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JOCTATHSA YMOBA CKIHHEHHOCTI TOYKOBOI'O CIIEKTPY
TPAHCIIOPTHOI'O OIIEPATOPA

BcranoBneHo, 1o TpaHCIOPTHUN OnepaTop 3a ACSIKUX YMOB MOKE MaTH TUTbKH CKIHUEHHHH TOYKOBHI
CIEKTP.
KurouoBi cioBa: oneparop, neperBopennst Oyp'e, aHaNITHIHE TPOIOBKEHHSI.

YCTaHOBIEHO, YTO TPAHCHOPTHBIM OMNEPATOP MPU HEKOTOPBIX YCIOBUSIX MOYKET HMETh TOJBKO
KOHEYHBII TOUEUHUH CIIEKTP.
KuroueBrble ciioBa: oneparop, npespauienue Oyp'e, aHAIUTHYECKOE [TPOJOTHKEHHUE.

Abstract: It is proved that transport operator under certain conditions can have finite point spectrum
only.
Keywords: operator, spectrum, Fourier transformation, analytic extension.

1.Statement of the problem
We consider partial case of so-called "equation of transmission". There is much
literature concerning (during many years) different problems in this direction. One of
such problems, namely the problem of neutron transport, leads to the operator
1 o) = =it - 5 ) ) [ G
: (1)

in the space 1?(p), where p=Rrx[-1,1]. In [1] in the case
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c, |x| <a

c(x)=140, |x| >a,c = const

it was obtained that continuous spectrum coincides with real axis r and that the set
of eingen-values is finite. In [2] in the case c¢e L”(R), supp ¢ < [-a,a], ¢(x) >0 well-known

functional model is applied.

In [3] the authors use Friedrichs' model to study the operator L. In the case of
exponentialy decreasing potential the sufficient condition of finiteness of point spectrum
was obtained. The methods of this work were used in [4] in more general case of the
operator

Lf(x,#):—iu%(x,#)+a(x)jb(#')f(x,#')d#'- )
-1
As it was proved in [4] the value ¢ =0 only can be the point of accumulation of
point spectrum of the operator L if the following conditions hold:
a)the function «(x) is locally integrable and satisfies the estimate
la(x)|< MeeH ,XER, 3)
where ¢>0,M >0 are some constants.
b)the function s(u), u<(-1,1) admits analytic extension »(z) into the circle |z]<1+e.
Note, that the resolvent admits analytic extension over (-«,0)and (0,») (see

Theorem 1, Theorem 2 of [4]).
The aim of our article is to give sufficient condition on the functions a(x), b(u) such

that the value ¢ =0 is not the point of accumulation of point spectrum. Then the point
spectrum of the operator L is finite set. Like [3-4] we use unitary equivalence of the
operator L to the operator of Friedrichs' model.

2.Friedrichs' model

Here we give some notations and results from [4].

Let # be Hilbert space of the functions on two variables (s, 1),(s, 1) € D= Rx[-1;1]
with norm

1
1913= [ [ 196,10 P ——dsdu
201 | ]
and let ¢=1*r). We denote by (.),(.)y scalar product in the spaces ¢ and H
respectively. We denote by s:# — 1 the operator of multiplication by independent
variable (So)(r,u)=7¢(r,u),r e R With maximal domain of definition. Using Fourier

transformation it was proved in [4] that the operator L:1*(D)— L*(D) is unitary equivalent
to the operator 7=5+4"8: H —»H with bounded operators 4*:G— H, B:H — G under the
form

* —iyi
A'cls, ) =§1j?a1 (e “dy, €)
and
1
Bo(x) = az(x) [e"" ( J b(u’)co(w',u’)du}df- (5)
R -1
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We use the traditional form of perturbation "8, that's why we don't need the
operator 4:# — G itself. The representations (4)-(5) contain the factors 4, ,(x) of arbitrary

factorization such that
a(x) = a,(x)a,(x), |a, (x)| = |a2 (x)|-

The relation between the resolvents 7, =(7-¢)™" and s, =(s-¢)™" of the operators 7

and s is 7, =S, -S,4"K(¢) ' BS, , where K(¢)=1+B5;4".
3. Estimate of the operator x()-1
As it was proved in [4(Lemma 3.2, Lemma 3.3)] that

(K(g)-Dg)x) = J k(x,y,6)g(y)dy, k(x,y.¢)= iaz(x)al (DI (x-y,¢), where

I(u,$)= jo wi SANG T jo wi 1o (udt, s(u) = sign(u) and

£,0)=] %{b(%}e‘""y + b(— Q]el’wy }dy, w==l.

