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INTRODUCTION 
 

The intensive development of digital technologies contributed to them 
implementation in such technological fields as digital television, 
biomedicine, digital mobile communication, digital audio and video 
recording, telecommunications, etc. Methods of digital signal processing are 
the basis of many of the latest digital developments and various applications 
of additions, including in the field of computing. 

The purpose of the workshop of the course "Signal and Image Process-
ing" is to consolidate practical skills of application of methods and algo-
rithms of digital processing of signals and images. Workshop includes 
mathematical basics of signal processing (Fourier transforms and Fourier 
series, convolutions, z-transform) and image processing (two-dimensional 
Fourier transform, element-by-element transforms, digital filtering and 
wavelet transforms). 

Workshop contains descriptions of 9 two-hour practical works. The 
structure and content of the workshop correspond to the work program of 
the course "Signal and Image Processing", lectures and practical classes of 
which are currently held at the Department of Computer Engineering and 
Programming NTU "KhPI". 

Each student receives an individual task in accordance with the num-
ber in the journal and prepares a report of practical work. 

Completing practical work involves preliminary study of the relevant 
section of the course and methodological instructions for this work. To be 
allowed to perform practical work, the student need to know the basics of 
math analysis (derivatives, integrals, matrices, complex numbers etc.), the 
basics of physics as well as being able to use the MATLAB program pack-
age to solve practical problems. 

The work is considered passed if the student has completed the 
individual task with all the necessary calculations, written a report and 
answered theoretical questions 
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Practical task №1. 
Fourier series of continuous signals 

 
If the signal )(xf is defined on the interval ];[ ba , then its 

decomposition into the Fourier series is determined by expression (1.1),  
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Examples 
Example №1. Find the decomposition in the Fourier series: 
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Thus, the Fourier series decomposition takes the form: 
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Example №2. Find the decomposition in the Fourier series: 
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Find the half-period 12/))1(1( L .  

Determine the coefficients of decomposition:  
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To find an integral of the product of functions, we use the method of 

integration in parts: 
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Obviously, the Fourier series decomposition looks like this: 

 

  


















1

1

1
22

sin
)1(

cos
1)1(

4

1

k

k

k

k

xk
k

xk
k

xf . 

 



 9 

Tasks №1 for independent work  
 

Find the Fourier series of the signal 
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shown in Fig. 1.1. The signal parameters must be selected according to the 

number from table. 1.1. 

 

 
 

Figure 1.1 - Non-periodic signal specified in the interval ];[ ba  

 

Table 1.1 - Signal parameters (N - student number according to the 

journal) 

N a 1a  b N a 1a  b N a 1a  b 
1 -9 -5 0 11 -7 -4 -1 21 -5 -3 0 
2 -8 -4 1 12 -6 -3 0 22 -4 -2 1 
3 -7 -3 2 13 -5 -2 1 23 -3 -1 2 
4 -6 -2 3 14 -4 -1 2 24 -2 1 3 
5 -5 -1 4 15 -3 1 3 25 -1 1 4 
6 -4 1 5 16 -2 1 4 26 0 2 5 
7 -3 1 6 17 -1 2 5 27 1 3 6 
8 -2 2 7 18 0 3 6 28 2 4 7 
9 -1 3 8 19 1 4 7 29 3 5 8 

10 0 4 9 20 2 5 8 30 4 6 9 
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Practical task № 2. 
Discrete Fourier Transform  

 

The expression for the direct discrete Fourier transform (DFT) is: 
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value ][kX  is the frequency output of the DFT at the k-th point of the 

spectrum, where k is in the range from 0 to 1N . The value ][nx  is the n-

th count in the time domain, where n is also in the range from 0 to 1N . 

The expression for the inverse discrete Fourier transform (IDFT) 

has the following form: 
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Substitution of rotation factors NW  in (2.1) and (2.2) leads to the 

definition of DFT and IDFT, respectively, in this form: 
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The obtained expressions allow to convert the time domain of the 
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discrete periodic signal to the frequency and back. 

 

Examples 
Example № 1. Calculate the spectrum of the discrete 

signal )0;0;0;0;(][ anx  .  

 

The solution. 

We use expression (2.1) to calculate the spectrum of a discrete non-
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Example № 2. The signal ][nx  has the following samples: 

)1;1(][ nx . This signal is shown in Fig. 2.1. It is necessary to calculate 

the first two harmonics of the spectrum of this signal. 

 

 
 

Figure 2.1 - Graph of the input signal  
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Therefore, the first two harmonics of the spectrum are equal 
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then 
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Graphs of the given discrete periodic signal ][nx  and the calculated 

discrete periodic spectrum of amplitudes ][kX  are given in fig. 2.2 

(amplitude A of a complex number jbaX   is calculated by 

expression 22 baA  ). 

 

 
 

Figure 2.2 - Graph of the discrete signal ][nx  

and its spectrum of amplitudes ][kX  
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The graph of the sequence )0;5,0;0;5,0(][ nx is shown in Fig. 2.3. 

The graph shows that the signal ][nx  is discrete and periodic. 

 x[n] 

Tс 

2 

1 

T n 

. . . . . . 

k 0  с 

X[k] 
3 

3
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Figure 2.3 - Graph of the signal recovered by the formula IDFT  

 

 n  Tс  T 

 x[n] 

 0,5 

 0,25 

 0 

 

0,25 

. . . 
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Tasks № 2 for independent work  
 

1) Calculate the DFT of the discrete signal given by its samples. Plot 

graphs of signal and amplitude spectrum. 

2) Calculate the value of the discrete signal based on the available 

DFT. Plot graphs of the amplitude spectrum and signal. 

Initial data for tasks 1 and 2, see in table. 2.1. 

 

Table 2.1 - Task options (N - student number in the journal) 

N Discrete signal (for task 1) Spectrum (for task 2) 

1 )2;1;1;2(][ nx  )2;1;1;2(][ kX  

2 )2;1;1;2(][ nx  )2;1;1;2(][ kX  

3 )1;2;1;2(][ nx  )1;2;1;2(][ kX  

4 )1;2;1;2(][ nx  )1;2;1;2(][ kX  

5 )4;3;2;1(][ nx  )4;3;2;1(][ kX  

6 )4;3;2;1(][ nx  )4;3;2;1(][ kX  

7 )4;3;2;1(][ nx  )4;3;2;1(][ kX  

8 )2;0;1;3(][ nx  )2;0;1;3(][ kX  

9 )3;1;0;3(][ nx  )3;1;0;3(][ kX  

10 )3;0;0;3(][ nx  )3;0;0;3(][ kX  

11 )0;2;2;0(][ nx  )0;2;2;0(][ kX  

12 )0;3;0;2(][ nx  )0;3;0;2(][ kX  

13 )0;1;0;2(][ nx  )0;1;0;2(][ kX  

14 )0;3;0;2(][ nx  )0;3;0;2(][ kX  

15 )0;3;0;2(][ nx  )0;3;0;2(][ kX  
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Practical task № 3. 
Fast Fourier Transform  

 

FFT is the generic name for any method for reducing the compuational 

complexity of a DFT. There are many different methods for reducing 

complexity. 

The most common algorithms are radix 2 FFT. 

A radix 2 FFT splits the complete DFT calculation into a combination 

of 2-point DFTs. Each 2-point DFT contains a basic multiply-accumulate 

operation called a “butterfly”. 

There are time decimation and frequency decimation FFT algorthms. 

 

3.1. Time decimation FFT algorthm 
In Fig. 3.1 shows the basic operation for FFT with time decimation, 

and in Fig. 3.2 is an example for a 4-point FFT. 
 

 
or simplified 

 
 

Figure 3.1 - Basic operation in the FFT algorithm with decimation in time  

r
NbWaA   

r
NbWaB   b 

a 

r
NW  

1 
 

 
 

+ 

+ 

+ 

 

r
NbWaA   

r
NbWaB   b 

a 

r
NW

 
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Figure 3.2 - Algorithm for 4-point FFT with decimation in time  

 

An example of a bit reversal algorithm used to implement decimation 

in time is shown in Table 3.1. 

The decimal index n is represented by its binary equivalent, then the 

binary digits are reversed and converted back to a decimal number. 

 

Table 3.1 - Bit reversal in the time decimation algorithm 

 

Decimal number  0 1 2 3 4 5 6 7 

Binary equivalent  000 001 010 011 100 101 110 111 

Binary equivalent with 

reversal  
000 100 010 110 001 101 011 111 

Decimal equivalent  0 4 2 6 1 5 3 7 

 

 

3.2. Frequency decimation FFT algorthm 
In Fig. 3.3 shows the basic operation for FFT with frequency 

decimation, and in Fig. 3.4 is an example for a 4-point FFT. 

]0[]0[1 xx   

]2[]1[1 xx   

]1[]2[1 xx   

]3[]3[1 xx   

0
2W

0
2W

0
4W

 

1
4W

 

]0[2X

]1[2X  

]2[2X
 

]3[2X  

]0[X

]1[X

]2[X

]3[X

Крок 1 Крок 2 Крок 3 
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or simplified  

 
 

Figure 3.3 - Basic operation in the FFT algorithm with decimation in frequency  

 

 
 

Figure 3.4 - Algorithm for 4-point FFT with decimation in frequency  

 

3.3. Frequency decimation IFFT algorthm 
In Fig. 3.5 is an example for a 4-point inverse FFT (IFFT) with 

decimation in frequency 

 

]0[x
 

]1[x  

]2[x  

]3[x  

0
2W

 

0
2W

 

0
4W

 

1
4W

 

]1[1X
 

]2[1X
 

]3[1X
 

]0[]0[2 XX   

]2[]1[2 XX   

]1[]2[2 XX   

]3[]3[2 XX   

Крок 1 Крок 2 Крок 3 ]0[1X
 

baA   

r
NWbaB )( b 

a 

r
NW  

1 

 
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+ 

 

baA   

r
NWbaB )( b 

a 

r
NW

 
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Figure 3.5 - Algorithm for 4-point IFFT with decimation in frequency 

 

Examples 

 
Example № 1.  

Compare the spectra of the following signals )1;0;1(][ nx  and 

)0;1;0;1(][ nx . 

 

The solution. 

Calculate the spectrum of the discrete signal )1;0;1(][ nx . 

For 0k :  








2

0

2

0

0
3

2

][  ][]0[
nn

nj
nxenxX , отже  

0101]2[]1[]0[]0[  xxxX . 

