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SODIUM PENETRATION AND CHEMICALLY INDUCED STRESSES
INTHEHOLLOW CYLINDER OF RAPOPORT-SAMOILENKO AP-
PARATUS- 1. CONSTITUTIVE MODELING

TeopeTnuHi JOCTiIKEHHS JaHOI pOOOTH OB’ A3aHi 3 ypaXyBaHHSM BILIMBY SIBHINA XIMIYHOTO NEPEHOCY
HATPIIO Ta XIMIYHOTO PO3IIMPEHHS B KaTOTHOMY MaTepiaii IPpH aIFOMIHIEBOMY €IEeKTPOJIi3i B po3paxyH-
Kax 3aJIeKHUX BiJl 9acy PO3MOJIICHb XiMIYHO HaBEJCHHX HAIPY>KeHb B LIWIIHAPI 3 OTBOPOM I arapara
Panonopra-Camoiinenka. BUKOHAHO MOJCTIOBaHHS XIMIYHHX 1 MEXaHIYHHUX SIBUIN, Ta OJepXKaHi
(hopMynH po3HOALTY HaNpyXKeHb B IIMJIIH/PI amapara.

In this paper, a comprehensive theoretica investigation has been carried out with the main focus directed at
the understanding on how sodium penetration and chemica expansion in the cathode material during alumi-
num electrolysis affect the time dependent and chemically induced stress distribution in the hollow cylinder of
the Rapoport-Samoilenko apparatus. Constitutive modeling of chemica and mechanical phenomena has been
given, and the formulae of stress distribution in the cylinder of the apparatus have been obtained.

1. State of the art. During duminum electrolysis, the liquid aluminum reacts
with the electrolyte, and metallic sodium migratesinto the carbon structure. Absorbed
sodium in the carbon Sructure leads to carbon swelling and possibly high leve of
diffuson induced stresses. M.B. Rapoport and V.N. Samoilenko introduced [1] a
simple method for measuring of sodium expansion in laboratory carbon cathodes due
to sodium penetration, and different modifications of the Rapoport-Samoilenko appa-
ratus were proposed [2]. A condtitutive mode for cathode carbon materials which is
able to reproduce the relationship between the sodium expansion and time in a solid
cylinder during the Rapoport-Samoilenko-type test as well as to estimate diffuson
induced stresses in a solid cylinder during aluminum eectrolysis on laboratory cath-
ode samples was proposed in [3, 4]. However, up to the authors best knowledge, in
the literature there does not exist such a mode for hollow cylinder of the Rapoport-
Samoilenko apparatus. The aim of this paper isto provide such apredictive tool.

2. Mathematical model of theradial diffusion in the cylinder. A long circu-
lar cylinder in which sodium penetration is everywhere radial will be considered.
The concentration C of sodium in the cylinder is only a function of radius r and
timet and follows Fick’s second law [5]

C __&?C 17Co
~=-p +==% «y
qt g? rqr B
where D isthe diffusion coefficient of sodium.
1.1. Hollow cylinder. If then in the hollow cylinder a £ r £ b the boundary
and initial conditions are:
1C 1C
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and
c=0, ri(ab), t=0, ©)

then the solution of Eq. (1), asshown in [6], is
_ ak,[k§ - bgIn(r /b)]- bkg [k, - aksIn(r/a)]
ak, kg- bk, k¢- abk, k¢in(a/b)
¥
- P8 exp(- Dajt) F(an) So(r.an) { ke [ A$Jo(ba,)- (4)

n=1

- kg, Jy(ba,)]- ke[ A, Jo@an)- ka, Jy(aan)]}

C

where
S(r.a,) = Jo(ra,) [A Yo(aa,)- k,a,Y;(aa,)]-
- Yo(ra,) [A, Jo(aa,) - kpa, Jy(aa,)]
Fa.)= AbJo(ba,)- kfa, Jy(ba,) |
[ AgJq(ba,)- kga, Ji(ba,)]? (AZ+k, Ba?)- G, ®)
Gy =-[ A, Jo(aa,)- koa, Jy(aa,) | (AF +k§BG2) ,
A, =ks- Dk a?, A$=k§- Dk |
B=k,+2Dk;/a, B¢=k$+2Dkf/b .

