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Abstract

The effective method basing on theory ofR-functions and variational structural method is developedfor solving
non-linear boundary problems. Elastic-plastic bending ofthin shallow shells is considered. The problems are
reduced to finding stationary points of suggested mixed variational functionals according to the initial
linearization due to usage of subsequent loading and Newton-Kantorovich jointly with method of varying
elastic parameters. The method is used for automatic calculations in «POLE» programming system for
investigations o fshell structural elements. The numericaljustification ofthe method is given. New laws ofnon-
linear deformation ofshallow shells andplates with complex shapes in plane are established.
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Introduction

Many of the technology problems associated with the deformation of a thin shell, and this
explains the development of a geometrically and physically nonlinear theory of shells, with the
development of methods of research of stress strain state of shell structures, operating beyond the
limits of elasticity [1-3].

Mathematical problems of elasto-plastic deformation of flexible membranes are formulated for
non-linear differential equations under certain boundary and initial conditions. Mathematical methods,
allowing to explore and find solutions of nonlinear differential equations, quite complicated. This
paper proposes algorithms and some results of the solution of such problems on the basis of the
known variational-structural method and the theory of R-functions [4-7]. This method became
widespread in the international scientific literature under the name abbreviaturny RFM. For the first
time the RFM applied to the solution of geometrically nonlinear problems of theory of plates and
shells in [2] and its further development are presented in the review [6,7].

1. Mathematical Problem Formulation

Consider a thin shallow shell of constant thickness h under a transverse load. The mathematical
formulation of the problem is performed via theory of small elasto-plastic deformations in the form of
the method of variable elasticity parameter. Then the equations of state for the problems of bending of
thin shallow shells are presented in the form

N =Be +C% M =Ce+ 7% 1)
where e, % N, M - vectors composed of the components of membrane and bending deformations,
forces and moments at an arbitrary point in the coordinate surface of a shell, which is specified by the
metric within the Cartesian coordinate system, placed in terms of the shell. We consider an arbitrary

contour of the shell a(x,y)=0, lying in the plane x, y. The elements of matrices B, C, E represent
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integrals across the shell thickness calculated from the known function using variable parameters of
elasticity:
E=y/(1+y/9K), v=(/12-y/9K)/1+y /9K),

V = °VM/EVM’ K = E/3(1 - 2v) 2
where E, v - the modulus of elasticity and Poisson's ratio, CIVM,SW - Mises intensity for the

stresses and strains between which the functional relationship is set for the stress-strain diagram of the
material of the shell.
Elastic-plastic bending of shallow shells is described by the following system of nonlinear
equations [6]
V2(divaw - S2V27)- Ak9 - L(D2,w) —L(SI,9) - L((p,w) = q,
3
V2(s2Vaw +H1IV29)+Akw +L(SLw)-L(H2,9)+1 L(w,w) =0, ®)

where
L(™NP)=A1LP,22+722 PII-2'HI2 P12,

HI=bll/(n - b2} H2=/2b33 S1=c331b33 S2 = (bllcl2 - blzcll)/(2b33)

B - Wiy DU - H2)-2ClNTO2 () =0 -y o 2%
®a - b2) b33

2. Problem-Solving Method

After linearization of the nonlinear system of equations (3) by the method of subsequent loading
[8], while maintaining the same step of the loading E =Ek-i,v = ithe system of equations (3) is
transformed to the following:

V2 (dlv 2w (k) - S2V2(P(k))-A k9(K) - wk)) - w (K)-
- 1(9 (k>w(k-1))-L (9(k-1),w(k)) = Q, (4)
V2(s2V2w(k) + H iV 2p(k))+Akw(k)+ I(s i,w(k))+ 1h 2,9 (Kk)- (k), w(k=1))= 0,

To verify the values of stresses due to transverse strains and non-zero deformations sz (ctz = 0)
iterative formula is used [9]:

Sz& = - 1'+2a (m) C'-1)+e2(k-1))+ z(xI(k-1)+ X2(k-1))]
a'm)=-Em), K E0. 3G-3 *
9 K 3(1- 2v) c 2 (1+v)
cqm =1+-—---—- 33—, DM=01------3—-
1+2a(m)) @+2a(my
Su(ml) =-% !Ps(m)+ 2zPs(m) + z 2P[ m), (5)

Psm) = -4[c(m)(e|2(k- 1)+ e2(k-1))-2D (m)el(k- e2(k- 1) + Yk- ])]

=4 [ (ke)el (kD +* Akee2qk-D) -D(m)  Atk-Del (k-1)+*1 (k-De2keD)+ 2812kl {k-1)]

