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2D - KOE®IIIEHTU ®YP’€ HA KJIACI JIIIIUIA TA
OIIEPATOPHU KYCKOBO-CTAJIOI CIIIAMH-THTEPJITHA LI

ITob6ynoBani kybatypHi hopmynu HabmmkeHoro oduncieHns 2 D - koedimientie Oyp’e 3 BUKOpUCTAH-
HSIM OIepaTopa KyCKOBO-CTaJIOl CIulaifH-iHTepiiHanii Ha kinaci Jlinmmig. [ndopmartis npo HEOCHHITIO0-
YMii MHOXXHHUK TiJiHTerpaibHOT GyHKIIT 3a1aHa ciaigaMu GyHKIIT Ha B3a€MHO-TICPIICHIUKYIISIPHUX JTiHi-
SIX, 3HAYEHHSIMHU (YHKIIT B Toukax. OTpHMaHi OI[IHKY HOXHOKH HaOJIIDKEHHSL.

TlocTpoenst kyOaTypHbie GOpMyIIbI TPUOIMKEHHOTO BbiuucieHus 2 D - koadpunuentoB dypobe, KoTO-
pble HCMOJIB3YIOT B CBOEM IOCTPOCHHH OIEPATOPhI KYCOYHO-MOCTOSHHOW CIUTaifH-uHTEepIIeTannm
¢yHakmuit Ha kinacce Jlnmmmna. MHGOpManus o HEOCHMUIMPYIOIIEM MHOXHTEIE ITOJBIHTErPAIbHON
¢byHKIMY 3anaHa caeaamMu GpyHKINH Ha B3aWMHO-NEPIICHANKYISPHBIX JINHHAX, 3HAUYCHHSIMA (QyHKINH B
Toukax. [ToTy4eHbI OLCHKH MOTPEIIHOCTH MPHOIMKEHUS.

Formulas of the evaluating of 2 D - Fourier’s coefficients with using spline-interlineation were submit-
ted. Cubature formulas are investigated in the case when information about function is set of lines set of
knots on the class of Lipschitz. The estimations of error of approaching of the cubature formulas are
presented.

Beryn. CyugacHi 3amaui miippoBoi 0OpoOKH CHTHAIIB BUMararoTh BMiHHS Ha-
OJIDKEHO OOYMCITIOBATH IHTETPAJIM BiJl MIBUAKOOCUIIIIOIOUNX (DYHKIIN JBOX 3MiH-
HUX 3a JIONOMOTOI0 iH(OpMamiiHUX OmepaTopiB pi3HUX THUMIB. B sKOCTI HaHuX
MOXYTh OyTH 3Ha4eHHs (PYHKIIT y BY3JIOBUX TOYKAX, CIIAN (PYHKIIT HA JNiHIAX, 1H-
Terpaiy Bif HaOMmKyBaHOI (PyHKIIIT B3OBK BUOpAHOI CHCTEMH JTiHIH, IO TepETH-
HAIOTh JOCIIPKyBaHUN 00’€KT. 30KpeMa, 3a1ady HaOIMKeHoro obuncienus 2 D -
koeimientiB yp’e y BUMaIKax, KOJIH MOYATKOBA iH(POPMAITis 33a€ThCS PI3HUMHU
iHpOpMaIHHIMHU OIlepaToOpaMH, I03BOJIsiE e(DEKTHBHO pO3B’SA3yBaTH amapar iH-
tepiiHanii gyHKmii [1] BiZnoBigHO Ha Pi3HHUX KiacaXx QyHKIiH. BaxkmueBuMm kpo-
KOM B PO3B’sI3aHHI Takoi 3aa4i € obuncienns 2 D - koedirientie yp’e 3a mo-
ITOMOT'OI0 OTEePaTOPiB KYCKO-CTaNIOl CIUIalH-iHTepiiHamii (To0To iH(popMallis mpo
¢bynkuito f(x,y) 3amaerbes i1 clmijaMy Ha CHUCTEMI B3a€MHO-TIEPIECHIMKYJISIPHUX

NpsSIMUX, 3HaYeHHAMH (QyHKIIT B TOYKax) Ha kiaci Jlinmms.