HereJO(x) and Jl(y) are the Bessdl function of the first kind of order zero and the
Bessel function of thefirst kind of the first order, respectively, Y,(x) and Y,(y) are
the Bessel function of the second kind of order zero and the Bessel function of the
second kind of the first order, respectively, and a,, (n=12,....¥) are the positive
roots of

[(ks - kD) Jp(@an)- kpay h@an) |

" | (kg- kgD a,?) Yo(ba,)- kea, Yy(ba,) | - ©)
- |(kg- kgD, ?) Jo(ba,)- Kga, Iy (ba,) |’

" |(ks- Kk Da,?) Yo(aa,)- k,a,Yi(aa,) [ = 0.

Let C, be the concentration of sodium in the cathode carbon material after

saturation. Next, the two particular cases of the general boundary conditions given
by Eq. (2) will be considered.
a) Flux zero on r = a and surface concentration constant onr = b, initial con-
centration distribution zero. The boundary and initial conditions
1C

C=C0,r=b,t30;ﬂ—=0,r=a,t3 0;C=0,r1 (a,b),t=0 (7
r
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follow from Egs. (2) and (3) if it will be assumed:
k=0, k,=1, Kk;=0, k,=0,

k#=0, k$=0, k=1, k§=C,. ®)
Then the solution of Eq. (1) isfollows from Eq. (4) as:
i ¥
c=co} 1- A onf Daje) ol ) [3,(a ) ven,) .
- iaaq) o ran)] §.
where a,, (n=12,....¥) areroots of
Y, (aa,,) Jo(ba,)- 3y (aa,) Yo (oa,) =0. (10)

b) Flux zero onr = a and sodium surface exchange onr = b, initial concentra-
tion distribution zero. The boundary and initial conditions

-DE:b(C-CO), r=>n, t3 0,
qr
E:O r=a, ts 0, (1)
qr
Cc=0, ri (a,b), t=0

follow from Egs. (2) and (3) if it will be assumed:
k, =0, k,=1, k;=0, k,=0,

12)
k¢=0, k¢$=D, k¢=b, Kk$=bC,.

Here b isthe surface exchange coefficient. Then the solution of Eqg. (1) isfollows
from Eq. (4) as.

N

o] 1 e e T At s e ] ”
“epl- Da2t)[Yo (ra,) 3y(am,) - Valea,)Jo(ran)]b3y(aa,) § .
where a, (1=12,....¥) areroots of i
3(aa,) [Da, Yy(ba,)- bYo(ba,) - Yy(aa,) "

" [Da,di(ba,)- by(ba,)] = 0.
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1.2. Solid cylinder. In formal way, two particular cases for solid cylinder with
a = Oresulting from the previous part 1.1 of the paper will be considered.

a) Flux zero on r = 0 and surface concentration constant onr = b, initial con-
centration distribution zero. The boundary and initial conditions

C=C,, r=b, t3 0,

€0 r=0, t3 0, (15)
qr

Cc=0, rT (0b), t=0

follow from Eq. (7) if it will be assumed a = 0. Then the solution of Eq. (1) isfol-
lows from Eq. (9) as:

é 2% 1 Jy(ra,) U
C=Cyal- =g — 2~ exp(- Dajt), 16
0858 3 Sy 0L Oor ik =
where a,, (n=12,...,¥) are positive roots of
Jolba,)=0. (17)

Note that Eg. (16) was used earlier in [3] and was obtained under assumption

C- finite, r=0, t30 instewlof?{—czo, r =0, t3 0 accepted here.
r

b) Flux zero onr = 0 and sodium surface exchange onr = b, initial concentra-
tion distribution zero. The boundary and initial conditions

1C

-D—==b(C-Cy), r=h, t30,
qr
€ -0, r=0, t30, (18)
qr
c=o0, ri (ob), t=0

follow from Eq. (11) if it will be assumed a = 0. Then the solution of Eq. (1) is
follows from Eq. (13) as:

é ¥

C=C,al- 23 —';JO(ga“ /b)

é n:l(an+L)J0(an)

where L=bb/D and a,, (n:LZ,...,¥ ) are positive roots of

2 2@
exp(- Dajt/b%)q, (29
u

bJ(a,)- LIg(a,)=0. (20)

Note that Eqg. (19) was used earlier in [7] and was obtained under assumption
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C- finiter =0, t3 0 instead of 1%—(::0, r =0, t3 0 accepted here.