 

For 1k :  

2
3

2
1

3

2
0

3

22

0

1
3

2

]2[]1[]0[ ][]1[
















jjj

n

nj
exexexenxX , 

]0[]0[1 XX   

]2[]1[1 XX   

]1[]2[1 XX   

]3[]3[1 XX   

0
2W

 

0
2W

 

0
4W

 

1
4
W

 

]0[2x
 

]1[2x
 

]2[2x
 

]3[2x
 

]0[3x  

]1[3x
 

]2[3x  

]3[3x  

Step 1 Step 2 Step 3 
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2

33

2

31
110  1 ]1[ 3

4

3

2
0 jj

e eeX
jj

j 









 . 

 

For 2k :  

4
3

2
2

3

2
0

3

22

0

2
3

2

]2[]1[]0[ ][]2[
















jjj

n

nj
exexexenxX ,  

2

33

2

31
110  1 ]2[ 3

8

3

4
0 jj

e eeX
jj

j 









 . 

 

Thus, the first three harmonics of the spectrum are: 

)
2

33
;

2

33
;0(][

jj
kX


 . 

Add one sample equal to 0 to the output signal and calculate the 

spectrum of the received signal )0;1;0;1(][ nx . 

For 0k :  








3

0

3

0

0
4

2

][  ][]0[
nn

nj
nxenxX , 00101]0[ X . 

 

For 1k :  

3
2

2
2

1
2

0
2

3

0

1
4

2

]3[]2[]1[]0[ ][]1[



















jjjj

n

nj
exexexexenxX , 

211010  1 ]1[ 2

3

2

2

20 








 jjj
j  ee eeX . 

 

For 2k :  

6
2

4
2

2
2

0
2

3

0

2
4

2

]2[]2[]1[]0[ ][]2[



















jjjj

n

nj
exexexexenxX

 

011010  1 ]2[ 320   jjjj ee eeX . 
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For 3k :  

9
2

6
2

3
2

0
2

3

0

3
4

2

]2[]2[]1[]0[ ][]2[



















jjjj

n

nj
exexexexenxX

 

211010  1 ]3[ 2

9
32

3
0 





 jjjj ee eeX . 

 

Therefore, the first four harmonics of the spectrum are 

)2;0;2;0(][ kX . 

Thus, the spectrum contains more harmonics, and the first 3 harmonics 

of the signals do not match. 

 

Example № 2.  

Calculate the FFT of the discrete periodic signal given by the 

samples )1;0;1;2(][ nx . Compare the results of calculations with two 

algorithms. 

 

The solution. 

Time decimation algorithm 

Step 1. Reversal of samples 

 

Input 

numbers  

Binary form of 

the input num-

bers  

Reverse 

bits  

A new order of samples for the 

implementation of the algo-

rithm  

0 00 00 0 

1 01 10 2 

2 10 01 1 

3 11 11 3 

 

Thus, we obtain the following sequence: 

2]0[]0[1  xx , 0]2[]1[1  xx , 1]1[]2[1  xx , 1]3[]3[1  xx . 
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Step 2. 

202]1[]0[]0[ 10
2

12  xWxX ;  

202]1[]0[]1[ 10
2

12  xWxX ; 

011]3[]2[]2[ 10
2

12  xWxX ; 

211]3[]2[]3[ 10
2

12  xWxX . 

 

Step 3.  

202]2[]0[]0[ 20
4

2  XWXX ; 

;22)
2

sin
2

(cos2222]3[]1[]1[
1

4

2
21

4
2 jjeXWXX

j











 

202]2[]0[]2[ 20
4

2  XWXX ; 

.22)
2

sin
2

(cos2222]3[]1[]3[
1

4

2
21

4
2 jjeXWXX

j











 

 

Frequency decimation algorithm  

Step 1. 

202]2[]0[]0[1  xxX ; 

011]3[]1[]1[1  xxX ; 

2)02(])2[]0[(]2[ 00
4

1   jeWxxX ; 

jeWxxX
j

2)11(])3[]1[(]3[ 21
4

1 



. 

 

Step 2. 

202]1[]0[]0[ 112  XXX ; 

202])1[]0[(]1[ 0
2

112  WXXX ; 

jXXX 22]3[]2[]2[ 112  ;  
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jWXXX 22])3[]2[(]3[ 0
2

112  . 

 

Step 3. Reversal 

2]0[]0[ 2  XX ; jXX 22]2[]1[ 2  ; 

2]1[]2[ 2  XX ; jXX 22]3[]3[ 2  . 

 

The spectra obtained by the two algorithms completely coincide. 

 

Example № 3. Calculate the value of the input signal using IFFT based 

on the spectra with was obtained in example 2. 

 

The solution. 

Step 1. 

2]0[]0[1  XX ;  2]2[]1[1  XX ;  

jXX 22]1[]2[1  ;  jXX 22]3[]3[1  . 

 

Step 2. 

422]1[]0[]0[ 10
2

12  XWXx ; 

022]1[]0[]1[ 10
2

12  XWXx ; 

4)22(22]3[]2[]2[ 10
2

12  jjXWXx ; 

jjjXWXx 42222]3[]2[]3[ 10
2

12  . 

Step 3. 

844]2[]0[]0[ 20
4

23  xWxx ; 

4)(440]3[]1[]1[ 221
4

23 


 jjjexWxx
j

; 

044]2[]0[]2[ 20
4

23  xWxx ; 

4)(440]3[]1[]3[ 221
4

23 


 jjjexWxx
j

. 
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Step 4. Perform normalization on N, ie ][
4

1
][ 3 nxnx  , 

)1,0,1,2(][ nx . 

 

Tasks № 3 for independent work  
1) Calculate the FFT of the discrete signal. 

2) Calculate the IFTF of a discrete signal given by its spectrum.  

The input data for tasks 1 and 2 see in the table. 3.2. 

 

Table 3.2 - Task options (N - student number in the journal) 

N 
Discrete signal 

(for task 1) 

FFT 
algorithm 

with 
decimation 

in … 

Spectrum 
(for task 2) 

IFFT 
algorithm 

with 
decimation 

in … 
1 )2;1;1;2(][ nx  time )2;1;1;2(][ kX  time 

2 )2;1;1;2(][ nx  frequency  )2;1;1;2(][ kX  frequency 

3 )1;2;1;2(][ nx  time )1;2;1;2(][ kX  time 

4 )1;2;1;2(][ nx  frequency )1;2;1;2(][ kX  frequency 

5 )4;3;2;1(][ nx  time )4;3;2;1(][ kX  time 

6 )4;3;2;1(][ nx  frequency )4;3;2;1(][ kX  frequency 

7 )4;3;2;1(][ nx  time )4;3;2;1(][ kX  time 

8 )2;0;1;3(][ nx  frequency )2;0;1;3(][ kX  frequency 

9 )3;1;0;3(][ nx  time )3;1;0;3(][ kX  time 

10 )3;0;0;3(][ nx  frequency )3;0;0;3(][ kX  frequency  

11 )0;2;2;0(][ nx  time )0;2;2;0(][ kX  time 

12 )0;3;0;2(][ nx  frequency )0;3;0;2(][ kX  frequency 

13 )0;1;0;2(][ nx  time )0;1;0;2(][ kX  time 

14 )0;3;0;2(][ nx  frequency )0;3;0;2(][ kX  frequency 

15 )0;3;0;2(][ nx  time )0;3;0;2(][ kX  time 
 



Practical task № 4. 
Circular and linear convolution  

 

By definition, the circular convolution of two sequences ][nx  and 

][ny  is equal to 

 

 





1

0

][][][
N

m

mnymxng , 1,0  Nn . (4.1) 

 

Since the sequences ][nx  and ][ny  are finite, they are considered as 

periodic, with a repetition period N (Fig. 4.1). 

  

 
 

Figure 4.1. - Example of the periodicity of the final signal  

 

Circular convolution 

Let's write the expression (4.1) 

 

 ]2[]2[]1[]1[]0[]0[]0[ NyxNyxyxg  

 ]1[]2[]0[]1[]1[]0[]1[ Nyxyxyxg  

0 1 2 3 



 27 

 

 ]3[]2[]2[]1[]1[]0[]1[ NyxNyxNyxNg  

This algorithm can be written in matrix form if the sequence ][ny  is 

written in matrix form Y. 

 






























]0[]3[]2[]1[

]3[]0[]1[]2[

]2[]1[]0[]1[

]1[]2[]1[]0[

yNyNyNy

yyyy

yNyyy

yNyNyy











Y . 

 

Then the convolution of sequences in matrix form is calculated by 

multiplying the matrix Y by the vector x : 

xg


Y . 

Linear convolution  

To obtain a linear convolution of the final sequences ][nx  and ][ny  it 

is necessary to add zeros to the end of the sequences so that the length of 

each sequence was 121  NNN , where 1N , 2N  - the length of the 

sequences ][nx  and ][ny , accordingly. Then the convolution is calculated 

by expression (3.1). 

 

Discrete Fourier transform properties  

If ][kX  and ][kY  are the DFTs of the sequences ][nx  and ][ny , 

accordingly, then the DFT of the sequence ][ng  is equal to 

][][][ kYkXkG  . 

Examples 

 
Example № 1.  
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Find the circular and linear convolution of the sequences 

)1,1,2,1(][ nx  and )4,3,2,1(][ ny  

 

The solution. 

Find the circular convolution. In the time domain (in matrix form) we 

will have : 

 





















































































9

10

3

8

1364

4143

3422

2381

1

1

2

1

1234

4123

3412

2341

. 

 

The result was a circular convolution )9,10,3,8(][ ng . 

Let's check the result with the help of DFT. Find the DFT of the 

sequence )1,1,2,1( x : 

31121]0[ X ; 

jjjeeeeX
jjj











21211121]1[

3
4

2
2

4

2
1

4

2
0 ; 

311211121]2[
6

4

2
4

4

2
2

4

2
0 








 jjj

eeeeX ; 

jjjeeeeX
jjj











21211121]3[

9
4

2
6

4

2
3

4

2
0 . 

 

Find the DFT of the sequence )4,3,2,1(y : 

104321]0[ Y ; 

jjjeeeeY
jjj

2243214321]1[
3

4

2
2

4

2
1

4

2
0 










; 

243214321]2[
6

4

2
4

4

2
2

4

2
0 








 jjj

eeeeY ; 
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jjjeeeeX
jjj

2243214321]3[
9

4

2
6

4

2
3

4

2
0 










. 

Find the product ][kX  and ][kY : 

30310]0[]0[]0[  YXG ; 

jjjjjYXG 622424)22)(2(]1[]1[]1[  ; 

6)2)(3(]2[]2[]2[  YXG ; 

jjjjjYXG 622424)22)(2(]3[]3[]3[  . 