AHaJji3 octanHix gocaigxkens. B [2]-[4] posrisoanacs 3anaua HabIIKEHOTO
obuucnenns 2D - koedinientie @yp’e 3a [ONOMOroro iHTepiHALIl QYHKIIH y BH-
maaKy, Komu indopMariis mpo ¢yHKmioo f(x,y) 3ama€TbCs CIigaMH Ha CHCTEMI
B3a€MHO-TIEPIICHANKYISIPHAX TPSMUX, aje BOHA pO3B’s3yBaliach Ha Kiaci audepe-
HIlifoBanux QyHKIiH. B [5] po3rmsaanack modymaoBa KydaTypHHUX (HopMysT 00Uuc-
nenHs 2D - xoediuientiB Pyp’e Ha kinaci Jlinmums 3a J0MOMOTor0 orneparopa iH-
TEPIIOJISIHTA, MOOYIOBAHOTO 3 BUKOPUCTAHHIM KYCKOBO-CTaJIOl iHTepIiHALIl y BH-
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najaKy, Koiu iH(popMallis PO HEOCHMITIOIOYHH MHOXXHHUK IiIHTErpaibHOi (QyHKIIT
3a/Ia€ThCs 3HAYCHHSIMU (QYHKIT B TOYkaX. OJHAK aKTyaJbHUM € MHUTaHHS OTPH-
MaHH$ OUIBII TOYHUX OILIIHOK Ha KJaci JIinmums.

HocranoBka 3agaui. O6uucnuta HabmwKkeHO 2D - koedimienTn Dyp’e 3a
JIOTIOMOT0I0 Ky0aTypHHX (hopMyIt 3 BUKOpUCTaHHSM iHTepIiHauii QyHKIii Ha Kiia-
- - . 2.
ci gilficHux QyHKLIH NBOX 3MiHHMX, BU3HAUYeHHX Ha G = [0,1] 1 Takux, 10 3aJ]10-
BOJIbHSIIOTh HACTYITHUM yMoBaM Jlinmums:

‘f(xlay)_f(x2,y) ‘SL|x1 - ‘f(x»)ﬁ)_f(x,)b) ‘§L|yl_J’2|»

‘f(xlayl)_f(xz,yl)_f(xl,y2)+f(x2,y2) ‘S£|x1 —x2||yl —y2|,

y BUIAJKY, KOJIM iHpOpMAIist Ipo QYHKIIO 33/1aHa 1 ClliJaMi Ha CHCTEMi B3aeM-

HO-IIEPIICHIUKYISPHAX NpAMHUX X, =kA—-A/2, Yy, =JA-AI2, k. j= 1L,
A=1/(.OtpuMarH OI[IHKY MOXHUOKH OOy I0BAHUX KyOAaTypHHUX (HOPMYII.

Oo6uucienns 2D - koedinieHTiB @yp’e 3 BUKOPUCTAHHAM IHTEPJIiHALIT.

O3nauennsa. 1lin crioom @yuxyii f(x,y) ma ainii po3yMieMo (QyHKIIiIO OIHI-
€1 3MiHHOT

f(xkay)a OSJ’SL f(xayj)a nggl,
X =kA=A/2,  y;=jA-A/2, kj=10, A=1/0.
BBeznemMo no3HaueHHS:

1,x€Xk, — 17y€Yj7 .
hOk(x): O.xe X k:L/, HOj(y): OyQY J:L(s
bl ko E) i

Xy = [xk—l/zaxkﬂ/z]’ Y_,' =[J’j71/2sy_j+1/2]
X =kA=A/2, y;=jA-A/2, kj=10, A=1/L.

Hexait Jf (x,y) - oneparop-intepainanT
¢

Zf(xkay)hOk +Zf(x y,)Ho; y)

J=1

‘sz(xk’y;)hwc (x) Hoj; (¥),

k=1 j=1
JUTSL IKOTO BUKOHYFOTBCSI BITaCTUBOCTI [1]:

I'Jf(xk7y):f(xk>y)7 k:L . Jf(x>yj):f<x’yj)a j:LE’
2 [f(, )= Jf (2 p)|=0| =

VR
Ne—
Il
Q
—_—
>

(3]
~
=
=
<
SN—
m
Q
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Jlst oGumcren s inTerpanis [} (m,n), k=1,2,3,