3. Congtitutive modeling. The sodium expansion in a long hollow cathode
carbon cylinder with the inner a and outer b radii, respectively, is considered. So-
dium penetrates from the outer surface of the carbon cylinder into the medium. The
initial state of the cylinder, i.e. before sodium penetration into carbon, is unstressed.
Let F be an axial compressive force applied to the ends of the carbon cylinder. The
deformation of the cylinder in the coordinate system (r,q, z) under plane strain
conditions and symmetry about the axis z is considered. Herer istheradia coordi-
nate, g corresponds to the circumferential direction, and z is the axial coordinate.
The sodium concentration C in the cylinder can be assumed symmetrical about the
axis zand independent of the axial coordinate. There are three nonzero components
of stress s,,s,,S,, and three nonzero components of strain e, ,e,,e, . All three
shear dresses and strains are zero on account of the symmetry of deformation and
the uniformity in the axial direction of cylinder.

Let the components of strain be a sum of the components of eastic strain and
the components of the chemically induced strain, i.e.,

— A€ d — A€ d — € d
e =€ te, e, =€,te, €, =€ +€;. (22)

The cathode materia of the cylinder can be considered as an isotropic mate-
rial, and the components of elastic strain can be defined according to the general-
ized Hooke' s law:

e 1
€ :E[Sr - n(sq+sz)]7
eg:é[sq' n(sr +Sz)]7 (22)
eizé[sz' n(sr +Sq)]7

where E isa modulus of agticity, and n is Poisson’s ratio. Neglecting the creep
deformation of the cathode carbon material, we can assume [3] that

ef =ef =ef =AC, (23)
where Aisamaterial constant. Using Egs. (21)-(23):

e :i[sr - n(sq+sz)]+AC; €, :i[sq- n(sr +sz)]+AC;
E . E (24)
eZ:E[sZ- n(sr+sq)]+AC.

In Eq. (24) stresses, strains and sodium concentration in the cathode carbon cylinder
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are only functions of theradial coordinate and time. From the third formula of Eq.

(24) it follows:
S, :n(sr +sq)- E(AC- ez) ,

and thefirst two of Eq. (24) give

E, € e, gl
S, = +ne, - All+n)&- =29,
r 1- nfé@r 1%q Al( l)g A%
E, € e, gl
Sq = e, +ne - All+n)&- =29,
q 1_ n]z_fq 1%r 'A&( l)g A%
where for simplicity:

E n
E, = , n,= , =A{l+n).
1 1- nz 1 1- nz Al ( )

The stresses satisfy the equation of equilibrium [8]

ds, +Si°Sq_q

dr r

The kinematic equations have a structure [8]:

e_du - e_dw
dr Y r T TP dz]

where uistheradial displacement , and wistheaxial displacement.

Substituting stresses given by Eq. (26) in Eq. (28):

d d 5
ra(ef +n1eq)+(1' nl) (er - eq): Al(l"'nl)rag - %g

Substituting values of e, and e, from Eq. (29) in Eq. (30):

Integration of this equation yields

r
u=(@+n,) 1dA&C- ez)rdr+C1r+&.
r r

a

(25)

(26)

(27)

(29)

(29)

(30)

(31)

(32)

Thecongants C; and C, in Eq. (32) can be determined using the boundary conditions.