0 y
Concerning the function f, (0) it was obtained the

estimate

£,(0)|<a|n6|+a,,0<0<1 and

a
£, (9)| <5, 0 >1, where a,,a,,a are some constants

with respect to the variable 6. Easy to see that a,,a,,a < C||

o> Where C = constdoesn’t
depend on the function b(e).
Let ,(8)={¢:|¢[<8.£Im¢ >0, al, = [l e ax,
R

M(5)= C{“.@y—xr; +(y—x)4}exp[— 25(]x|+|y|)]dxdy]2 (6)

for some p >4, where C, =const doesn’t depend on the functions a(e), b(e).
3.1.Theorem. For every s<¢ (see(3)) the operator k(¢) has form
K(&)—1=2mb(0)In (e, a,)a, + O(£), § €Q,(5), (7)
where ¢ denotes the branch of logarithmic function which is continuous in the
domain ¢ ¢[0,.0) and such that in(-1)=z. The operator 9(¢): 1*(R) - L*(R)
is compact and bounded uniformly with respect to ¢, namely:
lo< M @)pluld,-¢ €.(6) ®)
where constant M (5) is defined by (6). The proof of theorem 3.1 is similar to one of

Lemma 4.2 from [3]. Also Lemma 3 from [4] is important.
4.Finiteness of the spectrum
We introduce scalar function y(¢) and operator function 1) by the relations:

y(§)=%mb(0)Ing, I'({)c=c+y()c,a)a,,  €Q,(5). 9)
4.1.Lemma. Suppose that »(0)a,,q) 0. Let's choose the value s, <1,0<6, <5 such
that (see(8))
(&)@, a)| =7 |- p(0)]-[(a;,4,)|2 2,0 <[¢]| <6, (10)
then the inverse operator ()" exists for the coresponding values ¢ and its norm
has the estimate:
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”r(g)—‘“s3M,o<|g|<5l. (11)

|(a2aal)|
Proof. Let's consider the equation r()c=4 or (see(9))
c+y()e.ay)ay =d. (12)
Multiplying by o, we get (c,a)[1+7($)(ay.4)]= (d,q)). Substitution of the value (c,q) in
(12) gives

Sl PN S 4 (9 N
c=T()'d=d 1+y(§)(a2,a1)(d’al)a2’0<|§|<51' (13)

We denote z=y(¢)a,.4), then according to the condition (10), we have |>2, so
2 T RS S N2 DU U - E-
1+7 O az.a)| faz,an)|lz+11" [az,ap)] Jf-1]  |az.a1)]
Therefore,the estimate of the norm of the operator (13) is following:
(az.ap]+ Aas|-fan] _, Jaz] |
l(az.ap)| l(az.ap)|

-1 2 . _
re <1 “angleal el

(a,
what proves the Lemma.
4.2.Theorem. Let the operator L be given by the expression (2). Suppose that for
some value ¢>0 the function a(x) satisfies the condition (3) and that the function

b(u), p<[-1,1] admits analytic extension into the circle [|<1+e.
1) Let »0)=0. Let's fix 5 <(0,).
Then operator L under the condition (see(6))
M) -Jal, <1 (14)
has not point spectrum in the domain o<|¢|<s;

2) Let »(0)#0, ja(x)dxi 0. Let's fix 5§<(0,6) and define 5, <5 according to the condition
R

(10). Then operator £ under the condition

[elcr -Jal, < 3,(5)

J. a(x)dx

/J.|a(x)|dx, (15)

where M (6)=1/(3M(5)) has not point spectrum in the domain 0<[¢|<g;.
3) Let ja(x)dx¢o. Let's fix s<(0,¢).
R

Then there exist numbers k, >0 and &, >0 such that the operator L, formed with the
pair of functions b(u), ka(x), where keC,[k|<k has not point spectrum in the domain
0<l¢|<a.

Proof. It is sufficient to prove the statement of the theorem for the spectrum of the
operator 7 instead of operator L (as Tis unitary equivalent to £). Due to [4] it remains to
prove that ¢ =0 is not the point of accumulation of point spectrum of the operator 7.

Due to the relation 7; =5, -5, 4'K(¢)™' BS, we must study the operator k(). So, let us
consider inverse operator for x(¢):G— G, or the equation
K()e=d,, e (5).
1) Let »0)=0. According to (7)-(8) for arbitrary 5 << we have
[k 1=l < M @&l lal,» ¢ e0:@). (16)
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According to (14) we have |o(¢)|<1, then for fixed value ¢ <0, (s) inverse operator
K(&)™" exists and it is uniformly bounded operator in @, (5). So, the domains @, (5) do
not contain point spectrum. The operator T, =S, -S,4'K({)"'BS,, where 4", are

bounded operators, is bounded for ¢ eQ,(5). For fixed value oe(-5,0)0(0,5) limit
values of bilinear forms (T,¢,y). = lim (7,,,.p.y) are finite for smooth elements ¢,y .

