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PACYET TEMITEPATYPHBIX IIOJIEM B COCTABHOM NMOJYBECKOHEYHOM
TEJIE C YUYETOM OBOBIIEHHOI'O 3AKOHA ®YPBE

AHHOTAITHA Paccmampusaemcs 3a0aya pacuéma memnepamypHuix noiel 8 cocmagHom noiybeckoneunom mene. B ka-
yecmee MOOenU NPUHAMO YPAGHeHue MenIonpo8ooOHOCMU ¢ OpOOHOU NPOU3BOOHOU, KOMOPAs yHumsléaen HeioKanibHOCMb
mennosulx npoyeccos no epemenu. Ha epanuye nonocet u noiynpocmpancmsa npeononazaemcs udedanbtulll meniogol KoH-
makm. 3a0aua pewena ¢ nomowwio npeodpasosanus Jannaca. Ha ocnosanuu maybeposvix meopem NOAY4eHO ACUMMOm-
yeckoe pewlenue 05l Manvix epemén. Peutenue 3anucano 6 euoe 0606uénHbIx paoos.

Knrwuesvle cnosa: ypasuenue menionpogoonocmu, OpoOHAs npoussooHas, UO0edibHulll menaio8ol KOHMaxkm, npamoe u 00-
pamHuoe npeobpazosanue Jlannaca, ynkyuu Maunapou.

V. YACHMENEYV, V. NIKOLENKO

CALCULATION OF TEMPERATURE FIELDS FOR THE COMPOUND SEMI-INFINITE
SOLID TAKING INTO CONSIDERATION GENERALIZED FOURIER LAW

ABSTRACT Temperature fields in extended solids and the solids that have symmetry can be described with a high degree of
accuracy by one-dimensional heat conduction equation. In this scientific paper the half-space with the layer is simulated
using one-dimensional compound bar and consideration is given to the problem of calculation of temperature fields in the
compound semi-infinite bar the finite and semi-infinite parts of which have different thermal physical parameters. The heat
conduction equation with the fractional derivative in time that takes into account the nonlocality of thermal processes in time
is taken as a mathematical model. Lateral surfaces of the compound bar are assumed to be heat isolated and one of the ends
of its restricted part maintains the constant temperature. It is assumed that the ideal thermal contact is available at the
boundary of bounded and semi-infinite parts of the bar. The solution of initial value-boundary value problem is based on the
use of direct and inverse Laplace transformations. The representation of obtained solution in images presents some difficul-
ties. This paper describes the asymptotic analysis of the solution provided that the orders of fractional derivatives in both
parts are equal and the variable s of Laplace transformations tends to infinity. In this case the inverse Laplace transfor-
mation was obtained using the so-called Mainardi functions. Based on tauberian theorems we can state that the obtained
solution can only be used for short times and it is represented as definite integrals of Mainardi functions or generally speak-
ing as generalized power series. In this form it can easily be used for engineering calculations.

Key words: heat conduction equation, fractional derivative, ideal thermal contact, direct and inverse Laplace transfor-
mation, and the Mainardi function.

BBenenue

Beicokas TemmepaTypa rasa nepex TypOWHOM
OKa3bIBAECT HETATHBHOE BJIMSHUE HAa €€ KOHCTPYKTUB-
HBIE DJIEMEHTHL. B pe3ynbpTare HecTalMOHApHBIX MPO-
[IECCOB HArpeBa-OXJAXKACHUS B JCTANAX TypOUH BO3-
HHUKAIOT 30HBI C OOJBIINMHU TEMIEPATypHBIMU TPaIH-
€HTaMH, YTO MPHBOAUT K IOSBICHUIO OOJBIIUX TEM-
[EpPAaTyPHBbIX HANpsIKEHUH U, B KOHEYHOM CUETE, MO-
JKeT NPHBECTH K MOSBICHHUIO TPEIIUH B JIONATKaX U
Jla’Ke UX pa3pyLICHHUIO.

Jliist G0pBOBI C 3TUMH SBJICHUSIMU BEAYTCS pa3-
pabOTKM HOBBIX MaTepualoB, B TOM YHUCIE Marepha-
JIOB 00JIaJalolIMX CII0KHOI BHYTPEHHEH CTPYKTYpOIi.
[Tox croxHOW CTPYKTYpOI MbI MOHUMaeM (paKTaib-
HYI0O CTPYKTYpy WM CBOWCTBO HEIOKAJIbHOCTH, T.€.
CBOMCTBO «IIaMSTH».