Thedresses s, and S  can be derived by using expression (32) in thefirst two
expressions of Eq. (29) and subdtituting the resulting expressonsin Eq. (26). Therefore,
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E ¢ EG

S, = J AC- e,)rdr +

E 1
"1-n 2

1- a 1+n 1- 2n 1+nr_2
' E(AC-e,) E @&C, . C,6 9
qzii d ,)rdr - "Gy E 220
1-nr? - 1-n 1+nél-2n r2g4

Substituting Eqg. (33) in Eq. (25), the expression for the stress s, is obtained as
follows:
E(AC-e,) 2nE C

S, =- + . A4
z 1-n 1+n 1- 2n (34)

Using the boundary condition that the inner and outer surfacesr =aandr =b are
freefrom stress, sothat s, =0, r=a,t3 0 ands, =0, r =b, t 2 0, itispossible
to find that

_(@+n) @-2n)
@-n) (b*- a%)

(l+n) a®

dAC e,)rdr, C, = - n)—(bz s

L= dAC e,)rdr. (35)

Thus, stresses for the problem under consideration are given by Egs. (33)-(35).
Normal compressive force on the ends of the cathode carbon cylinder can be
defined as
b
F=-Cp,2prar. (36)
a

Subdtituting the expresson for theaxia dress s, given by Egs (34) and (35) in Eq.(36):

b
F=-2pE(fe,- AC)rdr. (37)
a
Then the axial strain is assumed to be function of time but it does not depend on the
radial coordinate. Thus, the following formulais obtained from Eq. (37)

F A P
e, =- +2 ACrdr . 38
' p(b®-ad)E bz-ach (38)

Introducing the pressure p on the ends of cylinder as

F
= R (39)
Eqg. (38) can be rewritten as
e S A t()‘:prdr. (40)
* E b*-a?;
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Thus, the axia strain given by Eq. (40) consists of two terms, i.e.,
e, =e,te,. (41
Thefirg term

e, =- (42)

m|o

which is proportional to the pressure on the ends of cylinder, describes the dlastic
deformation of cathode material in the axial direction of cylinder. The second term
is defined as

A P
= ZWS'prdr . (43)

Here e, is the sodium expansion which is measured during the Rapoport-

Samoilenko-type test.
Using now Egs. (35), (37), (39), (41) and (42), Egs. (33) and (34) can be re-
written for stresses as follows

2 2 r A 2 r ..
srzig;?es-Aéﬁrdrg,sqzia +f +Aid:rdr-AC%
1-ng 2r re. & 1-ng 2r a &
s, = (e-AC) p. (44)

1-

Next, different final results for the sodium expanson and stresses related to
the different expressions for the concentration C given by different boundary condi-
tions of the sodium penetration will be considered.

3.1. Hollow cylinder. Two particular cases related to the different expressions
for the concentration C given by Egs. (9) and (13) will be considered.

a) Boundary and initial conditions given by Eq. (7). In the case under discus-
sion with the constant sodium concentration on r = b the concentration of sodium is
defined by Eq. (9). Substituting the expression for the concentration C given by in
Eq. (9) in EqQ. (43) and integrating:

eS:Aco}l- 20— b S‘“[ Y,(aa,) J;(ba,)- Y;(ba,) ] (45)
T b - a n—l n %
where
( )JO(ban) ex 2
= p\- Dajt] . (46)
R S e LT

Then substituting the expression for the concentration C given by Eqg. (9) in
Eqg. (44) and integrating, the final expressions for stresses are obtained as follows:
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St 7o n)% Z s Tz AG P

a ai[ Yl(aa )-J (ra ) Jl(aan)Y(ra ) ]g'

n=1 *'n

2, .2 2,52 g i

e DR

2(]_- n)T r r n=1 | (47)

& Jl(ran)+Jo(ran)g+J1( )G_Yl(ra )- YO(ra”)g-,y'

g apr u ganf U%b

E I
L R LT

n=1

- 3y(ea,) Yolra,) | g- .