11
112 (m,n) = j j f(x, y)sin 2zmx sin 2znydxdy,
00

11
122 (m,n) = I j f(x,y)cos2zmx cos 2xnydxdy,
00

11
Bmn) =] [ f(xp)e e ™ dvdy
00

MIPOTIOHYIOTHCSA (HOPMYIITH:

11
(I)]2 (m,n) = J‘ I Jf (x, y)sin 2zmx sin 2z nydxdy,
00

11
CD%(m,n) =j I Jf (x,y)cos2zmx cos 2wnydxdy,
00

11
@ (m,m) = [ [ Jf(x, e > e > dxdy.
00
[MincraBumo y ui opmysin Bupas Juis oleparopa-iHTepiiHaHTa

OTPUMA€EMO SIBHUH BUIJISA BIAMIOBITHUX KyOaTypHUX (OPMYIT:

X
k+—
2

13 1
= Z j sin 2zzmxdx J S (x;, y)sin2znydy +
0

k=l 7
k——
2

}’,+l
i

¢ 1
+y j f(x,y;)sin2zmxdx j sin 2zznydy —
0

J=1 Yo
U
xk ! yj+%
—ZZf(xk,y ) J sin 2zzmxdx J sin 27znydy,
k=1j=1 x v
L L

2 2

X o
k+—
‘ 2 1
(Dz m n = Z j cos Eﬁmxdxj S (x;,y)cos2mnydy +
= 0

k=l 7
f——
2
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Yo
01 "3

+ Z I S (x,y;)cos2wmxdx J cos 2zwnydy —
Jj=lo y

L
7

X 1 Yo
k+— +—
I

—ZZf(xk,yj) j cos2mwmxdx J. cos2rznydy,
k=1 j=l1 y

1 1
Tt -
2 J 2

Yol
J+s

¢ 1
+Zj'f(x yj)e i2mmx g J' efi27mydy_
0 »

/c+l Y '+l
/ J

4 2
_sz(xk7yj) J' —i27mx g, J' e*i27mydy )
k=1 j=1 y

1 il
2 '

Teopema 1. Hexau f(x,y) e C22’L,L ma Qyukyis sadana N =20 crioamu Ha

cucmemi 63aEMHO-NEPREHOUKYIAPHUX NPSIMUX

f(xk,y),k—l,/,f(xyj) =1,7,

6 obnacmi G =[0,1]2. Tooi kybamypua opmyna (I)l (m,n) 0151 0OUUCTEeHHSL TH-

meepainy 112 (m, n) Mae Hacmynuy oyiHky noxubxu npu { > 27 max {m,n} :
L I
£ () -t m.m) 16z2 aN?

ﬂoeeoemm Baenemo onepatopu:

LS (x,p) = Zf Xeo Vo (X), k=10, J, f(x,p) = Zf(x i) Ho, ().J

Jj=1

N
a\I
-

TOAi UIsi OnepaTopa-inTepiinanta Jf (X, ) ClpaBeLInBa TOTOXHICTh
I = (S +Jy = I Jy) [

Jns koxxHOT QyHKIIT f (x, y) BHUKOHYETHCS OIliHKA
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11
'f j (f(x,»)=Jf (x,y))sin 2zmx sin 2znydxdy| <
00

1

I f |/ e, ) = Jf (x, )| dxdy =

00

11
I J |f(x (1 +J, - J1J2)f(x,y)|dxdy:
00

¥

2 2
¢ ¢ ’”% yj*% R
Sz z j j L|x—xk||y—y/|dxdy:
k=l J=lx oy
2
L kg T
=Lz z J |x—xk|dx I |y—y1|dy—
k=l j=l " y
= )
Z, ‘ / X xk+l NEZ 5 y.i+*
=ZZ Z (% —x) . +(x=2x;) _(y/_y) (y y/) T
k=1 j=1 k,% & L Vi

ZA2A2f L~A 1o L~A2 L

42 2 16 A2 16 16/* 4N?
Teopema 1 moBeneHa.