W3BecTHO, HampuMmep, 4TO MOKPBITHE W3 Tpa-
(heHa CyIIECTBEHHO U3MEHSET TEIIIONPOBOIHBIC CBOH-
CTBa MOKPHIBAEMOT'0 MaTepHaa.

BHenpenne B pasiUYHBIX OTPACIAX ITPOMBILI-
JICHHOCTH HOBBIX MaTepHaloB, B TOM 4HCIIE, 00Iaja-
10uX (QpakTalbHON CTPYKTYpOl 1 addekramu nams-
TH, TIPUBEJIO K CO3JIaHUIO HOBBIX MaTeMaTHUECKUX

Mojiesielt /ISl OTMCaHUsl MPOLIECCOB TETUIOMPOBOTHO-
CTH B 3THX MaTepuaiax.

Yuér (pakTambHOCTH CTPYKTYpPBHI FUIH HEIO-
KaJIbHOM BPEMEHHOM 3aBUCUMOCTU MEXIY TEILTOBBIM
MIOTOKOM M TPAJMEHTOM TEeMIEepaTypbl MPUBOJUT K
mudGepeHIMaTbHOMY  YPaBHEHUIO TEILIOPOBOIHO-
CTH C IPOOHBIMH ITPOU3BOAHBIMU [1].

[Ipu BBIBOJE KJIACCHYECKOTO YPaBHEHHUS TeEIl-
JIOTIPOBOHOCTH [2]

oT  , 0T
=da

5 - ox?

>

2

A
re a” =— — K03} PuIuerT TeMnepaTyponpoBOI-
cp

HOCTH; A — KOI((QHIHUEHT TEIIONPOBOJHOCTH; P —
IUIOTHOCTh, HWCIIOJNIb30BaNCs 3akoH Dypbe, KOTOPBIi
3a71aéTcs JTMHEHHON 3aBHCHMOCTBIO MEKIY BEKTOPOM
TEIUIOBOTO IOTOKA (7(t) U TPafUEeHTOM TEeMIIeparTyp

c?(t) = —ﬂgradT(t).

B nannoii pabore Mbl OyneM paccMaTpHBATh
muddepeHraIbHble YpaBHEHNSI ¢ IPOOHON Tpoms3-
BOJJHOM 110 BpEMEHH BH[Ia
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KOTOpBIE TONydeHBl Ojaromaps OOOOIIEHUIO 3aKOHA

<I)pre, TIO3BOJIAIOIEMY YYWUTBHIBATH HEJIOKAJIBHOCTH
TETUIOBBIX MMPOIIECCOB

t

()= -2 O ()

()= FW)&EQ o) grad T(1)dr
O<a<l.

[Tpu BEIBOsIE ypaBHEHHS C IPOOHON MPOHU3BOJI-
HOW yUYTEHO, 4TO

o'r 1 j-(t_ yo T (x, 1)
ot ri-a)y' o
O<ax<l
U sBIIsIETCS IPOU3BOIHOM B cMmbicie Kamyto, a T (z) -

dt,

ramMma-(yHKkus Dinepa [3].
ean paéoTbl

PaccmoTpum crucTeMy, COCTOSIIITYIO U3 OTpaHU-
YEHHOTO U TOJYOECKOHEYHOTO CTEP)KHEH, MMEIOIINX
pa3nuYHbIe TEIUIO(PU3NUECKUE IMOCTOSHHBIE W Tpea-
MOJIOXKHM, YTO OOKOBBIC MOBEPXHOCTU CTEPIKHEH TeTl-
JIOM30JMPOBaHHbEl (pUc. 1), a HA OAHOM M3 KOHIIOB
OrpaHUYCHHOI'O CTCPIKHA MOAACPKUBACTCA IMOCTOAH-
Has Temneparypa [3].

T R

l l

I |
0 ar= Kl/(clpl)

T

a = Xz/(czpz)

Puc. 1 — Cocmasnoii cmeporcens
U e2o mennogusudecKue nOCMosHHble

Llens paGoThl COCTOUT B OIPE/ENICHUN TEMIIe-
paTypHBIX TI0JICH B COCTAaBHOM CTEpIKHE.