 

Calculate the IDFT of the sequence ][kG : 

84/32)6266230(
4

1
]0[  jjg ; 

;34/12)))(62()1(6)62(30(
4

1

))62(6)62(30(
4

1
]1[

3
4

2
2

4

2
1

4

2
0






jjjj

ejeejeg
jjj

 

;104/40)))(62(6)1)(62(30(
4

1

))62(6)62(30(
4

1
]2[

6
4

2
4

4

2
2

4

2
0






jjj

ejeejeg
jjj

 

.94/36))62()1(6))(62(30(
4

1

))62(6)62(30(
4

1
]3[

9
4

2
6

4

2
3

4

2
0






jjjj

ejeejeg
jjj

 

 

The result coincided with the result of the circular convolution 

calculated by the matrix method. 

Calculate the linear convolution. Add the input sequences with zeros 

so that the length of each sequence is equal 7144121  NNN , 

ie it is necessary to add 3 zeros so that the input sequence has a length equal 

to 7. 
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In the time domain (in matrix form) we will have: 

































































































































4

1

7

9

6

4

1

4

34

236

1264

143

22

1

0

0

0

1

1

2

1

1234000

0123400

0012340

0001234

4000123

3400012

2340001

. 

 

The result was a linear convolution )4,1,7,9,6,4,1(][ ng . Obviously, 

the linear convolution does not coincide with the circular one. 

 

Example №2.  

Find the linear convolution of two sequences )4,2,1,3(][ =nx  and 

)1,2,3(][ =ny . 

 

The solution. 

The length of the linear convolution is equal to 6134 N . So, 

you need to add 2 zeros to the sequence ][nx , and 3 zeros to the sequence 

][ny . 

In the time domain (in matrix form) we will have: 

 


































































































4

10

9

5

9

9

0

0

4

2

1

3

321000

032100

003210

000321

100032

210003

 

The result was a linear convolution )4,10,9,5,9,9(][ ng  
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Tasks № 4 for independent work  
 

Calculate circular and linear convolution of sequences (matrix method). 

See input data in the table. 4.1. 

 

Table 4.1 - Variants of tasks (N - number of the student on the journal) 

 

N ][nx  ][ny  N ][nx  ][ny  

1 )2;1;1;2(   )2;1;3;2(  16 )2;1;3;2(   )4;1;2;1(  

2 )2;1;1;2(   )2;1;3;2(   17 )4;1;1;2(   )4;1;2;1(   

3 )1;2;1;2(   )2;1;3;2(   18 )1;2;1;4(   )4;1;2;1(   

4 )1;2;1;2(   )2;1;3;2(   19 )1;5;1;2(   )4;1;2;1(   

5 )4;3;2;1(  )2;5;3;1(  20 )4;3;2;1(  )0;3;0;2(   

6 )4;3;2;1(   )2;5;3;1(  21 )4;3;2;1(   )1;5;1;2(   

7 )4;3;2;1(   )2;5;3;1(   22 )4;3;2;1(   )1;5;1;2(   

8 )2;0;1;3(   )2;5;3;1(   23 )2;0;1;3(   )1;5;1;2(  

9 )3;1;0;3(  )2;5;3;1(   24 )3;1;0;3(  )1;5;1;2(   

10 )3;0;0;3(  )3;1;2;5(  25 )3;0;0;3(  )4;1;2;1(  

11 )0;2;2;0(  )3;1;2;5(  26 )0;2;2;0(  )3;1;2;5(   

12 )0;3;0;2(  )3;1;2;5(   27 )0;3;0;2(  )3;1;2;5(   

13 )0;3;0;2(  )3;1;2;5(   28 )0;3;0;2(  )4;1;2;1(   

14 )0;3;0;2(  )3;1;2;5(   29 )0;3;0;2(  )4;1;2;1(  

15 )0;3;0;2(   )4;1;2;1(  30 )0;3;0;2(   )4;1;2;1(   
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Practical task № 5. 
Z- transform 

 

Direct z-transform  
A z-transform is used to analyze discrete signals and systems. 

We define a z-transform that is valid for all n:  

 





n

nznxzX ][)( , (5.1) 

If 0][ nx  where 0n , then expression (5.1) is reduced to the so-

called one-way z-transform: 

 







0

][)(
n

nznxzX . 

 

The z-transform is a power series with an infinite number of terms, so 

it may not converge for all z values. 

The region in which the z-transform converges is called the region of 

convergence, and in this region the values )(zX  are finite. 

The z values for which )(zX  are called the poles of the function 

)(zX . The z values for which 0)( zX  are called zeros of function )(zX . 

 

Inverse z-transform 
Inverse z-transform allows you to reconstruct a discrete signal from 

its z-image. Symbolically, the inverse z-transform can be defined as 

 

 )(][ 1 zXZnx  . 

 

In practice, )(zX  is often expressed through the ratio of two 

polynomials from nz , for example: 
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M
M

N
N

zazazaa

zbzbzbb
zX













2

2
1

10

2
2

1
10)( . 

 

In that case, the inverse z-transform can be found using one of many 

methods. The most common ones are: 

1) the method of expansion in a power series; 

2) the method of decomposition into elementary fractions; 

3) the method of calculations.  

 

Examples 

 
Example № 1.  
Find the z-transform and the convergence region of all discrete time 

sequences shown in Figs. 7.1. 

 

The solution. 

1) The sequence in Fig. 5.1a has a finite length and is not equal to 0 

when 0n . The value of the sequence are 

0]6[ x , 1]5[ x , 3]4[ x , 5]3[ x , 3]2[ x , 1]1[ x , 0]0[ x . 

Then the z-image looks like this: 

 

zzzzzznxzX
n

n  




 2345
1 353][)( . 

 

Obviously, )(zX  when z . Therefore, the region of 

convergence will be the whole plane z, except z . 

2) The sequence in Fig. 5.1b is bilateral and has a finite length. The 

value of the sequence are 

0]3[ x , 1]2[ x , 3]1[ x , 5]0[ x , 3]1[ x , 1]2[ x , 0]3[ x . Then 
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the z-image of the sequence has the following form: 

 

212
2 353][)( 





   zzzzznxzX
n

n . 

 

Obviously, )(zX when 0z  or z . Therefore, the region of 

convergence does not include only the points 0z  and z . 

 

 

 

Figure 5.1 - Discrete time sequences  

 

3) The sequence in Fig. 5.1b has a finite length and is equal to 0 

when 0n , ie the signal is causal. Sequence values are 

а

b

c) 

][nx  

][nx  

][nx  
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0]0[ x , 1]1[ x , 3]2[ x , 5]3[ x , 3]4[ x , 1]5[ x , 0]6[ x . Then the z-

image will look like: 

 

54321
3 353][)( 





   zzzzzznxzX
n

n . 

 

In the case )(zX  when 0z . Therefore, only the point 0z  

does not enter the region of convergence.  

 

Example №2. The following z-image of the signal is given: 

 

21

21

21

31
)(









zz

zz
zX  . 

 

It is necessary to find the time sequence by the method of 

decomposition into a power series. 

 

The solution. 

Solve the problem by the method of power series. 

If a z-image of a causal signal is given, then it can be decomposed into 

an infinite series with respect to 1z  or z by division into a column 
(sometimes such division is called synthetic division). In this method, the 

numerator and denominator of the function X(z) are first expressed through 

a decreasing exponent z, or through an increasing exponent 1z  , and then, 

by dividing by a column, there is a quotient .  

Consider the method by example. 

The numerator and denominator of )(zX  are given in the form of 

polynomials with increasing degree 1z , therefore, to obtain the original 
function, we perform the usual division into columns: 
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54

543

43

432

32

321

21

32121

2121

2225                                 
221115                      

1415                      
1477            

87            
844   

34   
15741                         21

21                        31

































zz
zzz

zz
zzz

zz
zzz

zz
zzzzz

zzzz



 

 

Then the z-image decomposes into a power series: 

 

  321 15741)( zzzzX  

 

You can now directly write the inverse z-transform: 

 

1]0[ x , 4]1[ x , 7]2[ x , 15]3[ x  ...  

 

Example № 3. The following z-image of the signal is given: 

 

21

21

21

31
)(









zz

zz
zX  . 

 

It is necessary to find the time sequence by the method of 

decomposition into elementary fractions. 

 

The solution. 

In this method, the z-image is first decomposed into the sum of simple 

fractions. Then there are the tables of the inverse z-transformation of each 

elementary fraction. These images are summed, and a general inverse z-

transform is obtained. 
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Table 5.1 - Examples of z-images of some common sequences  

Sequence of discrete time 

][nx  for 0n   
z-image )(zX  

Region of 

convergence )(zX  

][nk  K everywhere 

k 
1z

kz
 1z  

kn 2)1( z

kz
 1z  

2kn  3)1(

)1(





z

zkz
 1z  

anke  aez

kz


 aez   

ankne  2)( a

a

ez

kze





 aez   

nka  
az

kz


 az   

nkna  2)( az

kaz


 az   

 

If the poles of the function )(zX  are of the first order and MN  , 

then we can decompose )(zX  as follows: 

 

 


 














M

k k
k

M
M

pz

z
CB

pz

z
C

pz

z
C

pz

z
CBzX

1
0

2
2

1
10

,

)( 

  (5.2) 

 

Where kp  - the poles of the function )(zX ; kC  - coefficients of 
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elementary fractions (surplus function kC ), and the coefficient 0B  is: 

 

MN abB /0  .   (5.3) 

 

The coefficient kC  associated with the pole kp  can be found by 

multiplying the right and left parts of equation (5.2) by zpz k /)(   and then 

replacing kpz  : 

 

 
kpz

kk pz
z

zX
C



 )(
)(

. (5.4) 

Let’s find the poles of the function )(zX . To do this, equate the 

denominator to zero and find the roots of the equation: 022  zz . The 

roots of the quadratic equation are calculated by the following expression: 

a

acbb
p

2

42

2,1


 . 

Therefore, 2
2

811
1 


p  , 1

2

811
2 


p  . 

The function )(zX  has 2 first order poles at points 2z  and 1z . 

Then the function )(zX  can be written as follows 

 

)1)(2(

13
)(

2





zz

zz
zX . 

 

According to expression (5.3) 5.0)2/(10 B . 

Find the subtraction of the function )(zX  by expression (5.4): 
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;
6

11

)12(2

164
)1(

13
)2(

)1)(2(

13
)(

)(

2

2

2

2

11

1
















 zzpz zz

zz
z

zzz

zz
pz

z

zX
C

 

 

.
3

1

)21(1

131
)2(

13
)1(

)1)(2(

13
)(

)(

1

2

1

2

22

2
















 zzpz zz

zz
z

zzz

zz
pz

z

zX
C

 

 

Therefore, according to expression (5.2), the function )(zX  has the 

form: 

 

13

1

26

11
5.0)(

2
2

1
10 











z

z

z

z

pz

z
C

pz

z
CBzX . 

