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4
INTRODUCTION

The intensive development of digital technologies contributed to them
implementation in such technological fields as digital television,
biomedicine, digital mobile communication, digital audio and video
recording, telecommunications, etc. Methods of digital signal processing are
the basis of many of the latest digital developments and various applications
of additions, including in the field of computing.

The purpose of the workshop of the course "Signal and Image Process-
ing" is to consolidate practical skills of application of methods and algo-
rithms of digital processing of signals and images. Workshop includes
mathematical basics of signal processing (Fourier transforms and Fourier
series, convolutions, z-transform) and image processing (two-dimensional
Fourier transform, element-by-element transforms, digital filtering and
wavelet transforms).

Workshop contains descriptions of 9 two-hour practical works. The
structure and content of the workshop correspond to the work program of
the course "Signal and Image Processing", lectures and practical classes of
which are currently held at the Department of Computer Engineering and
Programming NTU "KhPI".

Each student receives an individual task in accordance with the num-
ber in the journal and prepares a report of practical work.

Completing practical work involves preliminary study of the relevant
section of the course and methodological instructions for this work. To be
allowed to perform practical work, the student need to know the basics of
math analysis (derivatives, integrals, matrices, complex numbers etc.), the
basics of physics as well as being able to use the MATLAB program pack-
age to solve practical problems.

The work is considered passed if the student has completed the
individual task with all the necessary calculations, written a report and
answered theoretical questions
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Practical task Nel.
Fourier series of continuous signals

If the signal f(x) is defined on the interval [a;b] , then its

decomposition into the Fourier series is determined by expression (1.1),

+00 +00
a, kmx . kmx
=—+ cos—+ » b, sin—, 1.1
A (x) ) ;ak L kzz‘; k I (1.1)
where L = b-a , and the coefficients are calculated as follows:

1% 1% ko 1% ko
ay :ij(x)dx; a, :zjf(x)cosde; b, :zjf(x)sianx.

Examples
Example Nel. Find the decomposition in the Fourier series:

A, 0<x<IL;

f(x):{o, L<x<2L.

The solution.
Determine the coefficients of decomposition:

L

b
1 1
ay :zjf(x)dx:szdxzzxo = A;
a 0
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b L L
ak:lj‘f(x)coskﬂdx:lj.Acos@dx:ﬁ Lsinkﬂ =
L L Ly L L|kn L ],

A (sin & —sin 0) = 0;
km

L

b L
b, :ljf(x)sinkﬂdx:lJ.Asink—mdx:é —Lcosk—mC
L L L 0 L L km L

=%(_COS](“JFCOSO):%[l_(_l)k]=k—fc[l+(—l)k”],

a 0

You may notice that foreven k=2n, n=12,3,...

b,, = ﬁb + (—1)2“‘]: 0.

Forodd k=2n-1, n=1,2,3,...

4 [1+(-1)2”] 24

bypy = = T
(2n-Dn (2n-Dn

Thus, the Fourier series decomposition takes the form:

+o0 _
f(x):£+2—A —1 sin(zn lrcxj.
2 mig2n-1 L

Example Ne2. Find the decomposition in the Fourier series:

0, —-1<x<0;
X

L N

The solution.
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Find the half-period L =(1—-(-1))/2=1.

Determine the coefficients of decomposition:

b 1 1
mF%{ﬂmﬂ:iﬂmw:ka:—-:—;

b 1
a, :%Jf(x)coskdex :chosknxdx.
a 0

To find an integral of the product of functions, we use the method of
integration in parts:

b b
juuwwm=Uuwuﬁ—jwwﬂnm.
Then

U(x)=x;dU =dx;

1
a, = choskrcxdx =|dV (x) = cosknxdx;| = {klxsin krcx}
yis
0

1

1 0
V(x)=—sinkmx
kn

1 1
—ijsinknxdx:isinkn+%coskn :% coskm—cos0 | =
T T - kn o k°m :_’1)7 e

et -] (-D*-1
=D = a5
k°n k°n



, | U(x)=x;dU =dx;

1 . kmx . .