H310:keHHE OCHOBHOTO MartrepuaJja

Bynem cuutath, 9YTO TEMIEpaTypHOE IIOJIE
OIIMCHIBAETCS YPAaBHEHUSIMH € TPOOHBIMH IO BPEMEHHU

C Ha4YaJIbHBIMHA YCJIOBUSMHU

Ti(x,0)=0, T,(x,0)=0, A3)
T'paHUYHBIMU YCIIOBUAMU
7,(0,7)=T, =const, lim Ty(x,t)=0, (4
X—>00

a TaKKe YCIOBUSMH UJCAIBHOTO TEIIOBOIO KOHTAKTa
mpux =R

T(R,x)=T,(R, 7), (5)
P T, (x, z’) _3 o, (x, z') ©)
'oax R > o =R

Jlnst peuieHus 3a7a4vd BOCIONB3yeMCs Ofepa-
IMOHHBIM METOJIOM U TEpeiséM K H300paKeHUsIM
Jlammmaca. Ypasuenus (1), (2) ¢ yuéTroM HagdaIbHBIX
YCIIOBHI TPHOOPETAIOT B

T (x, s) s

o2 a_le* (x.5)=0, ™
1
0T, (x, B,
(;x(f S) —Z—ZTZ (x, s)= 0 ®)
2

3/1eck TakKe y4TeHO, YTO
o n-1
w} =sU"(x, 5)- ZSQ_i_lu(i)(x, 0),
i=0

L
{ o*
n—-l<a<n.
31ech CUMBOJIOM «» OTMEUEHO H300paKeHHE
Jlarumaca gyHkunm u(x, t). VYpasuenus (7), (8) sBis-
I0TCSI OOBIKHOBEHHBIMH U PEPEHIIMATBHBIMI YPaB-

o *
HEHUSIMH OTHOCHTENbHO n3o6pakenmit T (x, s) U Ux

a2 s
x|+ C,exp| — x|,
a
B/2
d x] + D, exp{— s

rne C;, C,, D, D, — IpOHU3BOJIbHBIE IOCTOSIHHBIE.

pemeHusa NMEIOT BUI:

. a2
(5 5)= exp{

N

a;

Tz* (x, s) =D, exp(

ar a)

VYuuThiBasg rpaHUYHOE YCIOBUE TI(O, ‘E)= Iy n
yCIIOBUE Ha OECKOHEYHOCTH, ITOJTyYHM

T;
MPOU3BOIHBIMH [4, 5] C, = TO -C, D =0.
a 2
0 Tl(x’ ! ) = 126 Tl(x’ t)’ 1) Jamee, ymoBIEeTBOPSISA YCIOBHEM HICATBHOTO
ot ox? TerIoBoro KoHTakta (5), (6) mMpUXoauM K CHUCTEMe
O<x<R, O<acxl, JMHEHHBIX anreOpanvecKux YpaBHEHUH OTHOCHUTEIb-
HO Heu3BecTHbIX Moka C; u D
PT,(x, 1) _ a2 Ty (x, 1) 2 ! 2
ot” e
R<x<wo, 0<pf<l
o/2 B/2 T, a/2
2sh| =—R C —exp[—S—R D, =——2exp -5 R ,
a a, s a
0 o/2 o/2 by B/2 B/2 (x/ZT}\I /2
il ERN R|C+ 2% exp—s R D, = i Olexp—s R |
a, a a, a, sa; a
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Pemenne cucrembl

MOJIyYUM C TOMOILBIO T $/2 a/2
popmya Kpamepa —Toexp[— ; R] eXP{— ; RJ
A A A= 1 2
Cl :_15 D2:_23 1 _ a/z _ 0L/2 0t/z ’
A A s Toka exp| R alkzsﬁ/z * R
rue @ as
s/ P2 a/2 a/2
2Sh[ a R eXp — a, R 2sh| 2R —ﬁexp 2 R
A= /2 /2 S A ag N a
a, o, 2=
/2 1| S B/2 s o/2 a2 a2
2a,hs Ch[_al R} ayhys exp[ - RJ 2a27»1sa/2ch[s R} s Tohay expl — R
a N ay

Pewas cucremy, nomyuum
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TaxuMm 06pa3om, perieHre B U300paKEHUSIX UMEET BH

T'l:

. 20T, o2 o2
120 (czzs0°/2 —alsﬁ/z)exp(—s—RJsh[S
q )

a/2

a/2
7, :[s“/zkllialsh(s Rj-i—azch(s
4

OOparmieHue TONyYeHHBIX BBIPAXEHUH Npen-
CTaBJISIET 3HAYMTENILHBIC TPYAHOCTH U TpPeOyeT mpu-
BJICYCHHUS YUCIICHHBIX METOJIOB [6, 7].