O6uuciaenns 2D - koedinienTiB @yp’e 3 BUKOPUCTAHHAM iHTepHOIALIT
HA 0CHOBi KYCKOBO-CTAJIO1 cIIaliH-iHTepaiHaii. BBenemo mo3HaueHHs:

X =|:x1;—1/2’x12+1/2:|’ Y] =[J’;,1/2,y]+1/2}

- l,xe)?lg, . - l,erj, . —
hyp (x) = k=110, Ho](y): j=L,

nye)?jg’ O,yEY",
A A o s A s T2 _ 1
xl; _kAl _7’ i~ A1 _79 ka] _19£ ) A] _E_z



Hexaii Jf(x,y) — onepaTop-iHTEpHOISHT, MOOYAOBaHUI Ha OCHOBI CILIaliH-
inTepminanta Jf (x,y):

y):gﬁz_} f(xkaf’;)hOk (x)Ho] (J’)“‘ Z/‘,ZZ f(i,;»yj‘)i’ozz (X)HOJ‘ (y)—
—ZZf(xk»yj)hok (x) Hoj (),

k=1 j=l1
JUTS TKOTO BUKOHYFOTBCS BIIACTHBOCTI [1]:

1.jjr<56/;’yj):f(xlg’yj)a F=10, =10,
I (.35 ) = £ (%055 ), J=10, k=11;

El

2. | f ) =T (x,p)| = 0(%) = O(Az), V(x,y)eG.

Jinst o6umcnenns interpanis I (m,n), k =1,2,3 npononyothes hopmym:
1

<D1 (m,n) = I I (x, y)sin 2zmx sin 2znydxdy,
0

&)g(m n) j.
0

o

If (x, y)cos 2wmx cos 2nydxdy,

(fg(m n) _][
0

[ S———

(x y)e i27rmx lZ/Znydxdy

[TincraBumo y i opMyIH BHUpa3 I OIEepaTopa-iHTEePIIONIHTA

Jf(x,y) Ta
OTPUMA€EMO BiANOBITHI KyOaTypHi (GOpMyiH, HATIPHKIIAM:

V.1
’ (2 k+— j+5
(I)1 (m,n) = ZZf(xk,y ) I sin 2zrmxdx J. sin 2znydy +
k=1j=1 o
3 7
¢ 2 il yj+l
ZZ (X,>;) J. sin 2zwmxdx I sin 2znydy —
Jj=lk=1 X v
k- =
2 2
X1 Yo
o ks )
—ZZf(xk,yj) J. sin 2zwmxdx J. sin 2znydy .
k=1 j=1 vy
k—E J—=

2
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Teopema 2. Xau f(x,y)e CZZ,L’L ma  snauenns  fi; = f(xk,yj),
k=m, j=@, 3a0anui He Oinvute, Hidc 6 N =mm,, m; =m, =¢*, N=/*
Qikcosanux 8y3108ux mouxax (xk,yj) € G. Tooi kybamypua popmyna (512 (m,n)
0151 00YUCTIeHHA [Hme2pany 112 (m,n) mae nacmynmy oyinky noxubku npu
0>2r1 max{m,n} : npuyomy

L+8L 1 _L+8L 1
16 > 16 JN'

2 )
‘I] (m,n)—q)1 (m,n)‘ <
Josedenns. PosrnssHeMoO onepaTopu

¢ ¢
Jlf(xsy)ZZf(xkyy)hOk(x)y sz(xsy)ZZf(st’_/)Ho_/(y),
k=1 j=1
T =2 f(Fr i, Taf@y) =Y f (55 Hy (v) -
k=1 j=1
TOJI AJISL OllepaTopa-iHTEePIIONITHTA J f (x, y) , TOOy/T0OBaHOTO Ha OCHOBI Jf' (x, y) ,

CIIpaBeUIHBA TOTOKHICTS J f = (Jljz +j1J2 —JlJz)f .

3HalIeMO OIiHKY BETHINHH ‘112 (m,n) - (i)lz (m,n)‘ :

‘11 m n <D1 (m, n)‘ _1[ ‘1[ (f(x,y)—jf(x,y))sin27zmxsin2ﬂnydxdy <
00

11
< j j (f(x,y)—Jf(x,y)+JJ‘(x,y)—jf(x,y))sin 27xmx sin 2nydxdy| <
00

|/ () = Jf (x, )| dxdy + j j [ G, 3) = T £ (x, )| ey

o'-—.'—
[ ——

3a Teopemoro 1 Maemo: ‘112 (m,n)—®F (m, n)‘ <—=

I
. OTxe,
16f2 4N?