 

According to table 5.1 we have: 

  ][5.05.01 nZ  ; 

n

z

z
Z 2

6

11

26

111 






 ; 

n

z

z
Z )1(

3

1

13

11 






 ; 

 

Thus, the original function has the form 

 

nnnnx )1(
3

1
2

6

11
][5.0][  , 0n . 

 

Let us check the obtained result with the result obtained by the power 

series decomposition method (see example №2). Let's calculate some first 



 40 

values of function ][nx : 

15.15.0
3

1

6

11
5.0]0[ x ; 

4
3

12
)1(

3

1
2

6

11
]1[ x ; 

7
3

21
)1(

3

1
2

6

11
]2[ 22 x ; 

15
3

45
)1(

3

1
2

6

11
]3[ 33 x . 
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Tasks № 5 for independent work  
 

1) Find the z-transform and the convergence region of the sequence 

][nx . See input data in the table 5.2 (N - student's number in the journal). 

 

Table 5.2 - Task options for task 1 

 

N ][nx  n N ][nx  n 

1 )2;1;1;2(   2,1,0,1  16 )2;1;3;2(   9,8,7,6  

2 )2;1;1;2(   1,0,1,2   17 )4;1;1;2(   7,6,5,4  

3 )1;2;1;2(   2,3,4,5   18 )1;2;1;4(   4,5,6,7   

4 )1;2;1;2(   3,2,1,0  19 )1;5;1;2(   16,15,14,13  

5 )4;3;2;1(  0,1,2,3   20 )4;3;2;1(  6,7,8,9   

6 )4;3;2;1(   4,3,2,1  21 )4;3;2;1(   11,10,9,8  

7 )4;3;2;1(   1,2,3,4   22 )4;3;2;1(   18,17,16,15  

8 )2;0;1;3(   5,4,3,2  23 )2;0;1;3(   14,13,12,11  

9 )3;1;0;3(  8,7,6,5  24 )3;1;0;3(  8,9,10,11   

10 )3;0;0;3(  3,4,5,6   25 )3;0;0;3(  12,11,10,9  

11 )0;2;2;0(  13,12,11,10  26 )0;2;2;0(  10,11,12,13   

12 )0;3;0;2(  5,6,7,8   27 )0;3;0;2(  15,14,13,12  

13 )0;3;0;2(  10,9,8,7  28 )0;3;0;2(  9,10,11,12   

14 )0;3;0;2(  6,5,4,3n  29 )0;3;0;2(  11,12,13,14   

15 )0;3;0;2(   7,8,9,10   30 )0;3;0;2(   17,16,15,14  

 

2) Calculate the inverse z-transform for a given function )(zX  by the 

method of decomposition into a power series. See input data in the table 5.3. 
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3) Calculate the inverse z-transform for a given function )(zX  by the 

method of decomposition into elementary fractions. See input data in the 

table 5.3. 

 

Table 5.3 - Task options for task 2 and 3. 

  

N )(zX  N )(zX  N )(zX  

1 
21

21

231

231







zz

zz
 11 

21

21

651

231







zz

zz
 21 

21

21

231

231







zz

zz
 

2 
21

21

21

231







zz

zz
 12 

21

21

61

231







zz

zz
 22 

21

21

21

231







zz

zz
 

3 
21

21

21

231







zz

zz
 13 

21

21

651

231







zz

zz
 23 

21

21

21

231







zz

zz
 

4 
21

21

231

231







z

zz
 14 

21

21

61

231







zz

zz
 24 

21

21

231

231







z

zz
 

5 
21

21

231

231







zz

zz
 15 

21

21

651

231







zz

zz
 25 

21

21

231

231







zz

zz
 

6 
21

21

21

231







zz

zz
 16 

21

21

61

231







zz

zz
 26 

21

21

21

231







zz

zz
 

7 
21

21

21

231







zz

zz
 17 

21

21

651

231







zz

zz
 27 

21

21

21

231







zz

zz
 

8 
21

21

231

231







zz

zz
 18 

21

21

61

231







zz

zz
 28 

21

21

231

231







zz

zz
 

9 
21

21

651

231







zz

zz
 19 

21

21

651

231







zz

zz
 29 

21

21

651

231







zz

zz
 

10 
21

21

61

231







zz

zz
 20 

21

21

61

231







zz

zz
 30 

21

21

61

231







zz

zz
 

 



 43 

Practical task № 6. 
Primary image processing  

 
Sampling 
Sampling is used to obtain a discrete representation from continuous 

analog images of the real world. In practice, sampling is carried out by input 

devices (digital camera, scanner, or others). 

For visual perception of processed images on output devices (display, 

plotter, etc.), an analog image is reconstructed according to its discretized 

representation 

Sampling of a two-dimensional signal also leads to periodization of its 

spectrum and vice versa. For rectangular sampling, the direct and inverse 

Fourier transforms are defined by the expressions: 

 

 















1

0

1

0

22

],[],[
N

n

M

m

ml
M

jnk
N

j
emnslkS ; (6.1) 

 

  















1

0

1

0

22

],[],[
N

n

M

m

ml
M

jnk
N

j
emnselkS ; (6.2) 

 

 














1

0

1

0

22

],[
1

],[
N

k

M

l

ml
M

jnk
N

j
elkS

NM
mns ; (6.3) 

 

  











1

0

1

0

22

],[
1

],[
N

k

M

l

ml
M

jnk
N

j
elkSe

NM
mns . (6.4) 

 

Expressions (6.1) and (6.2) are used to calculate the direct two-

dimensional DFT, and expressions (6.3) and (6.4) are used to calculate the 

inverse two-dimensional DFT. These expressions show that the two-

dimensional DFT on a rectangular data sampling raster can be calculated 
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using one-dimensional sequential DFTs. The other expressions (6.2) and 

(6.4) are one-dimensional DFTs of the cross sections of the functions 

],[ mns  and ],[ lkS  along the lines n and k, respectively, and the first ones 

are one-dimensional DFTs of the calculated functions in the cross sections 

m and l. In other words, the initial matrices of values ],[ mns  and ],[ lkS  are 

recalculated first in the intermediate matrices with DFT by rows (or 

columns), and intermediate - in the final with DFT by columns (or by rows, 

respectively). 

 

Examples of calculation of two-dimensional DFT 

 
Example № 1.  
Suppose a two-dimensional signal is specified  
 





















4444

3333

2222

1111

s . 

 

Calculate by expression (6.1) the first few samples of the spectrum of 

a given signal: 
 

404444333322221111]0,0[ S ; 

 

;0)11(4)11(3)11(211

44443333

22221]1,0[

13
2

12
2

11
2

13
2

12
2

11
2

13
2

12
2

11
2

13
2

12
2

11
2














































jjjjjjjj

eeeeee

eeeeeeS
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;0)1111(4)1111(3)1111(21111

44443333

22221]2,0[

23
2

22
2

21
2

23
2

22
2

21
2

23
2

22
2

21
2

23
2

22
2

21
2














































eeeeee

eeeeeeS

 

 

;0)11(4)11(3)11(211

44443333

22221]3,0[

33
2

32
2

31
2

33
2

32
2

31
2

33
2

32
2

31
2

33
2

32
2

31
2














































jjjjjjjj

eeeeee

eeeeeeS

 

 

;88)4321(4

)4321(44

444333

322221111]0,1[

13
2

12
2

11
2

13
2

13
2

13
2

13
2

12
2

12
2

12
2

12
2

11
2

11
2

11
2

11
2

jjj

eeee

eeeeee

eeeeeS

jjjj

jjjjjj

jjjjj



























































 

 

.0)11(4)11(3)11(211

4444

3333

2222

1]1,1[

13
2

13
2

12
2

13
2

11
2

13
2

13
2

13
2

12
2

12
2

12
2

11
2

12
2

12
2

13
2

11
2

12
2

11
2

11
2

11
2

11
2

13
2

12
2

11
2
































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
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
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
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





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



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

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
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


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
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






jjjjjjjj

eeee

eeee

eeee

eeeS

jjjjjjj

jjjjjjj

jjjjjjj

jjj

 

 

Obviously, the calculation of two-dimensional DFT by expression 

(6.1) is a rather labor-intensive process. Therefore, we use one-dimensional 

DFT (6.2) to calculate the two-dimensional spectrum. 

First, calculate the one-dimensional DFT by lines. Since there are 4 

values in each line, the FFT algorithm can be used to calculate the spectrum. 
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We use the FFT algorithm with time decimation (Fig. 3.2). 

Calculate the FFT of the 1st line, i.e. )1,1,1,1(][ nx . 

Step 1. Since all values of the discrete sequence are the same, 

then )1,1,1,1(][1 nx . 

Step 2.  
 

211]1[]0[]0[ 10
2

12  xWxX ;  

011]1[]0[]1[ 10
2

12  xWxX ; 

211]3[]2[]2[ 10
2

12  xWxX ;  

011]3[]2[]3[ 10
2

12  xWxX . 

 

Step 3.  
 

422]2[]0[]0[ 20
4

2  XWXX ;  

000]3[]1[]1[
1

4

2
21

4
2 


 j

eXWXX ; 

022]2[]0[]2[ 20
4

2  XWXX ;  

000]3[]1[]3[
1

4

2
21

4
2 


 j

eXWXX . 
 

Calculate the FFT of the 2-nd line, i.e. )2,2,2,2(][ nx . 

Step 1. Since all values of the discrete sequence are the same, then 

)2,2,2,2(][1 nx . 

Step 2.  
 

422]1[]0[]0[ 10
2

12  xWxX ;  

022]1[]0[]1[ 10
2

12  xWxX ; 

422]3[]2[]2[ 10
2

12  xWxX ;  

022]3[]2[]3[ 10
2

12  xWxX . 
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Step 3.  
 

844]2[]0[]0[ 20
4

2  XWXX ;  

000]3[]1[]1[
1

4

2
21

4
2 


 j

eXWXX ; 

044]2[]0[]2[ 20
4

2  XWXX ;  

000]3[]1[]3[
1

4

2
11

4
2 


 j

eXWXX . 
 

Calculate the FFT of the 3-rd line, i.e. )3,3,3,3(][ nx . 

Step 1. Since all values of the discrete sequence are the same, then 

)3,3,3,3(][1 nx . 

Step 2.  
 

633]1[]0[]0[ 10
2

12  xWxX ;  

033]1[]0[]1[ 10
2

12  xWxX ; 

633]3[]2[]2[ 10
2

12  xWxX ;  

033]3[]2[]3[ 10
2

12  xWxX . 
 

Step 3.  
 

1266]2[]0[]0[ 20
4

2  XWXX ;  

000]3[]1[]1[
1

4

2
21

4
2 


 j

eXWXX ; 

066]2[]0[]2[ 20
4

2  XWXX ; 

000]3[]1[]3[
1

4

2
11

4
2 


 j

eXWXX . 
 

