. In other words, it is "weak" because it is used to solve a small 

number of practical problems. 

An important advantage of the absolute advantage rule is its transitivity, if 

alternative A is better than alternative B (A> B), which in turn is better than 

alternative C (B> C), then alternative A is better than alternative C (A> C). 

 

8.2.1.2. Advantage by the rule of the majority 

To obtain a stronger rule than the rule of absolute superiority, assume that 

alternative xk is better than alternative xl if relations (8.1) are not satisfied for all 

indicators, but only for most. If the alternative xk is better than the alternative xl in 

terms of part of the indicators and is inferior to it in the same number of indicators, 

then the alternatives xk and xl are considered equivalent (xk ≈ xl) or indistinguishable 

(identical). Applying this rule to table. 8.4, obsessed 

 

A>B,A≈C,A≈D,B≈C,B≈D,C≈D. 

 



Thus, as a rule, most alternatives are comparable. However, it is not possible 

to choose the best alternative in this example with the help of this rule, because the 

transitivity relation A ≈ C, C ≈ B is violated, but A> B. 

Such a violation of transitivity in determining majority preference is 

sometimes called the paradox of voting when applying majority rule. 

 

8.2.1.3. Selection of the best objects with the help of scoring tables  

If in the third column of table. 8.4 replace the number 20 with 2, 10 with 1 

and 30 with 3, then formally on the indicator k3
* when using relations (8.1) the 

former advantage between the alternatives under analysis remains, and in fact, for 

the person choosing a job, the situation has changed, as the third indicator has 

become the same for all alternatives. In this regard, the numerical task of indicators 

is not always convenient. It is often better not to use specific numerical values in 

certain units, but some more general estimates that can be given in abstract units or 

points. Thus for each indicator a certain number of levels of difference or gradations 

is established. As the lowest score is set 0 or 1, and when moving to the next level, 

the value of the indicator increases by one point. 

The table of values of indicators in which are expressed in points, is called 

the table of point estimations (tab. 8.1). 

Consider an example of using a score table to identify the best alternatives. 

Example 8.2. Let it be necessary to identify the preference of the buyer of a 

PC among the models of machines marked with the letters A, B, C, D, E, F, G. 

Estimates of these models are given in table. 8.5 for the following six indicators: 

k1 – price (seven grades); 

k2 – clock frequency (four gradations); 

k3 – amount of RAM (five gradations); 

k4 – the amount of hard drive memory (five gradations); 

k5 – exterior design (four grades); 

k6 – reliability (four grades). 

 

 



Table 8.5 – Estimates of indicators 

Machine  
k1 k2 k3 k4 k5 k6 

 

models  

      
 

A 6 4 4 2 2 3 
 

B 5 3 5 4 1 2 
 

C 4 2 4 3 3 1 
 

D 6 4 5 5 2 3 
 

E 2 2 3 4 4 2 
 

F 7 1 2 2 1 2 
 

G 6 4 3 3 4 4 
 

 

 

Let us introduce the following crucial rule: alternative X is better than 

alternative Y if the number of indicators by which alternative X exceeds alternative 

Y, more than the number of indicators by which it is inferior to alternative Y. 

With this crucial rule, the relationship of preferences between the 

alternatives of table. 8.5 is determined by table. 8.6. 

In the table. 8.6 unit at the intersection of the i-th row and the j-th column 

indicates the dominance of the i-th alternative over the j-th. If there are zeros at the 

intersections of the i-th row and the j-th column and the j-th row and the i-th column, 

then the alternatives are equivalent. 