b) Boundary and initial conditions given by Eq. (11). In the case under consid-
eration with the sodium exchange on r = b the concentration of sodium is defined
by Eq. (13). Substituting the expression for the concentration C given by in Eq. (13)
in Eq. (43) and integrating, the final expression for the sodium expansion is ob-
tained as follows

e —Aco.1 202y & 22 [v(ba )3 (ea,)- Ylaa,)3,ba,)]y (@8)
b a -1an t;
where
_ bJy(aa,)[bIg(ba,)- Da, Jy(ba, )]exp( Da t)
[bJo(ba,)- Da, J;(ba, )]2 (a2D2+b?) I (aa,)
Then substituting the expression for the concentration C given by Eq. (13) in

Eqg. (44) and integrating, the final expressions for stresses in the hollow cylinder
are obtained asfollows:

(49)

n

E ir*-a r’-a’ 2AC
= . _ Al 0N’
S 2(1-n); 12 &z A=
s L
§ £ vl ) o )
e (50a)
E ir’+a® r’+a’ § .
= i - AC, - 2A L
Sq 2(1-n); 2 & = A Cop?:l "
Plea,) & —3,(ra )+ 3 (ra, )i+ 3, (e, J e vlra,)- Yolra, gy,
1 g a.r a ga,f %b
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1-

z _n} eS_ ACO+AC0pé¥ Ln[ _Yl(aan) ‘]O(ran)+
1

n=1

) (500)
+‘]1(aan)Y0(ran) ] g' p.

3.2. Solid cylinder. Two particular cases related to the different expressions for
the concentration C given by Egs. (16) and (19) will be considered.

a) Boundary and initial conditions given by Eq. (15). In the case under discus-
sion with the constant sodium concentration on r = b the concentration of sodium is
defined by Eq. (16). Substituting the expression for the concentration C given by
Eqg. (16) in Eq. (43), putting a=0 and integrating:

é ¥ - 2¢lu
e, = ACyel- 49 M a. (51)
] n=1 (an b) g
Then substituting the expression for the concentration C given by Eg. (16) in
Eq. (44), putting a=0 and integrating, the fina expressions for stresses are obtained
asfollows:
LAAC ¢ 1 Ji(ra,)

s, = E ges - AC, a exp(— Daﬁt)ﬁ,
2(1- n) 8 br < a? J;(ba,) A

i 4AA - Da%),
Sq = E {eS-ACO- Cogi P Pan
21' n T b n=1 aﬂ Jl ban

. (52)
. €Ji(ra,) Jo(fan)gy,
e anf b
E € 2AC, ¥ 1 Jy(ra,) u
= a2 - A 0 4+ Jo\ldp - Dah- o.
5271y ges Cot b ma, Jba,) exp( a”)a P

Note that Egs. (51) and (52) were obtained earlier in [3].

b) Boundary and initial conditions given by Eq. (18). In the case under consid-
eration with the sodium exchange on r = b the concentration of sodium is defined
by Eq. (19). Substituting the expression for the concentration C given by Eq. (19) in
Eq. (43), putting a=0 and integrating, the final expression for the sodium expansion
is obtained asfollows:

6 ¥ 0

e, = AC,4l- 43 KnM a (53)
e n=1 a, a
L -Da?

where K, =—2PCDant/b) (54)
(an+L ) JO(an)
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Note that Eq. (53) was obtained earlier in [7].

Then substituting the expression for the concentration C given by Eq. (19) in
Eq. (44), putting a=0 and integrating, the final expressions for stresses in the solid
cylinder under consideration are obtained as follows:

é 4AC,b & Ji(ra,/b)u
j—jee AC, +2ACD & ¢ lran /bl
e r n=1 an a
. . i
7—5'5 ’.' - AC,- 4AC, § KHM Jora, /b)uy, (55)
n=1 é anr gb

3 u
- AC, +2AC,a K, .Jo(ran /b)u- p.

s _i
’ 1- n=1 u

('D('R;('Dw

4. Conclusion. A predictive tool which is able to reproduce the chemically in-
duced stresses in a hollow cathode cylinder of the Rapoport-Samoilenko apparatus
has been proposed. Analytical formulae for the calculaions of the chemically in-
duced stresses in hollow cylinders as well as in solid cylinders during aluminum
electrolysis on laboratory cathode samples have been obtained. The next communi-
cation will be related to the discussion of the numerical results.
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