Finally, we calculate the FFT of the 4-th line, i.e. )4,4,4,4(][ nx . 

Step 1. Since all values of the discrete sequence are the same, then 

)4,4,4,4(][1 nx . 
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Step 2.  
 

844]1[]0[]0[ 10
2

12  xWxX ;  

044]1[]0[]1[ 10
2

12  xWxX ; 

844]3[]2[]2[ 10
2

12  xWxX ;  

044]3[]1[]2[ 10
2

12  xWxX . 
 

Step 3.  
 

1688]2[]0[]0[ 20
4

2  XWXX ;  

000]3[]1[]1[
1

4

2
21

4
2 


 j

eXWXX ; 

088]2[]0[]2[ 20
4

2  XWXX ;  

000]3[]1[]3[
1

4

2
11

4
2 


 j

eXWXX . 
 

As a result, we obtain the following intermediate matrix, each row of 

which is composed of the obtained one-dimensional DFT rows of the initial 

matrix s: 
 





















00016

00012

0008

0004

S . 

 

Then for the matrix S  we calculate one-dimensional DFT on columns. 

Since the 2-nd, 3-rd and 4-th columns of the intermediate matrix contain 

zero elements, the corresponding spectra will also contain only zero values. 

Therefore, it is necessary to calculate only the spectrum of the 1-st column, 

i.e. the sequence )16,12,8,4(][ nx . We will also use the FFT algorithm 

with time decimation (Fig. 3.2). 

Step 1. Reversal of samples  
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4]0[]0[1  xx , 12]2[]1[1  xx , 8]1[]2[1  xx , 16]3[]3[1  xx , 

i.е. )16,8,12,4(][1 nx . 

Step 2.  
 

16124]1[]0[]0[ 10
2

12  xWxX ;  

8124]1[]0[]1[ 10
2

12  xWxX ; 

24168]3[]2[]2[ 10
2

12  xWxX ;  

8168]3[]2[]3[ 10
2

12  xWxX . 

Step 3.  
 

402416]2[]0[]0[ 20
4

2  XWXX ; 

jeXWXX
j

8888]3[]1[]1[
1

4

2
21

4
2 




; 

82416]2[]0[]2[ 20
4

2  XWXX ; 

jeXWXX
j

8888]3[]1[]3[
1

4

2
21

4
2 




. 
 

As a result, we obtain a two-dimensional spectrum of the input two-

dimensional signal: 
 

























00088

0008

00088

00040

j

j
S . 

 

Comparing the results obtained using expressions (6.1) and (6.2), it is 

easy to see that the values of the corresponding samples of the two-

dimensional spectrum completely coincide. 

Perform the inverse two-dimensional DFT of the obtained spectrum by 

expression (6.4). To calculate, we use the FFT algorithm with frequency 

decimation (Fig. 4.4). 
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Calculate IFFT 1-st line, i.e. )0,0,0,40(][ kX . 

Step 1. Reversal of samples 40]0[]0[1  XX ; 0]2[]1[1  XX ; 

0]1[]2[1  XX ; 0]3[]3[1  XX . 

Step 2. 
 

40040]1[]0[]0[ 10
2

12  XWXx ;  

40040]1[]0[]1[ 10
2

12  XWXx ; 

000]3[]2[]2[ 10
2

12  XWXx ;  

000]3[]2[]3[ 10
2

12  XWXx . 
 

Step 3. 
 

40040]2[]0[]0[ 20
4

23  xWxx ; 

40040]3[]1[]1[ 221
4

23 


 j
jexWxx ; 

40040]2[]0[]2[ 20
4

23  xWxx ;  

40040]3[]1[]3[ 221
4

23 


 j
jexWxx . 

 

Step 4. Rationing on N, i.e. ][
4

1
][ 3 nxnx  ,  

 

)10,10,10,10(][ nx . 

 

Calculate IFFT 2-nd line, i.e. )0,0,0,88(][ jkX  . 

Step 1. Reversal of samples jXX 88]0[]0[1  ; 

0]2[]1[1  XX ; 0]1[]2[1  XX ; 0]3[]3[1  XX . 

Step 2. 
 

jjXWXx 88088]1[]0[]0[ 10
2

12  ;  
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jjXWXx 88088]1[]0[]1[ 10
2

12  ; 

000]3[]2[]2[ 10
2

12  XWXx ; 

000]3[]2[]3[ 10
2

12  XWXx . 
 

Step 3. 
 

jjxWxx 88088]2[]0[]0[ 20
4

23  ; 

jjejxWxx
j

88088]3[]1[]1[ 221
4

23 


 ; 

jjxWxx 88088]2[]0[]2[ 20
4

23  ;  

jjejxWxx
j

88088]3[]1[]3[ 221
4

23 


 . 
 

Step 4. Rationing on N, i.e. ][
4

1
][ 3 nxnx  ,  

 

)22,22,22,22(][ jjjjnx  . 
 

Calculate IFFT 3-rd line, i.e. )0,0,0,8(][ kX . 

Step 1. Reversal of samples 8]0[]0[1  XX ; 0]2[]1[1  XX ; 

0]1[]2[1  XX ; 0]3[]3[1  XX . 

Step 2. 
 

808]1[]0[]0[ 10
2

12  XWXx ;  

808]1[]0[]1[ 10
2

12  XWXx ; 

000]3[]2[]2[ 10
2

12  XWXx ;  

000]3[]2[]3[ 10
2

12  XWXx . 
 

Step 3. 
 

808]2[]0[]0[ 20
4

23  xWxx ; 
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808]3[]1[]1[ 221
4

23 


 j
jexWxx ; 

808]2[]0[]2[ 20
4

23  xWxx ; 

808]3[]1[]3[ 221
4

23 


 j
jexWxx . 

 

Step 4. Rationing on N, i.e. ][
4

1
][ 3 nxnx  ,  

 

)2,2,2,2(][ nx . 

 

Calculate IFFT 4-th line, i.e. )0,0,0,88(][ jkX   

Step 1. Reversal of samples jXX 88]0[]0[1  ; 

0]2[]1[1  XX ; 0]1[]2[1  XX ; 0]3[]3[1  XX . 

Step 2. 
 

jjXWXx 88088]1[]0[]0[ 10
2

12  ;  

jjXWXx 88088]1[]0[]1[ 10
2

12  ; 

000]3[]2[]2[ 10
2

12  XWXx ;  

000]3[]2[]3[ 10
2

12  XWXx . 
 

Step 3. 
 

jjxWxx 88088]2[]0[]0[ 20
4

23  ; 

jjejxWxx
j

88088]3[]1[]1[ 221
4

23 


 ; 

jjxWxx 88088]2[]0[]2[ 20
4

23  ;  

jjejxWxx
j

88088]3[]1[]3[ 221
4

23 


 . 
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Step 4. Rationing on N, i.e. ][
4

1
][ 3 nxnx  ,  

 

)22,22,22,22(][ jjjjnx  . 

 

As a result, we obtain an intermediate matrix  
 

























jjjj

jjjj

22222222

2222

22222222

10101010

s . 

 

Now calculate the one-dimensional DFT on the columns of the 

intermediate matrix s . Perform the calculation for the 1-st column, i.e.  

)22,2,22,10(][ jjkX  . 

Step 1. Reversal of samples 10]0[]0[1  XX ; 2]2[]1[1  XX ; 

jXX 22]1[]2[1  ; jXX 22]3[]3[1  . 

Step 2. 
 

8210]1[]0[]0[ 10
2

12  XWXx ;  

12210]1[]0[]1[ 10
2

12  XWXx ; 

4)22(22]3[]2[]2[ 10
2

12  jjXWXx ;  

jjjXWXx 4)22(22]3[]2[]3[ 10
2

12  . 
 

Step 3. 
 

448]2[]0[]0[ 20
4

23  xWxx ; 

8412412412]3[]1[]1[ 221
4

23 


 jjjexWxx
j

; 

12)4(8]2[]0[]2[ 20
4

23  xWxx ;  
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16412412412]3[]1[]3[ 221
4

23 


 jjjexWxx
j

. 
 

Step 4. Rationing on N, i.e. ][
4

1
][ 3 nxnx  , )4,3,2,1(][ nx . 

Since all the columns of the intermediate matrix are equal to each 

other, the resulting two-dimensional signal has the following form  
 





















4444

3333

2222

1111

s , 

 

which completely coincides with the specified input signal. 
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Tasks № 6 for independent work  
 

Calculate the direct DFT of a given two-dimensional array. See the 

input data in the table 6.1 (N - student number in the journal). 

 

Table 6.1 - Input two-dimensional arrays  

N S N S N S 

1 




















0000

4321

0000

4321

 8 



















0211

0201

0211

0201

 15 



















0022

0022

1100

1100

 

2 

















 

0000

4321

0000

4321

 9 



















4030

2010

0403

0201

 16 



















2200

2200

0011

0011

 

3 
























0404

0303

0202

0101

 10 

























4030

2010

0403

0201

 17 

























2200

2200

0011

0011

 

4 
























0404

0303

0202

0101

 11 



















0321

3021

3201

3210

 18 

























0022

0022

1100

1100

 

5 



















0000

1111

4040

2121

 12 
























0321

3021

3201

3210

 19 



















2020

1010

0202

0101
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6 



















4343

2121

1111

0000

 13 

























4030

2010

0403

0201

 20 

























2020

1010

0202

0101

 

7 

















 

1234

4321

0000

1111

 14 























4343

2121

1111

0000

 21 

























2121

2121

2121

2121
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Practical task № 7. 
Element-by-element processing of images 

 
In a large number of information systems, the presentation of the 

results of data processing in the form of an image displayed on the screen 

for use by the observer is used. The procedure that provides such a 

representation is called visualization. It is desirable to give the displayed 

image such qualities due to which its perception by the person would be as 

comfortable as possible. It is often useful to emphasize, strengthen some 

features, peculiarities, nuances of the picture, in order to improve its 

subjective perception. 

Element-by-element processing is a group of procedures in which the 

result of processing at any point in the frame depends only on the value of 

the input image at the same point. 

Advantages: 

• simplicity; 

• subjective improvement of visual quality. 

Very often, element-by-element processing is used as the final stage in 

solving a more complex image processing problem. 

Let us ijx  , ijy  are the values of the brightness of the original image 

and obtained after processing image, respectively, at a point of the frame 

with Cartesian coordinates i (row number) and j (column number). 

Element-by-element processing means that there is a functional one-

to-one relationship between these brightness, 

 

 )( ijijij xfy  , (7.1) 

 

allowing to determine the value of the output signal by the value of the 

original signal. 

In the general case, as taken into account in (7.1), the form or 
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parameters of the function ijf  , which is describing processing, depend on 

the current coordinates. Moreover, the processing is ununiform. 