 

Table 8.6 – The relationship of benefits between alternatives 

Machine 
A B C D E F G  

models 
 

       
 

A 0 1 1 0 1 1 0 
 

        
 

B 0 0 1 0 1 1 0 
 

        
 

C 0 0 0 0 0 1 0 
 

        
 

D 1 1 1 0 1 1 0 
 

        
 

E 0 0 1 0 0 1 0 
 

        
 

F 0 0 0 0 0 0 0 
 

        
 

G 1 1 1 0 1 1 0 
 

        
 

 

 



Data analysis table. 8.6 shows that alternatives D and G are better than all the 

others. According to this crucial rule, alternatives D and G are equivalent, because 

alternative D surpasses alternative G in two indicators (k3 and k4) and is also inferior 

in two indicators (k5 and k6), and in terms of k1 and k2 both alternatives have the 

same values. 

 

8.2.1.4. Reduction of vector criterion to scalar 

Let the table. 8.1 alternatives are evaluated by m quantitative 

indicators kj (j = 1, m). Let the significance of each of the indicators be 

characterized by a weighting factor aj, and each alternative xi (i = 1, n) – a 

weighted sum 

 

𝐾(𝑥𝑖) = ∑ 𝑎𝑗

𝑚

𝑗=1

𝑘𝑗(𝑥𝑖) 

 

The deciding rule in this case can be introduced as follows: alternative xk 

prevails over alternative xl if K(xk) > K(xl). 

This crucial rule is extremely strong, as it leads to a numerical estimate of 

each alternative and, consequently, to an order  of magnitude relationship between 

the alternatives. 

The disadvantage of this crucial rule is that it turns the vector criterion into a 

scalar one, although the components of the vector criterion can be qualitatively 

different from each other. However, this criterion is widely used in engineering. 

 

8.2.1.5. Reduction of a multicriteria problem to the search for the extremum 

of a single goal under constraints 

This is a very rational and common method of solving problems with vector 

criteria. Most often it is used in this way. Consistently optimize one of the goals, 

considering other goals as constraints. As a result of such sequential optimization 

for m components of the vector criterion, a set of m solutions can be obtained, the 

choice of the best of which in the general case is not a trivial task. In addition, when 



solving each optimization problem, constraints generally narrow the search for the 

optimum to a greater or lesser extent arbitrarily. This often leads to a situation where 

a truly optimal solution cannot be found. 

Example 8.3. Let's solve the problem from example 8.2 by the considered 

method. Since this problem uses a vector criterion with six components, the 

application of the method, which reduces a multicriteria problem to finding extremes 

for individual criteria under constraints, leads to a consistent solution of six 

optimization problems. When solving the first of the six problems, alternatives are 

sought that are optimal for the first component k1 of the vector criterion. Restrictions 

are set for the other five components of the vector criterion. Let them be as follows: 

for all components, the alternatives chosen must not be the least important, ie the 

conditions must be met 

 

kj ()1, j 2, 5, 6     (8.2) 

kj () 2, j 3, 4. 

 

If there were no restrictions, the first criterion would be the best alternative F, 

but due to the violation of restrictions (8.2) it can not be chosen. Comparison of data 

table. 8.5 and constraints (8.2) allows us to establish that constraints satisfy only 

alternatives D, E and G. Since k1(D) = k1(G) = 6 and k1(E) = 2, then the best and 

equivalent by criterion k1 are alternatives D and G. 

When searching for optimal alternatives by criterion k2, we will assume that 

the constraints on criteria k3 - k6 remain the same as when solving the first problem, 

and the constraint on the first criterion is given by the ratio 

 

k1() > 4. (8.3) 

 

Comparing the data in table. 8.5 with restrictions on the values of other 

components of the vector criterion, we distinguish alternatives D and G that satisfy 



restrictions (8.2) and (8.3). Since k2 (D) = k2 (G) = 4, both alternatives are better by 

the criterion k2. 

