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Determination of the natural frequencies and forms of vibrations of turbine 

blades with the present level of knowledge is one of the chief problems that have to be 

solved at the design stage of turbines in order to ensure vibration reliability. The more 

stringent requirements that the mechanical properties of critical units, especially 

blades, have to fulfill when subjected to vibrations make it necessary to investigate 

the high-frequency part of the spectrum to which correspond the "lamellar" forms of 

vibrations, Moreover, the lamellar forms are a characteristic feature (even at low 

frequencies) of blades whose axial and transverse dimensions are commensurable. 

The most widely used calculation schemes of blades - treating them as rods - do 

not make it possible to determine the natural vibration frequencies corresponding to 

such forms with the required accuracy. Greater possibilities of devising more correct 

mathematical models of blades and universal methods of investigating their vibrations 

are opened up in connection with the application of the finite element method. 

In the present work we use a superparametric shell element obtained from the 

full three-dimensional isoparametric form by introducing the hypotheses that 

characterize the mathematical models of Timoshenko shells. The outstanding 

suitability of the element is due to the fact that the hypotheses concerning the state of 

stress and strain of shells are taken into account already during the process of 

constructing the element. Therefore, to obtain the matrix characteristics of the 

element, it is expedient to use the basic relationships of the theory of elasticity. In 

essence, the element is intermediate between two dimensional curvilinear shell 

elements and three-dimensional curvilinear elements, and this makes it possible to 

overcome the basic difficulties that are typical of the finite elements of other types in 

checking blades for dynamic strength. 

The superparametric element used, having 40 degrees of freedom, was obtained 

from a rectangular parabolic base element and belongs to the serendipitous family. 

The algorithm for obtaining the chief characteristics of the element --matrices of 

rigidity and matrices of masses -- was explained in [1-3]. It should only be pointed out 

that, regardless of the simple integration limits, the expressions for the integrands are 

complex and, therefore, it is necessary to integrate numerically in order to obtain the 

matrices of rigidity and of masses. Most effective is the use of Gauss' formula of 

integration. And numerous calculations [1, 2] showed that the use of the formula by 

one order of magnitude lower (lowered order of integration -- LOI) than necessary, in 

accordance with the order of the approximating polynomial (basic rule of integration -

- BRI), makes it possible to improve substantially the results of the calculation. 



It is known that the dynamic calculation of finite element models reduces to the 

investigation of an algebraic system of equations whose matrix has a strip like 

structure. For its construction the matrix of indices [4] is used; natural frequencies and 

forms of vibrations are determined by the square root method [5]. The algorithm of 

the calculation was realized in the complex of FORTRAN programs for BESM-6 

computers. 

Thus the suggested approach yields good agreement between calculation and 

experiment. Here an important part is played by the use of accurate and not 

approximate methods of investigating the resolving algebraic system of equations, 

and also by the adequate selection of nodal points with whose aid the geometry of the 

finite elements is specified. 
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