Most of the procedures, which are used in practice, use uniform 

element processing. In this case, the indices i and j in expression (7.1) may 

be absent. Then the dependence between the brightness of the original and 

output images is described by a function that is the same for all points of the 

frame: 
 

 )(xfy  , (7.2) 

 

Consider in more detail the most common procedures for element-by-

element processing.  

 

Linear contrasting of images  
The task of contrasting is to improve the harmonization of the dynamic 

range of the image and the screen on which the visualization is performed. 

If for the digital representation of each sample of the image 1 byte (8 

bits) of the memory is allocated, then the input or output signals can take 

one of 256 values (working range 0 ... 255; in this case, during visualization, 

the value 0 corresponds to the black level, and the value 255 - white level). 

Suppose minx  and maxx  are the minimum and maximum brightness of 

the original image, respectively. If these parameters or one of them differ 

significantly from the boundary values of the brightness range, then the 

visualizated picture looks like an unsaturated, uncomfortable. For example, 

such picture will be observed if 180min x  , 240max x . 

With linear contrasting, a linear element-by-element transformation of 

the form (7.3) is used: 

 baxy  , (7.3) 

where a, b are parameters that are determined by the desired values of 

the minimum miny  and maximum maxy  output brightness. Solving the sys-

tem of equations 



 59 








baxy

baxy

maxmax

minmin  

about the transformation parameters a and b, it is easy to bring (7.3) to 

the form: 
 

 minminmax
minmax

min )( yyy
xx

xx
y 




 . (7.4) 

 

Image solarization  

 

With this type of processing, transformation (7.2) has the form: 

 )( max xxkxy  , (7.5) 

where maxx  is the maximum value of the original signal, k is a con-

stant that allows you to control the dynamic range of the converted image. 

The function describing this transformation is a quadratic parabola, its 

graph for 1k  is shown in Fig. 7.1. 

 
 
 
 
 
 
 

 

 

 

Figure 7.1 - Function describing solarization for 1k  

 

0 2/maxx  maxx  x 

y 

4/2
maxx  
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When maxmax xy   the dynamic ranges of the images coincide, what 

can be achieved with max4xk  . In order to match the dynamic ranges of 

the images maxmax xy  , normalization of dynamic range is performed. To 

do this, it is necessary to apply one of the contrasting methods, for example, 

linear contrasting. 

The meaning of solarization is that areas of the original image that 

have a white level or a brightness level close to it, after processing have a 

black level. At the same time, the black level in the original image are pre-

served. On the other hand, areas that have an average brightness level (gray 

level) in the input image will have white level in the output image. 

 
Dissection of image  

 

Dissection is a whole class of element-by-element transformations of 

images, examples of which are shown in Fig. 7.2. 

The transformation with a threshold characteristic (Fig. 7.2a) is called 

binarization or binary quantization, in which a halftone image containing 

all brightness levels is converted into a binary image, the points of which 

have brightness 0y  or maxyy  .The main problem with such processing 

is the determination of the threshold 0x . The most reasonable for the 

mathematical description of the image is the application of the theory of 

probability, random processes and random fields. In this case, the determi-

nation of the optimal threshold of binary quantization is a statistical prob-

lem. 

The essence of other transformations presented in fig. 7.2, it is easy to 

understand, considering their characteristics. For example, the 

transformation of fig. 7.2b performs a luminous slice of the image, 

highlighting those areas where the brightness corresponds to the selected 

interval. In this case, other areas are completely "extinguished" (have a 

brightness that corresponds to the level of black). By moving the selected 

interval on the luminance scale and changing its width, you can examine in 
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detail the content of the picture. 

 

 
Figure 7.2 - Examples of transformations used during dissection  

 

Examples  

 
Example № 1.  
The image is given: 
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



















1422247

022428

45232117

2040934

X . 

It is necessary to perform a linear contrasting with the parameters 

30max y , 1min y . 

 

The solution. 

For calculation we will use expression (7.4). Find the maximum and 

minimum values of the two-dimensional signal X: 45max x , 0min x . 

Substituting the contrast parameters in (7.4), we obtain  

 

129
45

1)130(
45


xx

y . 

 

Then for the first line we have: 

 

911.22129
45

34
129

45
00

00 
x

y ; 8.6129
45

9
129

45
01

01 
x

y ;  

26.778129
45

40
129

45
02

02 
x

y ; 13.889129
45

20
129

45
03

03 
x

y . 

 

So, after calculating all the samples we get the next two-dimensional 

signal: 

 





















10.02215.17816.4675.511

1.00015.17828.0676.156

30.00015.82214.53311.956

13.88926.7786.80022.911

Y . 
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Now you need to round the obtained values. As a result, we obtain the 

following image: 

 





















10151661

115286

30161512

1427723

I . 

Example № 2.  
The image is given: 

 





















1422247

022428

45232117

2040934

X . 

 

It is necessary to perform solarization for 1k . 

 

The solution. 

For calculation we will use expression (7.5). Find the maximum value 

of the two-dimensional signal X: 45max x . Substituting the parameters in 

(7.5), we obtain )45( xxy  . 

Then for the first line we have: 

 

374)3445(34)45( 000000  xxy ; 

324)945(9)45( 010101  xxy ; 

200)4045(40)45( 020202  xxy ; 

500)2045(20)45( 030303  xxy . 
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



















434506504266

0506126296

0506504476

500200324374

Y . 

 

Obviously, after solarization, a linear contrasting step is required to 

bring the resulting image to a given dynamic brightness range. Perform a 

linear contrasting with the same parameters as in the previous example. As 

a result, we get 

 





















25.873530.000029.885416.2451

1.000030.0000 8.221317.9644

1.000030.000029.885428.2806

29.656112.462519.569222.4348

I . 

 

After rounding we get the following resulting image: 

 





















26303016

130 818

1303028

30122022

J . 

 

It is easy to see that the pixels with the average brightness value of the 

input image (values from 20 to 24) received the maximum values after 

solarization. In this case, the pixels with both the maximum value of 

brightness ( 4513 x ) and the minimum value of brightness ( 023 x ) after 

solarization received the minimum value ( 113 j , 123 j ). 

 

Example № 3.  
The image is given: 
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



















1422247

022428

45232117

2040934

X . 

 

It is necessary to perform the dissection in accordance with the law 

shown in Fig. 7.9. 

 

 
 

Figure 7.3 - Transformation for image dissection  

 

The solution. 

According to the law for dissection (Fig. 7.3) we write down the law 

of transformation 

 









 .3020 if,

;30or  20 if,15

xbax

xx
y  

 

The law shows that for 3020  x  it is necessary to perform a linear 

contrasting (7.4), in this case  

30max x , 1min y , 30max y .  

x 0 

y 

1 

15 

30 

20 30 
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Then 

 














 ,3020 if,1)130(
2030

20
;30or  20 if,15

x
x

xx
y  

 









 ,3020 if,1)20(9.2

;30or  20 if,15

xx

xx
y  

 

Therefore, after the calculation we obtain the following two-

dimensional signal: 

 





















158.66.1215

158.61515

157.99.315

1151515

Y . 

 

Now we need to round the obtained values. As a result, we obtain the 

following image 

 





















1571315

1571515

1510415

1151515

Y . 
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Tasks № 7 for independent work  
 

A two-dimensional signal is given 

 

























20615312

14181814

9185109

6051911

133201614

x . 

 

Perform two-dimensional signal dissection according to the specified 

law. Task options is given in table 7.1 (N - student's number in the journal). 
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Table 7.1 - Variants of laws for dissection  

N Dissection function N Dissection function 
1 

 

6 

 
2 

 

7 

 
3 

 

8 

 
4 

 

9 

 
5 

 

10 

 
15 

y 

x 
0 

20 

10 

10 

y 

x 
0 

10 

30 

5 

y 

15 x 
0 

10 

5 

y 

12 x 
0 

10 

30 

7 

y 

15 x 
0 

30 

15 

y 

x 
0 

25 

5 

15 

y 

x 
0 

40 

5 

15 

y 

x 
0 

20 

10 

10 

y 

x 
0 

20 

5 

10 

7 

y 

x 
0 

10 

2 
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N Dissection function N Dissection function 
11 

 

16 

 
12 

 

17 

 
13 

 

18 

 
14 

 

19 

 
15 

 

20 

 

5 

y 

x 
0 

5 

30 

17 

y 

x 
0 

10 

10 

10 

y 

15 x 
0 

18 

15 

y 

17 x 
0 

5 

10 

10 

y 

18 x 
0 

25 

10 

y 

15 x 
0 

15 

30 

10 

y 

20 x 
0 

40 

8 

y 

x 
0 

8 

50 

17 

y 

x 
0 

15 

10 

15 

y 

x 
0 

30 

10 
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N Dissection function N Dissection function 
21 

 

25 

 
22 

 

26 

 
23 

 

27 

 
24 

 

28 

 
 

20 

y 

x 
0 

25 

10 

18 

y 

x 
0 

40 

5 

15 

y 

x 
0 

50 

7 

20 

15 

y 

x 
0 

35 

2 

14 

y 

18 x 
0 

33 

15 

y 

x 
0 

45 

3 

14 

y 

x 
0 

7 

33 

8 

y 

14 x 
0 

16 

25 
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Practical task № 8. 
Image filtering 

 

Often, images generated by various information systems are distorted 

by noise. 

During solving some problems of image processing, certain 

components of the image itself can act as noise. The decrease of noise is 

achieved by filtering. 

During filtering, the brightness of each point of the original image, 

distorted by the noise, is replaced by some other brightness value, which is 

recognized as the least distorted by the noise. 

 

8.1 Linear filters 
 

Linear filters have a very simple mathematical description. Assume 

that the initial halftone image A is given, and denote the intensity of its 

pixels ],[ yxA . The linear filter is determined by the valid function h (filter 

core) specified on the raster. The filtering itself is performed using a 

discrete convolution operation (weighted summation): 

 

  
i j

jyixAjihyxAjihyxB ],[],[],[],[],[ . (8.1) 

The result is image B. Usually, the filter kernel 0],[ jih  is only in 

some neighborhood N of the point (0,0). Outside this neighborhood or very 

close to it 0],[ jih  and it can be neglected. The value of each pixel ],[ yxB  

is determined by the pixels of the image A, which lie in the window N, cen-

tered at the point ),( yx . The filter kernel defined on a rectangular 

neighborhood N can be viewed as a matrix mn , where n, m are odd num-

bers. During specifying a kernel as a matrix, it should be centered. 