B 3T0it cBA3M paccMOTPUM aCHMITOTHUYECKOE
nosefeHue pemieHudt npu ¢ — 0. [lamee Bocnonb3y-
eMcs TeM (haKTOM, UYTO IIOBEICHHE H300paXKeHUs

a

U'(x,s) ma GeckomeunocTH (s —>0c0) ompeienser
ACHMITOTHYECKOE TIOBEJICHUE PEIIeHUS u(x, t) BOJIHU-
3u Hyns. Jo6oe 1MOm0OHOE COOTHOIIEHHE MEXIY
U *(x,s) u u(x, t) Ha3bIBaeTcsl TayOepoBOH Teope-
MOMH. YUHUTbIBas CKa3aHHOE, UIMEEM
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AHaJOTHYHOE COOTHOIICHHE CIIPABEJINBO U
IUTSL THIIEPOOTMIECKOr0 KOCHHYCA.

Takum ob6pazom, ans OONBIIMX 3HAYCHHUH TIe-
peMeHHo npeobpazoBaHusl § UMEEM MPHUOIMKEHHbIE
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. 0/2 a/2 1 a/2
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* a/2 1
T, = &kl(al +ay)s?? exp(—s—x] [alkzsﬁ/z + azkls“ﬂ} , R<x<ow. (10)
s a

U, nakoHel, B 4aCTHOM ciiy4ae, koraa o = 3 Beipaxkenus (9) u (10) mproOperarot Bu

Bicnux HTY «XITII». 2016. Ne 10(1182) 63



Enepeemuuni ma mennomexuiuni npoyecu i ycmamxy8aHHs

ISSN 2078-774X (print)

a/2

T]*(x, s) = %exp{— e

:

Tz*(x’ S):E 7\.2(611 +a2)

a

n 2T0k1(a2 _al)e
S(alkz + ale)

S ajh, +a,\

Yroosl B BbIpaxkeHusx (11), (12) mepeiitn k
OpHUTrHHANaM, 3aMETUM, 4TO

( s
exp| —

u,

) ®/2
xp(—(ZR x)s J,O<x<R, (11)
4
a/2
x|, R<x<wo. (12)
a
KpOMe TOrO,

F(s)

“

}:jf(t)dt.

L! {exp(— as” )}: %M(y; at’ ), s 0
Torma
rue M(y; Z): iL,
S k(- vk +1-7)
t a/2 _ t _ /2
T )= T 25w & gy il —a) o 2Rox o 0 g,
0 2a """ 2 g ahy +arhy p 2a 1% 2 g
t a/2
T, (x, t)= To7h2(6l1 + az).[ (Xic/zﬂ M(g; t_det .
ajhy +ayky 3 2a,t 2 a,

OO0cyskaeHne pe3yJbTaToOB

C moMoIuIpl0 METO/IOB OINEPAIMOHHOTO MCUHUC-
JIEHUS TOJIYYeHO B 3aMKHYTOM BHJIE pEIICHHE 3aJlauu
QHOMAJIbHOM TEIUIONPOBOJHOCTH, TO €CTh IOJy4YeHa
BO3MOYKHOCTh BBIUMCIIEHHUS TEMIIEpPATyp Kak B KOHEU-
HOW, Tak M OECKOHCUHOW YacTH CTEepkHA. YHCIIeHHbIS
Pe3yIBTaThEl MOTYT OBITH TOJNYYEHBI 0€3 MPUMEHCHHUS
CJIO)KHBIX BBIYUCIIATENFHBIX ATOPUTMOB, YTO TIPE-
CTaBIISIETCSI TOJIC3HBIM B HMHXXCHEPHBIX pacdyérax u
MOTYT OBITh IPUMEHEHBI TPH MCCIEIOBAHUU TaK
Ha3BIBAEMBIX ITEPEXOHBIX MPOIIECCOB.

BruIBOABI

B paboTe monydeHO pelIeHHE 3aJayd aHO-
MaJbHOU TEIJIONPOBOJHOCTH B CUCTEME OTpaHUYEH-
HOTO ¥ TOJIyOrPaHMYCHHOTO Tell. B olmem ciydae
pelieHue morydeHo B u3o0paxenusx Jlammaca, oOpa-
MICHHE KOTOPOro TPeOyeT MPUBJICYCHUS YUCICHHBIX
MeToz10B. OJJHAKO, B YaCTHOM CiIy4ae o = [3 peluicHue
JUISL MaJiblX BEJMYMH BPEMEHU IOJYyYEHO B aHAJIUTH-
YECKOM BHJIC W TPEJICTABICHO B BUJE CTCIICHHBIX -
JoB Win GyHKIUH ManHapau.
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