by = Z_[f(X) sdex = stm kmxdx == \dV (x) = sin knxdx; | =

a 0

Vi(x)= —Lcos kx|
kr

1

1
= —Lxcoskrcx +Lj‘cosknxdx:—L coskn—0-cosO |+
kn 0 kTCO k| > ﬁf—‘io
=(-1) -

Lk yk+l

+ sin kx| = =D + ! sin kmt —sin 0 =¢,
k*n? 0 ko kRt T o krt

Obviously, the Fourier series decomposition looks like this:

kn

+0 ¢ 1\k +0 ¢ 1yk+1
f(x)=l+z%coskm+z( D sin kmx .
4 0 km k=1
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Tasks Nel for independent work
a, asx<aq,
Find the Fourier series of the signal f(x)=
X, a<x<b

shown in Fig. 1.1. The signal parameters must be selected according to the
number from table. 1.1.

00 A

»
»

a a, b x
Figure 1.1 - Non-periodic signal specified in the interval [a;b]

Table 1.1 - Signal parameters (N - student number according to the

journal)
N | a a, b | N | a a, b N | a a, b
1 -9 -5 0 1 | -7 -4 -1 21 | -5 -3 0
2 -8 -4 1 12 -6 -3 0 22 -4 -2 1
3 -7 -3 2 13 -5 -2 1 23 -3 -1 2
4 -6 -2 3 14 | 4 -1 2 24 | -2 1 3
5 -5 -1 4 15 -3 1 3 25 -1 1 4
6 -4 1 5 16 -2 1 4 26 0 2 5
7 -3 1 6 17 | -1 2 5 27 1 3 6
8 -2 2 7 18 0 3 6 28 2 4 7
9 -1 3 3 19 1 4 7 29 3 5 8
10 0 4 9 20 2 5 8 30 4 6 9
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I t 1 x
Jaldx+jxdx =—|ax" +=—
J L]

a

— ljzf(x)dx = 1|:
LY L

=i[alz —2a1a+b2]

b
:ij.f(X)COS’de=z{£alcos 7 dx+£xcosde}_

nxb L% . nnx
——jsm—dx =
L

1{ L
a, —sin——
nT

1L . nma, . hma . nmb . nma,
1| sin —sin—— [+ bsin—— —a, sin +—cos——
L L nn

L nr

1 . nma
=—/|—a,sin— +bsin
nm L L nm

1t . nm, ¢ onm
a, sm—dx+jxsm7dx =

ziif(x)sin"?dx:Lh i

1| L nn" L nm| L7}
=—|—-a,—Ccos—| ——Xxcos— +—Icos dx|=
L nr . nr o N7 L
1 L nm, m nmb nm, .’
=——1|—a,| cos —— |—bcos— +a, cos =
Lnx L L L nzr L],

nim
a,cos— —bcos—+—

nmb L . nab . nm,
sin— —sin
nw L L

o
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Practical task Ne 2.
Discrete Fourier Transform

The expression for the direct discrete Fourier transform (DFT) is:

N -1 B 2 hn

X, (k)= x(nye "V, @.1)

n=0

2n

where the factor ¢~V is called the rotation Sactor and is denoted W, . The
value X[k] is the frequency output of the DFT at the i-th point of the
spectrum, where £ is in the range from 0 to N —1. The value x[#] is the n-

th count in the time domain, where # is also in the range from 0 to N —1.
The expression for the inverse discrete Fourier transform (IDFT)
has the following form:

1 N-1 jz—nkn
x[n]=— X[k N 2.2
[n]=— kZzo [kle 22)
Substitution of rotation factors Wy in (2.1) and (2.2) leads to the

definition of DFT and IDFT, respectively, in this form:

N-1
X[k]= " x[nWy"

=

=

-1
X[kt
0

x[n]= %k

The obtained expressions allow to convert the time domain of the
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discrete periodic signal to the frequency and back.

Examples
Example Ne 1. Calculate the spectrum of the discrete

signal x[n] = (a;0;0;0;0) .

The solution.
We use expression (2.1) to calculate the spectrum of a discrete non-
periodic signal, in which we substitute the value x[n] of a given signal

N-l 2 =2
X[k]:Zx[n]e N =ge N =a.
n=0

Example MNe 2. The signal x[n] has the following samples:
x[n]=(1;-1). This signal is shown in Fig. 2.1. It is necessary to calculate

the first two harmonics of the spectrum of this signal.

x[n]

Figure 2.1 - Graph of the input signal

The solution.
There are two ( N =2) samples. To find complex quantities, it is
necessary to calculate the value of the DFT equation for k£ =0,1.

