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Abstract. The issues of stability of solution of optimization problems are considered on the
example of transportation problem of linear programming, in which the transportation costs are
random variables with a known distribution density. The complexity of solving such optimization
problems by classical methods is substantiated. It is proved that the problem of estimating stability
admits an analytic solution if the optimal solution of the problem is sought using the matrix minimum
method. This solution is based on the search for the probability that characterizes the level of stability
of solving the optimization problem. The corresponding computational procedure is described. An
example is considered that illustrates it graphically.
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Introduction. Stability of solutions to optimization problems is the property of the obtained
solution not to change under conditions when the initial data of the problem vary in a certain range of
possible values. It is accepted that the larger this range, the greater the stability of the solution. With
regard to transportation problems of linear programming, the problem of estimating the stability of a
solution of a problem is formulated as follows.

Let some homogeneous product be transported from m suppliers with the volumes of the

delivered product A4,,4,,...,4,, to the aggregate of consumers whose needs are equal B},B,,...,B,,.
The costs of transportation from specific suppliers to specific consumers are random variables with
known distribution costs. The system of constraints on the unknown variables of the problem that
define the transportation plan, cuts out a convex hyperpolyhedron in the phase space of variables.

The solution of the problem is achieved at the extreme point of this polyhedron, in which there
is a tangency of the polyhedron with the target hyperplane. The position of the hyperplane is
determined by the values of transportation costs.

Since values of transportation costs are random variables, in each implementation of the set of
these variables the position of the target hyperplane will be different, and the extreme value of the
polyhedron in which the tangency takes place can vary.

Let a solution of the transportation problem be obtained and a particular vertex of the
polyhedron corresponding to the solution is known. We construct the normal to the target hyperplane
at the point of its tangency with the optimal vertex. In addition, at the same point, we construct a
system of normals to all the constraints, the intersection of which forms the optimal vertex. This
system of normals forms a cone inside which there is a normal to the target hyperplane (Fig. 1).
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Fig. 1. The cone spanned by the system of normals to the planes — constraints

Random changes in the values of the problem cost will result in the rocking of this normal.
The solution will persist until, during this rocking, the normal goes beyond the cone of constraints. In
this case, the hyperplane touches the admissible vertex of the polyhedron, that is, the solution changes.

Thus, the problem consists in calculating the probability that, for known distribution densities
of the random transportation costs, the normal to the target hyperplane will be located inside the cone
spanned by the system of normals to the constraint hyperplanes.

Estimation of the stability of the solution of the transportation problem in such a formulation
is very complicated, since an optimal vertex is sought as a result of a change of the complex multi-step
algorithm. At the same time, this problem allows a simple analytic solution if the optimal solution of
the transportation problem is sought using the minimal matrix method.

Results of the study. This method is structurally structured in such a way that, when used, a
sequence of assignments can be unambiguously obtained, aligned in accordance with an increasing
sequence of transportation costs. This sequence in the first step begins with the procedure for finding
the minimum value matrix element and at each subsequent step continues the same procedure for the
matrix corrected after the next step. As a result, we obtain a fixed increasing sequence of costs, which
determines the order of finding the values. Let’s renumber this sequence: C) <C; <...<C,, 4,41 -

We now calculate the probability of realizing the correct order of assignments for a certain

pair (k, k+ 1) of next-standing members of the sequence C|,Cs,...,C,4 011

Let the number C,,, take a random value X . We calculate the probability that a random

number C, will take a value less than X , and then integrate this probability together with the
probability distribution density of the random variable C k+]- 1t is natural to consider independent

density distribution (p(Ck) and (p(Ck +1) of random variables C;, and C; . Therefore, the required

o0 X
probability is calculated by the formula B, ;,; = [ ¢(Cr,y)dCyyy [ 9(Cy)dC, .
0 0

http://ws-conference.com/ June 2018 41



International Trends in Science and Technology

For example
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In this case, the probability of realizing the correct order of assignments in the algorithm of
the minimal matrix element is

P:mﬁ_zp _ 1 m+n—2 bk +ak+1 —Zak
=l ke k+1 2m+n72 ’

3)

k=1 by —a;

The calculated value P characterizes the level of stability of the solution of the transportation
problem. The chosen solution will be absolutely stable if for all pairs (k, k+ 1) the inequation (1) will
not be fulfilled, that is, will take place b, <a,_,. In this case x > b, and the inner integral in (2) will

m+n—2
be equal to 1. In this case, of course, we get P, ;. =land P= [] B, =1
, i o

In the other extreme case, when @ =a,=..=aq,,, and by =b,=...=b, |, we get
1 1
Fegy =7 and =0

Let's consider an example. Let the average costs of transportation from a particular supplier to
a specific consumer of a certain homogeneous product are Cl(o) =2, Cgo) =4, Cgo) =0, C‘(‘O) =7.
And let the corresponding distribution densities of the random transportation costs look like:

1 1

—, C, €(0,4], —, C, €|3,5],
0(C)=14 : [ ],(p(C2)= 2 7 [ ],

0, C e[0,4]; 0, G #[3.5];

1

—, C,€(4,8], —, C,el5.5,8.5],

(P(C3)— 4 ’ [ ],(P(C4): 5 * [ ]
0, C;¢[4.8]; 0, Cye[5585];
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Transportation Cost Matrix

o | 8 2 N 20
& 10| 6430

16 10 24

As a result of applying the minimal matrix method, we obtain the following transportation
plan:

0[10|10 |20

16| 0 |14 | 30
16 10 24

For each pair C « calculate the probabilities according to the formula (2):

_btay-2ay 4+3 T,

A - -
2T o) 42 8

b2+a3_2a2 4+5_6 3
By -

2(by-ay) 2-(5-3) 4

b

P =b3+a4—2a3:(8+5.5—2-4)=£:O7.
M0 (by—ay) | 2-(8-4) 8

In this case, the probability of realizing the correct order of assignments in the algorithm of
the minimal matrix element is:

The obtained probability characterizes the stability level of the solution of the transportation problem.

Conclusions. The issues of stability of the solution of optimization problems are considered
on the example of the transportation problem of linear programming, in which the transportation costs
are random variables with a known distribution density. The criterion of stability is developed - the
probability of realizing the correct order of assignments in the algorithm of the minimal matrix
element.
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