[ ———

1
J ‘Jf(x’y)‘jf(x,y)‘dxdy =
0

‘(J1 tdy=00y) f (12 + Iy —JIJZ)f‘dxdy <

1
<
0

Il
oS —_
[ ——

‘(J1 ~ 0 72) £+ (1, —szl)f‘dxdys

oS —_
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¢ 2 k+— /+—
SIS [ [ |ferr - £l
k=lj=l x | 5.,
ST
0 2 A’”% y“l
2 [ |er-rGE, y,)\dx [ av=
lk=1 5.
" e "
L v R o1 1
0 2 + j+
<LZZ j dx I ‘y V- ‘dy—i— LZZ J. ‘x xk‘dx J. dy <
k=1j=1 x ; 775 al }/7%
SLEAA—12€2+L€A 1€2—L£ ALy _LA—2=L.
4 20

Takum 4rHOM,

‘112 (m,n)—Ci)f(m,n)‘S ‘112 m n)—d)lz(m,n)‘+‘®f(m,n)—&)f(m,n) <

L+8L1 _L+8L 1

16 2 16 JN

Teopema 2 noBeneHa.

Uuceasnuii excnepumeHnT. Hexaif 3anana ¢pyHKisa
f(xy)= %(cos(Zx—Zy) +cos(2x+ Zy)) .
IToxaxxemo, 110
= ‘112 (m,n)—(iblz(m,n)‘ <
<[ (m,m) = @7 (m, )| + |07 o, m) = BF (m, )| = 2 + 2,

TouHi 3HaYCHHS iHTETPATIB:

I} (1,2) = 0.028997787909237
1}(2,3) = 0.008785471951418,
17(3,4) = 0.004308752165426,
I} (3,4) = 0.002566548604326 .
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Tabmuus 1.

OGuuceHns 112 (m,n) 3axybarypHOIO HOPMYIIOI0 Cf)lz (m,n)

AHE &7 (m.n) ‘
1 2 10 0.02899675888006 0.000001029029177
20 0.028997722732186 0.000000065177052
2 3 10 0.00878516815062 0.000000303800798
20 0.008785452326578 0.00000001962484
30 0.008785468052442 0.000000003898977
3 4 10 0.004308608143948 0.000000144021479
20 0.004308742628912 0.000000009536515
30 0.004308750260989 0.000000001904438
4 5 10 0.002566464399399 0.000000084204928
20 0.002566542991854 0.000000005612472
30 0.002566547476052 0.000000001128274
40 0.002566548245131 0.000000000359196

Tabmuus 2.

IMoxubka 0buKCIEHHS 112 (m,n) 3a popmynamu CDlz(m,n) Ta Cf)lz(m,n)

m | n |/ & & & +&

1 2 10 | 0.000000064804145 | 0.000000964225032 0.000001029029177
20 | 0.000000004793151 | 0.000000060383901 0.000000065177052

2 3 10 | 0.000000012040883 | 0.000000291759915 0.000000303800798
20 | 0.000000001331797 | 0.000000018293043 0.00000001962484
30 | 0.00000000028432 0.000000003614657 0.000000003898977

3 4 10 | 0.000000001192014 | 0.000000142829465 0.000000144021479
20 | 0.000000000565952 | 0.000000008970562 0.000000009536515
30 | 0.000000000131706 | 0.000000001772732 0.000000001904438

4 5 10 | 0.000000000683359 | 0.000000084888287 0.000000084204928
20 | 0.000000000269926 | 0.000000005342546 0.000000005612472
30 | 0.000000000072364 | 0.00000000105591 0.000000001128274
40 | 0.000000000025053 | 0.000000000334143 0.000000000359196

Amnami3 Tabmumi 1 Ta 2 mokasye CIpaBeTHBICTh TEOPETHYHNX TBEPIKEHb.

IlepcnekTHBU MOAAIBIINX AOCTIIKeHb. Pe3ynbraTu JaHHX JIOCIIKEHb
OymyTh BHUKOpHCTaHI Ipu 1oOynoBi KyOaTypHUX (opMys HaOIMKEeHOro oOuuc-
neHs 3D - xoedinienTiB Pyp’e 3 BAKOPUCTAHHAM OMEPaTOPiB KyCKOBO-CTANO] 1H-
TepiiHamnii Ha kimaci Jlinmuist.