P 1) = ACIM(NZAK-) +X ZAk-1))+ 2D(m)Xi (k-)X2(k-l) +4XZ(K-1)]

((m))
ECm+l) = FM(VVM/, m =0,1,..M
¢ bR
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The iterative process, described by the formula (5), is completed when the following inequality is
satisfied |gH(m+1 - 8h(m-1)|/8(m-1) < 8, where s - prescribed quantity that determines the accuracy of

calculations.
The system of equations (4) for each k-th loading step is the set of stationarity equations for the
following variational functional

I(k)=jji Dlewx)1r +wlk),22)+ (D1- D2)'wk),11w(k),22 + D 2w (k)12 -
S

- (S1+S2) k), 2w(K),11 + p (k) 1IWK),22) - S 2 ({P(k), Lw(k) 11 + p (k),22w(K),22) +

+2S1(p(k),122w(K),12 - 2 H 1(FK),22 + (p&),11) - (H 1- H 2)(p(),11(pK),22 - H 2(p(K),12 -

- KIP(K),22 + k2(p(K), 117(K) - p (K, 11w(K)22w(k-1) - (p(K),22w(K)Lw(k-1) +

+ 2(p(K),12W(K), 12w(k-1) - 7 W(k)w(k),221p (kD11 - 2 WKWK, 1p (k-1)22 +

+2 wkw(k),12p (k-1),12 - 0 2 WKk)jdS (6)

It should be noted that under repeated use of the subsequent loading method an error caused by
discarding the nonlinear terms in (4) is accumulated. Therefore, after a certain number of steps the
Newton-Kantorovich method is used within the solution [10]. The initial approximation for the
linearized via the Newton-Kantorovich method system of differential equations is the solution
obtained using the method of subsequent loading. The accumulated experience of solving a large
number of tasks on the proposed algorithm allows making a conclusion about its effectiveness,
versatility and fast convergence.

After linearization of system (3) PHM we come to equations of the form

V201V W ntl- S2V20n#1)-A kOl - LO2n,Wht]) -L (S,Oi#l) -
) - L(Wn,Omnl) - {_(On,vvh+1): g +h(wWn,On)
V2(S2nV 20\l + HmV 20 n#) + AKWAHL + L(Sm Wht]) - L(H 2n,O ) +
+L(Wn Wh+D) + 121 (Wn ,W,,)= 0,

U]

where n is the iteration number.
The differential equations (7) are equivalent to the condition of stationarity of the following
functional

K ( )(wn+l,pn+l) = JAMNMD 1 (wntlxx + wetlyy)+(D1 - D2)wn+l,xxwn+l,yy + D 2wn+1,xy -
S

(s1 +S2)wrLyyp nlxx  (S1 +S2)wrlyop ntlyy + 2S1p n+LxywrHLxy
- S2 (WrLyyp nlLyy +wntlxop ntlxx) -

- "2H 1 @ Hlyx + prdyy) - (H1 - H 2/PmLxxp nedyy -

"2(pn+Lywr+lywnxx + p nELxwnLxwnyy - (prlLxwntly + p L ywn+lxywn) -

NYYWnxx - p nyxwn,yy )wntl - (wnyywn,xx - wn,xy )pn+lJds . (8)

Thus, the original nonlinear boundary value problem for the system (3) is reduced to solving
variational problems of finding the minimum of the functionals (s) and (g). Discretization of the given
functional should be carried out on the set of kinematically admissible functions satisfying the given
boundary conditions. To meet the given boundary conditions the solution structure using the theory of
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R-functions [4] is built. The developed algorithm is realized within the POLE-RL programming
system.

3. Numerical Results

This paper studied the elastic-plastic deformation of square spherical shallow shells with a
radius of curvature k =k 1=k2 =18 for the case ofthe simply supported boundaries conditions:

d20 d 2w
®r = R

"
o

r

Basic physically-mechanical characteristics of the material are taken for the diagram
corresponding to the linear-hardening materials, however, for different values of the yield stress. The
numerical results, as a function ofthe central deflection load setting, are shown in Figure 1

0,0 05 1,0 15  wh
Figure 1. piagram “load - deflection” spherical shallow shells

From the presented data we can draw the following conclusions. If the shell material in the
considered range of loading has an unlimited elasticity (ctt =ro ), the stiffness is significantly higher
than in the case of limited elasticity. With a decrease in the yield strength of the material with linear
hardening, the rigidity of the shell is markedly reduced. For comparison, the dashed line in Figure 1
shows known data of work [11]. It is seen that the numerical results coincidence is quite satisfactory,
which proves the above laws of the influence of plastic deformation on the bending of thin shallow
shells with large displacements.