If the pixel is near the borders of the image, then the 
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coordinates ],[ jyixA   for the defined ),( ji  may correspond to non-

existent pixels of A outside the image. There are several ways to solve this 

problem: 

• do not filter for such pixels by trimming image B at the borders or 

applying the initial values of image A to their values; 

• do not include the missing pixel in the summation, distributing its 

weight ],[ jih  evenly among other pixels around; 

• determine the value of pixels outside the image by extrapolation; 

• additional value of the pixel values behind the image boundaries, 

with the help of the mirror image continuation. 

Vibration is the way to see a specific filter and image features. 

 

Smoothing filters 

The simplest rectangular smoothing filter of radius r is specified using 

a matrix of size )12()12(  rr , all values of which are equal 2)12/(1 r , 

and the sum of the values is equal to one. 

It is a two-dimensional analogue of a low-frequency one-dimensional 

U-shaped filter of moving average. During filtering with such a kernel, the 

pixel value is replaced by the average value of pixels in a square with a side 

12 r  around it. Example of filter mask 3×3 is:  

 


















111

111

111

9

1
1
lowM . 

 

One of the applications of filters is noise reduction  

Noise reduction with a rectangular filter has a significant 

disadvantage: all the pixels in the filter mask, at any distance from the 

processed, affect the result with the same effect. Slightly better result is 

obtained during modifying the filter with increasing weight of the central 

point: 
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
















111

121

111

10

1
2
lowM  або 


















121

242

121

16

1
3
lowM . 

 

Contrast-enhancing filters  

While smoothing filters reduce the local contrast of an image by 

blurring it, contrast-enhancing filters produce the reverse effect and are 

high spatial frequency filters. 

The contrast-enhancing filter kernel at point (0,0) has a value greater 

than 1, with a total sum of values equal to 1. 

For example, contrast-enhancing filters are filters with a kernel defined 

by matrices: 























010

151

010

1
contrM , 






















111

191

111

2
contrM , 























121

252

121

3
contrM . 

 

8.2 Non-linear filters 
 

In digital image processing, nonlinear algorithms based on rank statis-

tics are widely used to restore images distorted by various noise models. 

Let us introduce the concept of an M-neighborhood of an image ele-

ment ],[ yxA , which is central for this neighborhood. In the simplest case, 

the M-neighborhood contains N pixels - the points falling into the filter 

mask, including (or not including) the central one. 

The values of these N elements can be placed in a variation series 

)(rV , which is ranked in ascending (or descending) order. Certain moments 
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of this series, for example, the average value of brightness Nm  and disper-

sion Nd  can be calculated.  

The calculation of the filter output, which replaces the center sample, 

is performed by the formula: 

NmyxAyxB )1(],[],[  . 

The value of the coefficient ]1,0[  is associated with a certain rela-

tionship with the statistics of samples in the filter window, for example: 

SN

N

kdd

d


 , 

where Sd  is the dispersion of noise in the whole image or in the S-

neighborhood for MS   and SM  ; k is the constant of trust to the dis-

persion of S-neighborhoods 

For 1k  and SN dd   we have 5.0 , therefore, 

2/)],[(],[ NmyxAyxB   i.e. the value of the central sample and the aver-

age value of the pixels of its M-neighborhood are added equally. 

The most simple and common types of non-linear filters for image 

processing are threshold and median filters. 

 

Threshold filtering 

Threshold filtering is set, for example, as follows: 









pmyxAm

pmyxAyxA
yxB

NN

N

],[,

],[],,[
],[

 
The p value is the filtering threshold. If the value of the center point of 

the filter exceeds the average value of the samples Nm  in its M-

neighborhood by the value of the threshold, then it is replaced by the aver-

age value. 

 

Median filtering 
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Median filtering is defined as follows: 

 ],[],[ yxMmedyxB  , 

Those, the filtering result is the median value of the pixels of the 

neighborhood, the shape of which is determined by the filter mask. 

Median filtering can effectively remove noise, which independently 

affects individual pixels. For example, such noises are “dead” pixels in digi-

tal shooting, “snow” noise when some of the pixels are replaced by pixels 

with maximum intensity, and so on. 

 

Extremum filters 

Extremum filters are defined according to the rules: 

 ],[min],[min yxMyxB 
, 

 ],[max],[max yxMyxB  , 

those, the filtering result is the minimum and maximum pixel values in 

the filter mask. Such filters are used, as a rule, for binary images. 

 

 

Examples  

 
Example № 1.  
The image is given: 

 





















1422247

022428

45232117

2040934

X . 

 

It is necessary to perform linear smoothing with the following masks: 
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а) 

















111

111

111

9

1
h ; 

б) 

















111

121

111

10

1
h . 

 

The solution. 

Enter the notation: 

 





















44434241

34333231

24232221

14131211

xxxx

xxxx

xxxx

xxxx

X , 





















44434241

34333231

24232221

14131211

yyyy

yyyy

yyyy

yyyy

Y , 

 

where X is the original image, Y is the filtered image. 

Before starting the calculation it is necessary to choose the method 

of processing edge points. Let non-existent pixels outside the image be zero. 

a)The calculation of the first two lines of the image taking into 

account the given filter mask 

















111

111

111

9

1
h is performed as follows 

 

99/)2117934(
9

22211211
11 




xxxx
y ; 

169/)23211740934(
9

232221131211
12 




xxxxxx
y ; 

17.56;9/)45232120409(
9

242322141312
13 




xxxxxx
y
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22.149/)45232040(
9

24231413
14 




xxxx
y ; 

 

56.149/)4282117934(
9

323122211211
21 




xxxxxx
y ; 

;249/)2242823211740934(
9

333231232221131211
22







xxxxxxxxx

y
 

;67.249/)0224245232120409(
9

343332242322141312
23







xxxxxxxxx

y
 

.67.169/)02245232040(
9

343324231413
24 




xxxxxx
y

 

Similarly, the calculation is performed for the next 2 lines. The result 

is the following filtered image: 
 





















44.678.1389.139

1467.2367.2022.13

67.1667.242456.14

22.1456.17169

Y . 

б) The calculation of the first two lines of the image taking into 

account the given filter mask 

















111

121

111

10

1
h is performed as follows: 

 

5.1110/)21179342(10/)2( 2221121111  xxxxy ; 

;3.1510/)232117409234(

10/)2( 23222113121112



 xxxxxxy
 



 78 

;8.9110/)452321204029(

10/)2( 24232214131213



 xxxxxxy
 

8.1410/)452320240(10/)2( 2423141314  xxxxy ; 

 

;8.1410/)42821172934(

10/)2( 32312221121121



 xxxxxxy
 

;7.2310/)22428232121740934(

10/)2( 33323123222113121122



 xxxxxxxxxy
 

;5.2410/)02242452322120409(

10/)2( 34333224232214131223



 xxxxxxxxxy
 

.5.1910/)022452322040(

10/)2( 34332423141324



 xxxxxxy
 

 

Similarly, the calculation is performed for the next 2 lines. The result 

is the following filtered image:  





















2.76.149.148.8

6.125.238.227.12

5.195.247.238.14

8.148.193.155.11

Y . 

 

Example № 2.  

The image is given: 

 





















1422247

022428

45232117

2040934

X . 
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It is necessary to perform high-frequency filtering with a filter mask  

 























010

151

010

h . 

 

The solution. 

Enter the notation: 

 





















44434241

34333231

24232221

14131211

xxxx

xxxx

xxxx

xxxx

X , 





















44434241

34333231

24232221

14131211

yyyy

yyyy

yyyy

yyyy

Y , 

 

where X is the original image, Y is the filtered image. 

Before starting the calculation it is necessary to choose the method of 

processing edge points. Let non-existent pixels outside the image be zero. 

The calculation of the first two lines of the image, taking into account 

the specified filter mask, is performed as follows:  

1441793455 21121111  xxxy ; 

50214095345 2213121112  xxxxy ; 

481232040595 2314131213  xxxxy ; 

1545205405 24141314  xxxy ; 

 

22821175345 3122211121  xxxxy ; 

;1442232151795 322322211222  xxxxxy  

;13224523521405 332423221323  xxxxxy  

182045523205 3424231424  xxxxy . 
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Similarly, the calculation is performed for the next 2 lines. The result 

is the following filtered image:  


























4850493

812313526

182131422

1514850144

Y . 

 

Note: since the brightness level values (when the value is stored in 1 

byte) cannot be out of range ]255,0[ , negative values are reset and values 

greater than 255 are set to 255. 

 

Example № 3.  

The image is given: 
 

























15140134

815197

1776911

1161190

31811916

X . 

 

It is necessary to perform median filtering with linear aperture 33 . 

 

The solution. 

Before starting the calculation it is necessary to choose the method of 

processing of border points. Let non-existent pixels outside the image be 

zero. 

Then to calculate the pixel value of the output image ijy , you must 

perform the following steps: 

1) write in a separate array z


 the values of pixels that fall into the 

aperture of the filter; 

2) sort the resulting array z


 in ascending order; 
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3) 5zyij  . 

For sample 11y  we will receive: 

1) )19,0,0,19,16,0,0,0,0(z


; 

2) filtered array )19,19,16,0,,0,0,0,0( 0z


; 

3) 011 y . 

For sample 12y  we will receive: 

1) )1,19,0,1,19,16,0,0,0(z


; 

2) filtered array )19,19,16,1,,0,0,0,0( 1z


; 

3) 112 y . 

The result is the following filtered image: 

 

























01110

88977

77777

66799

01110

Y . 

 

Analysis of the result shows that the selected method of processing 

border points was unsuccessful. For example, clusters of large values in the 

upper left corner and lower right corner are replaced by small ones. 

Let's use another way of processing border points. Duplicate the 

border points for the missing. 

Then for sample 11y  we will receive: 

1) )19,0,0,19,16,16,19,16,16(z


; 

2) filtered array )19,19,19,16,,16,16,0,0( 16z


; 

3) 1611 y . 

For sample 12y  we will receive: 

1) )1,19,0,1,19,16,1,19,16(z


; 
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2) filtered array )19,19,19,16,,1,1,1,0( 16z


; 

3) 1612 y . 

The result is the following filtered image: 

 

























15141347

158979

117779

1167911

63181616

Y . 
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Tasks № 8 for independent work  
 

1) Perform filtering the two-dimensional signal. Filter mask 


















111

121

111

10

1
h .  

2) Perform median filtering of a two-dimensional signal with linear 

aperture 33 . 

Choose the method of processing border points. See input data in table 

8.1 (N - student's number in the journal). 