Really, as it was proved in [4] the operator K(¢) admits analytic extension over
(-0;0),(0;0).  So, the limit values Q,(o) (defined analogically (7,¢,w),) satisfy the
inequality |0, (c)|<M(8)|b].. |a], like (16). Therefore the circle 0<[¢|<s does not contain

the real eigen values from point spectrum of the operator 7.
The statement 1) is proved.

2) Let 5(0)#0, [a(x)ax=0. Taking into accont the proof of 1) it's sufficient to prove
R
that the equation k(¢)c=0 has zero solution only. From the equation 1(¢)c+0()c=0 (see
(7),(11)) we obtain c+1¢)"'0)e=0. We remark that according to factorization
a(x)=aq (x)az(x) we have (ay,a7)= jaz(x)al(x)dx ja(x)dx. As
R R
b(0)(ay,a;) = b(0)- j a(x)dx # 0,
R

then the condition of Lemma 4.1 holds. According to (11) and (8) when s, <5 we
have
e Q(C)H< w HH@)“H b IIQ(C)II

sup
[¢]=y

el oy mmlelssw @ el .

We recall that the factorization a(x)=a;(x)a,(x) is such that |¢(x)|=|a,(x)| then
1

1
2 2
"al " . ||a2|| = ('ﬂal ()c)|2 de ('ﬂaz (y)|2 dyJ = “al ()c)|2 dx = J-|a(x)|dx.
R R R

So, due to the condition (15) we have sup ‘r(g)‘l Q(g)” <1, what proves 2).

[¢]<8,
3) Suppose the inequalities (14) or (15) do not hold for the pair »(w), a(x). Then it is
evident that they hold for pair s(u), ka(x) for sufficient small values k.

Theorem is proved.

Corollary. Operator L (see(2)) under the conditions of Theorem 4.1 can have
finite point spectrum only.

Proof. According to [4] the unique point of accumulation of point spectrum of the
operator L may be ¢=0 only. But as it follows from the Theorem 4.2 it is impossible,

what proves Corollary.
Remark. One can work without Friedrich's model,but with the operator L itself as

integro - differential operator. Let us give examples of corresponding factorization.
We have L=1,+4 B, where
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1 of(x,u)
Ox

1
Lo (v, 1) =1 and A" Bf(x,1) = a(x) [b(u') f (x. )t

-1
Let's choose, for example, the next factorization: 4,5:# - G, where G =1*(R) and

1
Bf(x)= [b(u)f (.1 )i, 4"e(x) = a(x)e().
-1

As
i, i
— Lk je Het,wydt, u>0
Locgam)=(Lo-O) g =y ", *
B x =
LeH Ie Hg(t,wydt, <0,
H -0
then

0 1

BLoAe(x) = ( [+] Jb(u')f(x,u')du' -

-1 0

0 b i¢ (x~1) Ly i (x—t)
=i (i) [e # a@c@addu' i (”,) fe # ac@didy’.
-1 |'u | — 0 |,U | S

Other factorizations also give complicated expressions for the operator 1+8L,4".

On the other side, we indicate for example the work [5] (see its references too),
where for transport operator in bounded domain in rY compactness directly for the
operators like Lo,V and vz, ., v = 4" was proved with out any Friedrichs’ model.
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BHEJPEHUE BI PEHIEHUIA B CRM CUCTEMBI

CratTs npucssiueHa «bisHec-aHani3y» 1 10ro 3Ha4€HHSM B CUCTEMI YIPABIIIHHS B3aEMOBITHOCUHAMHU
3 kiieHTamMu. ONKUCYOThCS MiAX1A B peanizallii Ta crenuika KOHLEi 613HeC-aHaJITUHYHUX PIIeHb
JUIS. CUCTEMU YIIPABIIIHHS B3aEMOBITHOCMHAMM 3 KIIIEHTAMH Y BaXKiii IPOMHUCIOBOCTI.

Kurouosi ciioBa: 6i3Hec-aHani3, CUCTEMHU YIPaBIiHHS B3aEMOBITHOCUHAMH 3 KIIIEHTAMHU

Cratbs IIOCBAIICHA ((BI/ISHGC-aHaJ'[I/ISY)) " €ro 3HAYCHHUIO B CUCTEMC YIIPABJICHUA B3aMMOOTHOIICHUAMUA
¢ kimueHTaMu. OmUCKIBAIOTCS moaxoJ B p€ajin3anui u cneumbm(a KOHICIIIINH ousHec-
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