BucnoBku. B cratti nocmimkyorses KyoarypHi ¢opmynu obuncienss 2D -
koeimieaTiB @yp’e 3 BUKOPUCTAHHAM OIEpPATOPiB KYCKOBO-CTAJNIOl iHTEpIiHAIIIT
Ha kyaci Jlimmmrg. [adopmaris npo ¢yHKIiro 3axaHa i crijaMu Ha CHCTEMI B3ae-
MHO-TIEPIIEHIUKYISIPHUX MpsaMuXx. OTprMaHa OIliHKa MOXHOKU KyOaTypHHX (op-
MyJ1. UucenbHUI eKCTIEpUMEHT MiATBEPKY€E TEOPETUIHHUH Pe3yIbTaT.
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VJIK 519.6

O.M. JIHTBHH, n-p }iz.-mat. Hayk, npod., YIIIA, Xapkis;
10.1. IIEPIITHHA, xauz. ¢i3.-Mat. Hayk, ToKkTopanTt, YA, Xapkis

NOBYJO0OBA PO3PUBHUX IHTEPHOJISAIIMHAX,
AIMPOKCUMAIIMHUX TA IHTEPJITHAIIIMHUX CILIAMHIB
3 BUKOPUCTAHHSIM TPAIIELIEBUJITHUX EJIEMEHTIB

[ToOynoBaHi pO3pUBHI alPOKCHMALIIHHI, IHTEPIOALINHI Ta IHTEpIiHALIMHI CIUIAiHK JUIs HAOIMKCHHS
PpO3pHBHOI (yHKIIT ABOX 3MIHHUX 3 00JACTIO BU3HAUEHHS, SIKYy MOXKHA pO3OMTH Ha MPSMOKYTHI Tpame-
uii. [ToOynoBaHi po3puBHI CIUTaifHU BKJIIOYAIOTH B ce0e, SIK YaCTUHHUI BUNAJOK, KIIACHYHI HellepepBHi
CIUTaifHY. 3alpONOHOBAHI METOIM HAOIMKEHHSI MOJKHA BUKOPHCTATH JUISl MATEMAaTUYHOIO MOJCTIOBAH-
Hsl PO3PHUBHHUX MPOLECIB B MEIUYHHX, F€OJOTYHNX, KOCMIYHHX Ta IHIIMX JOCIIPKCHHSX.

IMocTpoeHs! pa3pbIBHBIE ANIIPOKCHMAIMOHHBIC, HHTEPIOLIHOHHbIE W HHTEPIHHANMOHHBIE CIUTAWHEI
JULSL TIPUOJIIDKEHHS Pa3pBIBHON (YHKIMH IBYX HEPEMEHHBIX C 00JIACTBIO ONpPEETICHHUs, KOTOPYIO MOXK-
HO pa3OuTh Ha NPSIMOYTOJbHBIC Tpanenuu. [locTpoeHHbIe pa3phIBHbIC CIUIAHHBI BKIIOYAIOT B ce0sl, Kak
YaCTHBIN CIydaii, KIIacCHYeCKHe HEeNpepbIBHbIE CITaiHbL. [1peioxKeHHbIe METObI MPUOTMKEHHS MOXK-
HO HCHOJIB30BaTh IJIsI MATEMaTHYECKOTO MOJIEIHPOBAHUS PA3PhIBHEIX IIPOIIECCOB B MEAUIUHCKHX, T€O-
JIOTMYECKUX, KOCMHUYECKUX U APYTUX UCCIEJOBaHUSAX.

Are constructed discontinuous approximation, interpolation and interlination splints for approach of
discontinuous function of two variables with definition range which can be divided into rectangular
trapezes. Constructed discontinuous splints include, as a special case, classical continuous splints. Of-
fered methods approximations can be used for mathematical modeling of discontinuous processes in
medical, geological, space and other researches

Beryn. Beck po3BHTOK 00YHCITIOBAJIBHOI Ta MPHUKIAJAHOI MAaTEMAaTHKU TOBO-
PHUTH TIPO Te, 10 BUKOPHCTAHHS KOKHOI TOJAaTKOBOI iH(OpMAIIl PO AOCIiIKyBa-
HUH 00’€KT MOXeE TIPUBECTH JO OLTBII TOYHOTO i1 SKICHOTO BIJHOBJICHHS IIHOTO
00’€eKTy.
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