When &k =0 we get:
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X[0]= Zx[n]e 2" —zx[n]ef° Zx[n];

= n=0
X[0]=x[0]+x[1]=1-1=0.

When k=1 we get:

1 j T‘ 1

X[]]: z z n]e jmn _ O]e jm0 +x[1]e Jrrl

n=0 =

X[1]=1e 7 +(=1) e /" =1+ (=1)(cos(n) — jsin(m)) =1+1=2.

Therefore,

the first two harmonics of the spectrum are equal
X[k]1=(0;2).

Example Ne 3. Calculate the DFT of a discrete periodic signal given by
three samples x[n]=(0;1;2).

The solution.

27r00 /27r _jZn 0
X[0]=x[0]e * +xllle 3 +x[2]e 3 =0+1+2=3;
27 2n 27 27 4r
—j=201- —j 1 j 1 _jr y
X[]=x[0]e "3 +xflle > +x2]e 3 =0+le 3 +2 3;
2n 2n 2n 4n 8n
j—0-2- —j—1-2 —j—=22 o —j— -J
X[2]= [0l +x[l]ej3 ta2le 3 =0e 41e T3 42e 3.
Because
2n 8n
e—]? _ EEY —1 ﬁ
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then X[I]= and X[z]zﬁ.

—3+jJ§
2
Graphs of the given discrete periodic signal x[n] and the calculated

discrete periodic spectrum of amplitudes X[k] are given in fig. 2.2

(amplitude 4 of a complex number X =a+ jb is calculated by

expression 4 = \a* +b? ).

X[l;] X[3k]
bl el

Figure 2.2 - Graph of the discrete signal x[#]
and its spectrum of amplitudes X[k]

Example Ne 4. Calculate the values of the discrete signal x[n], if the
DFT of this signal is given in the following form X[k]=(0;1;0;1).

The solution.
x[0] = %(X[O]efoo + XT1e’® + X121e’” + X[31e’* ) =0,5;

m .6m

A1]= %(X[O]ej o 4 X[l]ej 2 4 X2l + X[3]e’ ) = i(o +/1+40-j1)=0;

x[2]= %(X[O]ejoo + X[1]e’™ + X[2]e’*™ + X[3]e”*™) = %(o ~1+0-1)=-0,5;

3 ‘ o
x[3] = i(X[O]ejOo + X[I]e'/ 2 4 X[2]e”" + X[3]e’ 2)= %(o —j+0+/)=0.

The graph of the sequence x[n]=(0,5;0,—-0,5;0) is shown in Fig. 2.3.

The graph shows that the signal x[#] is discrete and periodic.
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0,25

-0,25

Figure 2.3 - Graph of the signal recovered by the formula IDFT
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Tasks Ne 2 for independent work

1) Calculate the DFT of the discrete signal given by its samples. Plot
graphs of signal and amplitude spectrum.

2) Calculate the value of the discrete signal based on the available
DFT. Plot graphs of the amplitude spectrum and signal.

Initial data for tasks 1 and 2, see in table. 2.1.

Table 2.1 - Task options (/N - student number in the journal)

N | Discrete signal (for task 1) | Spectrum (for task 2)
1 xn]=(-2-LL;2) X[k]=(-2;-11,2)
2 | xn]=(-21-12) X[k]=(-2;1-12)
30| Aln]=(-252:-1) X[k]=(=2:1;2;-1)
4 | xn]=(-2-1;2;1) X[k]=(=2-1,250)
5| xn]=(1:2:3:4) X[k]=(1;2;3;4)

6 | x[n]=(1-2;3-4) X[kl = (1,-2;3;-4)
7| ln]=(1-2-34) X[k]=(1,-2;-3;4)
8 | x[n]=(-3;-1;0;2) X[k]=(-3;-1;0;2)
9 | xnl=(-3;0;1:3) X[k] = (=3,0;1;3)
10 | x[n]=(-3;0,0;3) X[k]=(=3;0;03)
L1 x[n] = (0;2;2;0) X[k]=(0;,2;2;0)
12 | x{n] = (2;0;3;0) X[k]=(2;03;0)

13 | x{n]=(2;0;1,0) X[k]=(2;0;1;0)

14 x[n]=(-2;0;3;0) X[k]=(-2:0;3;0)
15 | x{n] = (2;0;-3;0) X[k]=(2;0,-3:0)
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Practical task Ne 3.
Fast Fourier Transform

FFT is the generic name for any method for reducing the compuational
complexity of a DFT. There are many different methods for reducing
complexity.