Similar conclusions follow from studies done for thin rectangular plates. The diagram "load -
deflection™ in this case is shown in Figure 2. Here points (x) denote data from [11],

0 0.5 LO w/h

Figure 2. Diagram "load - deflection" for square plates
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In the above examples the question of the formation of plasticity zones on the surfaces of the shell and
plate with proportionally increasing pressure is studied. For comparison, in Figure 3, taking into
account the axial symmetry, given the plasticity zone for shells with parameters: aT=15, E =0,01.
The plasticity zone are shown on the surface z =+h/2 when the central deflection w=h and
w =1,6h . It is seen that on the surface z =h/2 this zone is located near the corner points of the plan,
and with the deflection increase it is expanding. On the inner surface z=- h/2 a local zone of
plasticity is forming at w =h in the vicinity of the center of the shell, and as you increase the load it
extends into the central part of the shell. When w =1,6h it covers the whole central part of this
surface (Figure 3).

w=16h

ov =1
Figure 3. Location of the plastic zones on the surlace of spherical shallow shell

The formation of plastic zones in the plate is markedly different from what was observed for the
shell. Calculated data of areas of plasticity in the plate of material: aT=5, E =0,01, on the surface

z = +h/2, when the central deflection w =h and w =1,6h, is shown in Figure 4. It is seen that on
the outer surface z = h/2 the plastic zone formed in the center of the plate and spreads with the load

increase up to the corner region of the surface. However, on the inner surface these areas are
significantly larger than on the outer one. Still their distribution is almost no different from that of the
outer surface of the plate.

w=1.6 h

Figure 4. The location of the plastic zones on the surface of the plate
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Conclusions

The paper proposes a method to solve geometrically nonlinear elasto-plastic bending problems
for thin shallow shells and plates. This method is based on the R-function method. The solution is
obtained by the Newton-Kantorovich method of subsequent loading. The developed algorithm and
software are used to solve a number of test problems and to study complex-shaped shells. The paper
investigates the effect of the shape of shells, boundary conditions and the load distribution on the
elasto-plastic bending behavior of thin shallow shells and plates. Accumulated experience of solving a
large number of tasks using the proposed algorithm allows to conclude its effectiveness, versatility
and fast convergence.

References

[1] Guz AN., Storozhuk E. A., Chernyshenko I. S. Physically and Geometrically Nonlinear Static
Problems for Thin-Walled Multiply Connected Shells. International Applied Mechanics. Volume 39,
Issue 6 2003. PP. 679-687.

[2] Rudenko I. B. The equilibrium elastic-plastic spherical shell with two circular holes. Problems of
computational mechanics and strength o fstructures. 2011, vol. 15, 156-161. (in Ukrainian).

[3] Stupishin L. U., Kolesnikov A. G. Geometric Nonlinear Shallow Shells for Variable Thickness
Investigation. Advanced Materials Research, 2014. Vols. 919-921. PP. 144-147.

[4] Rvachev V.L. Theory ofR-functions and some ofits Applications. Kiev: Naukova Dumka; 1982
(in Russian).

[5] Kurpa L.V., Nasriddinov H.F. The R-functions methods in problems of bending the flexible
plates. Kharkov: AS USSR. Institute of Mechanical Engineering Problems, 1986. (in Russian).

[6] Kurpa L.V., Morachkovska 1.0. The calculation of flexible shallow shells with complex shapes
in plan at elastic-plastic bending. Mashinoznavstvo. 2000. N°3(33). PP. 21-26. (in Ukrainian).

[71 Kurpa, L.V., Lyubitskaya, E.l., Morachkovskaya, 1.0. The R-function method used to solve
nonlinear bending problems for orthotropic shallow shells on an elastic foundation. International
Applied Mechanics 46 (6), 2010. PP. 660 - 668.

[8] Petrov V.V. The method o fsubsequent loading in the nonlinear theory ofplates and shells.
Saratov: 1zd-vo Sarat. un-ta, 1975. (in Russian).

[9] Myachenkov V.I., Grigoriev I.V. Calculation ofcomposite shell designs on a computer. Moscow:
Mashinostroenie. 1981. (in Russian).

[10] Grigorenko A.M., Mukoed A.P. The solution ofnonlinear problems in the theory ofshells on a
computer. Kiev: Vischa shkola, 1983. (in Russian).

[11] Troshin V.G. The solution is physically and geometrically nonlinear problems of a technical
theory of shells. 1zv. ANSSSR MTT. 1985. M3. P.129-135. (in Russian).

470