 

Table 8.1 - Input two-dimensional arrays 

N X N X N X 

1 























3161393

674185

81310812

14016143

1016804

 5 























11218149

7128198

12165615

124141219

4138419

 9 























1419093

121318163

313893

809176

1159813

 

2 























71016113

116121710

16516176

6617713

14139133

 6 























31311120

714306

812010

970130

111279

 10 























13741415

813121215

761178

131818160

12103187

 

3   

19514312

13171713

9175108

5051910

132191514























 7 























191218511

3116179

3041414

16417913

345213

 11 























1119311

19214911

19716158

131319107

162141416
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N X N X N X 

4 























1519128

01213106

171151510

6157118

8114411

 8 























1404177

17171797

813306

1619526

21218118

 12 























111018140

11711511

19516195

812121410

14188117

 

13 























91016121

812151113

551586

1417917

113275

 16 























14151497

121181813

118101916

6912139

81961912

 19 























9513163

6121045

5611810

63111210

9107717

 

14 























898011

15161119

171614196

23121611

19716318

 17 























101221220

13411712

617151410

72015511

913999

 20 























1052173

121381310

720111316

174121110

141081112

 

15 























1765197

5156712

61312613

111761014

10111279

 18 























8201614

121117010

971492

188111812

12917107

 21 























819111811

1321987

10208611

10591615

56615
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Practical task № 9. 
Image compression 

 

Basics of wavelet transformations  
 

The idea of wavelet compression of images is simple. First, a wavelet 

transformation is applied to the image, and then some coefficients are 

deleted from the transformed image. Coding can be applied to the remaining 

coefficients. The compressed image is reconstructed by decoding the 

coefficients, if necessary, and applying the inverse transform to the result. It 

is assumed that not too much information is lost in the process of deleting 

some of the transform coefficients. 

Consider an image consisting of two pixels ),( 21 xx . These values can 

be replaced by the average value a and half-difference d: 

 

2/)( 21 xxa  , 2/)( 21 xxd  , 

 

 (coefficient 21  is introduced into the definition of d for the conven-

ience of notation). Note that we can write ),( 21 xx  in terms of ),( da : 

 

dax 1 , dax 2 . 

 

The "wavelet transformation" of the original sequential ),( 21 xx  is 

),( da . In this form, information is not added or lost. 

If the two values ),( 21 xx  are close to each other, then the difference d 

will be small, and the image ),( 21 xx  can be replaced by its approximation 

)(a . The recovered image will be the image ),( aa  with error from 

|)||,(||)||,(| 21 ddaxax  . Because d is small, then the error will be 

small.  
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Consider a larger image ),,,( 4321 xxxx .  

Let's calculate the average values  

 

2/)( 210,1 xxa 
, 

2/)( 431,1 xxa 
 

and the differences 

2/)( 210,1 xxd 
, 

2/)( 431,1 xxd 
. 

 

Double subscripts indicate a multi-step process (this is its first step). 

Then a new representation of the original image 

 

),,,( 1,10,11,10,1 ddaa
. 

 

It contains exactly the same number of samples as the original one. 

If you need to compress this image, then you need to pay attention to 

the magnitude of the values 1,10,1 ,dd  and decide whether they can be deleted 

without damage. In this case, we get a compressed image ),( 1,10,1 aa . 

If it is necessary to compress the image more, then you can apply the 

same procedure to the remaining samples ),( 1,10,1 aa  and calculate the aver-

age value and difference again: 

 

2/)( 1,10,10,0 aaa  , 2/)( 1,10,10,0 aad  . 

 

If the difference 0,0d  is small enough, then you can replace the entire 

original image ),,,( 4321 xxxx  with an image )( 0,0a  consisting only of one 

pixel. In this case, the value )( 0,0a  is the average value of all samples of the 

original image: 

 

4/)(2/)2/)(2/)((2/)( 432143211,10,10,0 xxxxxxxxaaa  . 
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If the original image is uniformly gray (that is, all x are equal to the 

same value), then it can be compressed, replacing it with a single value 

which is equal to that grayscale value. 

The value 0,0a  represents the most approximate level of information 

about this image, i.e. information at the lowest resolution or at the coarsest 

scale. 

The values 0,1a , 1,1a  taken together represent information at the next 

higher resolution level, or at the next better scale. Image ),( 1,10,1 aa  can be 

restored  from ),( 0,00,0 da  using the above procedure. 

The original sample values ),,,( 4321 xxxx  represent the highest resolu-

tion or best scale possible for this image. These values can be restored from 

),,,( 1,10,11,10,1 ddaa . 

Because 0,1a , 1,1a  can be obtained from 0,0a , 0,0d , then it is possible 

to restore the pixel values of the original image from the total average value 

0,0a  and differences 0,0d , 0,1d , 1,1d . Thus, the sequence 

 

 ),,,( 1,10,10,00,0 ddda  (9.1) 

 

is an alternative representation of the original image and consists of a 

total average value and difference values representing two different levels 

of detail. 

Sequence (9.1) is a wavelet transformation of the original sequence 

),,,( 4321 xxxx . However, there are more variants for compression. If 0,1d  

and 1,1d  are too large to ignore, then you can try to exclude the next level 

of detail, namely 0,0d . 

If we consider a larger image, we can continue the process of averag-

ing and highlighting details at a coarser level of resolution. 
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Two-dimensional wavelet transformation  
 

Previously, wavelet transformations were considered only for one-

dimensional sequences. It is possible to extend the idea of wavelet 

transformation to larger sequences. The first way is to first convert the rows 

of the image and then convert the columns of the image with the converted 

rows. 

Consider a two-dimensional analogue of a simple 4-element sequence. 

Suppose we have a 44 image 

 





















4,43,42,41,4

4,33,32,31,3

4,23,22,21,2

4,13,12,11,1

xxxx

xxxx

xxxx

xxxx

. 

 

One way to get a two-dimensional wavelet transformation of an image 

of size nn 22   is to first apply a one-dimensional wavelet transformation to 

each of the n2  rows, and then apply a one-dimensional wavelet transforma-

tion to each of the n2  columns. 
We can think of averaging and detailing operations using Haar wave-

lets as applying low-pass and high-pass filters. A low-pass filter allows in-

formation transmitted at low frequencies (i.e., a small amount of details) to 

pass through, while blocking information transmitted at high frequencies 

(i.e., containing a large amount of details), and a high-pass filter does the 

opposite. 

Scheme of fig. 9.1 shows what a two-dimensional wavelet 

transformation looks like. 

 



 89 

 
 

 
Figure 9.1 - Scheme of two-dimensional wavelet transformation 

 

Blok НН1 – the result of the HPF (H) action on the lines, and then its 

action on the resulting image columns. 

Blok LH1 – the result of the action of the LPF (L) on the image col-

umns that have already passed through the HPF. 

Blok HL1 – the result of low-frequency processing of rows, followed 

by high-frequency processing of columns. 

The upper left corner of the diagram is subdivided into smaller blocks, 

indicating that the wavelet transformation operation sequentially affects less 

amount of coefficients, up to the last coefficient in the upper left corner, to 

which only the LPF was applied. 

 

Examples  

 
Example № 1.  
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A sequence ]7,5,3,1[x  is given. Calculate forward wavelet transfor-

mation  

 

The solution 

1-st step:  

Let's calculate the average values and the differences 

22/)31(  , 62/)75(  , 12/)31(  , 12/)75(    

]1,1,6,2[  . 
2-nd step:  

42/)62(  , 22/)62(    ]1,1,2,4[   

Result: ]1,1,2,4[ y  
 

Example № 2.  

A wavelet transformation ]1,1,2,4[ y  is given. Calculate origi-
nal sequence. 

 

The solution 

1-st step: 224  , 624    ]1,1,6,2[  . 

2-nd step: 112  , 312  , 516  , 716    ]7,5,3,1[  

Result : ]7,5,3,1[x  

 

Example № 3.  

 

The original matrix is given. Calculate two-dimensional forward 

wavelet transformation 

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

I

 
 
 
 
 
 
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1-st step  

Transformation by strings Transformation by columns 

1.5 3.5 0.5 0.5

1.5 3.5 0.5 0.5

1.5 3.5 0.5 0.5

1.5 3.5 0.5 0.5

I

  
   
  
 

  

 

1.5 3.5 0.5 0.5

1.5 3.5 0.5 0.5

0 0 0 0

0 0 0 0

I

  
   
 
 
 

 

 

2-nd step (performed only for the upper left corner 

Transformation by strings  Transformation by columns  

2.5 1 0.5 0.5

2.5 1 0.5 0.5

0 0 0 0

0 0 0 0

I

   
    
 
 
 

 

2.5 1 0.5 0.5

0 0 0.5 0.5

0 0 0 0

0 0 0 0

I

   
   
 
 
 
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Tasks № 9 for independent work  
 

Calculate the wavelet transformation: 

1) for a one-dimensional sequence 

The initial data see in table 9.1 (N - student number in the journal). 

 

Table 9.1 - Task options (N - student number in the journal)  

N Discrete signal (for task 1) 

1 )4;1;0;2;1;4;9;8(][ nx  

2 )6;4;4;2;7;6;4;0(][ nx  

3 )9;5;3;6;8;4;2;1(][ nx  

4 )5;4;4;1;9;3;4;7(][ nx  

5 )6;2;9;8;2;1;0;7(][ nx  

6 )4;8;8;2;4;5;1;8(][ nx  

7 )6;9;3;3;6;0;5;8(][ nx  

8 )8;1;6;5;9;5;9;2(][ nx  

9 )4;0;1;6;3;3;1;0(][ nx  

10 )2;4;5;8;1;8;0;4(][ nx  

11 )9;2;3;3;1;2;7;1(][ nx  

12 )3;8;9;2;6;4;2;1(][ nx  

13 )1;8;8;3;6;3;6;0(][ nx  

14 )8;5;3;2;5;3;9;6(][ nx  

15 )5;5;1;9;2;1;7;4(][ nx  

16 )3;1;0;0;1;6;5;6(][ nx  

 

2) for a two-dimensional signal 

The input data see in table 9.2 (N - student number in the journal). 
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Table 9.2 - Input two-dimensional arrays 

N X N X N X 

1 



















74185

1310812

016143

16804

 5 



















128198

165615

4141219

138419

 9 



















1318163

13893

09176

59813

 

2 



















6121710

516176

617713

139133

 6 



















14306

12010

70130

11279

 10 



















13121215

61178

1818160

103187

 

3   

3171713

175108

051910

2191514



















 7 



















116179

041414

417913

45213

 11 



















214911

716158

1319107

2141416

 

4 



















1213106

1151510

157118

114411

 8 



















171797

13306

19526

1218118

 12 



















1711511

516195

12121410

188117

 

13 



















12151113

51586

417917

13275

 16 



















1181813

8101916

912139

1961912

 19 



















121045

611810

3111210

107717

 

14 



















161119

1614196

3121611

716318

 17 



















411712

17151410

2015511

13999

 20 



















1381310

20111316

4121110

1081112

 

15 



















156712

1312613

1761014

111279

 18 



















1117010

71492

8111812

917107

 21 



















21987

208611

591615

6615
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