Using constraints (8.2), (8.3), it is easy to determine the optimal alternatives 

for the components of the vector criterion k3 - k6. As a result, we obtain the following 

sets of optimal alternatives for each of the six single-criteria problems: 

task 1 (component optimization k1 )  {D, G}; 

task 2 (component optimization k2 )  {D, G}; 

task 3 (component optimization k3 )  {D}; 

task 4 (component optimization k4 )   {D}; 

task 5 (component optimization k5 )   {G}; 

task 6 (component optimization k6 )   {G} 

Thus, as a result of solving six one-criteria problems, it was not possible to 

find a solution that is optimal for all components of the vector criterion. However, 

the number of alternatives that claim to be the optimal solution to the original 

problem has decreased to two. 

 

8.2.1.6. Lexicographic method for solving multicriteria problems  

The method is used in problems in which individual goals have different 

weights and can be arranged in a certain hierarchical order. In such tasks on 

the first stage of optimization determines the set of solutions that optimize the goal 

of the highest rank. The resulting set D of solutions in the second stage narrows 

when optimizing the second most important goal. This process continues until there 

is only one solution. If the optimization of the goal of the lowest rank can not find a 

single solution, then from the many solutions that remain, make a subjective choice, 

or introduce an additional criterion. This method is widely used, but involves a 

hierarchy of goals. 

Example 8.4. Let's solve the problem from example 8.2 by the considered 

method in the assumption that it is necessary to buy the computer with high speed 

(the purpose of the highest rank), it is desirable inexpensive (the purpose of the 

second rank), but reliable (the purpose of the third rank) and with big volume of 



random access memory. (goal of the fourth rank). It would not hurt to have a fairly 

large volume of the hard drive (the goal of the fifth rank) and a good appearance (the 

goal of the lower rank). 

 From the given hierarchy of goals it follows that to determine the best 

solution it is necessary to consistently use the components of the vector criterion k2, 

k1, k6, k3, k4 and k5. Thus, to determine the best alternative, it is necessary to solve 

six single-criteria optimization problems. 

When solving the first of the six optimization problems, alternatives are 

sought that are optimal for the component k2 of the vector criterion. Application of 

the criterion k2 to the data in table. 8.5 allows us to establish that the best and 

equivalent are three alternatives: A, D, G - because k2 ( A) = k2 (D) = k2 (G) = 

4.Therefore, when solving the next optimization tasks will evaluate only these three 

alternatives.  

Solving the second of the six optimization problems does not reduce the 

number of better alternatives, because k1 (A) = k1 (D) = k1 (G) = 6, if alternatives A, 

D, G are equivalent to the criterion k1. 

 When solving the third of the six optimization problems, alternatives A, D, G 

look for alternatives that are optimal for the component k6 of the vector criterion. 

Application of criterion k6 to the data in table. 8.5 allows us to establish that the best 

and only alternative is G, since k6 (A) = k6 (D) = 3, and k6 (G) = 4. Thus, the use of 

lexicographic method for solving a multicriteria problem in this case allows us to 

identify a single the best solution.  

When solving the third of the six optimization problems, alternatives A, D, G 

look for alternatives that are optimal for the component k6 of the vector criterion. 

Application of criterion k6 to the data in table. 8.5 allows us to establish that the best 

and only alternative is G, since k6 (A) = k6 (D) = 3, and k6 (G) = 4. Thus, the use of 

lexicographic method for solving a multicriteria problem in this case allows us to 

identify a single the best solution. 

Let's summarize the methods of solving problems with vector criteria. 



To solve problems with a vector criterion, you need to solve some decisive 

rule. There is no single universal decision rule, but there are many specific rules. 

The choice of one or another decisive rule depends on the meaningful statement of 

the problem to be solved and the subjective advantages of ATS. There are currently 

no formalized generally accepted procedures for choosing decision-making rules. 

The development of such procedures is a complex conceptual problem. 

 

8.3. Individual tasks 

 

1. To formalize the situation of choice in the form of a decision-making 

problem with a vector criterion with a matrix size of not less than 8 6. 

2. Solve the formulated problem with all the methods described in the 

guidelines. 

3. Make a report on laboratory work. 
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