The most common algorithms are radix 2 FFT.

A radix 2 FFT splits the complete DFT calculation into a combination
of 2-point DFTs. Each 2-point DFT contains a basic multiply-accumulate
operation called a “butterfly”.

There are time decimation and frequency decimation FFT algorthms.

3.1. Time decimation FFT algorthm
In Fig. 3.1 shows the basic operation for FFT with time decimation,
and in Fig. 3.2 is an example for a 4-point FFT.

a O > +/2-\ O A=a+bWy

b B=a-bWy
or simplified
a O > O A=a+bWy
Wy
b > O B=a-bWy

Figure 3.1 - Basic operation in the FFT algorithm with decimation in time



Kpoxk 1
x'[0] = x[0]c

x'[1]= 2] o—>

Kpok 2 x?2 [0] Kpoxk 3
wy X1
P (1
> > >
-1
X221 w
> > >

x'[2]1=A1]c

x'[3]= x[3]

Figure 3.2 - Algorithm for 4-point FFT with decimation in time

An example of a bit reversal algorithm used to implement decimation

in time is shown in Table 3.1.

The decimal index n is represented by its binary equivalent, then the

binary digits are reversed and converted back to a decimal number.

Table 3.1 - Bit reversal in the time decimation algorithm

Decimal number 0 1 2 3 4 5 6 7
Binary equivalent 000 | 001 | 010 | O11 | 100 | 101 | 110 | 111
Binary equivalent with 1001100 | 010 | 110 | 001 | 101 | 011 | 111
reversal

Decimal equivalent 0 4 2 6 1 5 3 7

3.2. Frequency decimation FFT algorthm
In Fig. 3.3 shows the basic operation for FFT with frequency

decimation, and in Fig. 3.4 is an example for a 4-point FFT.




a O > +® O A=a+b
+
Wy
+
o D Yo rum
or simplified
a O— > O A=a+b
Wy
b o— > >0 B=(a-bW}

Figure 3.3 - Basic operation in the FFT algorithm with decimation in frequency

e X'[p] S 12<[p00]K:3 X[0]
: X2[1]= X[2]
> o X?[2]= X[1]
wy
:=1 X2[3]= X[3]

Figure 3.4 - Algorithm for 4-point FFT with decimation in frequency

3.3. Frequency decimation IFFT algorthm
In Fig. 3.5 is an example for a 4-point inverse FFT (IFFT) with
decimation in frequency
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Step 1 Step 2 x2[0" Step 3 x3[0]

X'[0]= X[0]o > = 2 >

wy
X'=Xx2lo—> >

-1

X'[21= X1

wy
X'[3]1= X[3] 1

Figure 3.5 - Algorithm for 4-point IFFT with decimation in frequency

Examples

Example Ne 1.
Compare the spectra of the following signals x[n]=(1;0;,—1) and

x[n] = (1;0;-10).

The solution.
Calculate the spectrum of the discrete signal x[r] = (1;0;-1) .
For k=0:

2n on

2 _2n 2
X[0]= Zx[n] ¢ Zx[n] , OT)KE
n=0 n=0

X[0]=x[0]+ x[1]+ 2] =1+0-1=0.

For k=1:

2 jzll 'EO _]27Tt 2n

X[1=Y sfnle 3 =x0le 3 +xlle 3 L2 3

n=0
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2 4 L .
X[l]zle_jo+()ej3 “le 3 =1 1+zjﬁ:3 é\/g

For k=2
2n 21 ,27:2 2n

—J
+x[2]e "3 ,

2 _2m, _2 _
X[21= Y x{nle 3 Y0l 3 il 3

n=0
An 8 . .
X[2l=le®+0e 3 —le '3 =1- _l_zf*/g - 3+;*/§ .

Thus, the first three harmonics of the spectrum are:

3- V3 3+ 3 )
2 7 o2 7
Add one sample equal to 0 to the output signal and calculate the

X[k]=(0;

spectrum of the received signal x[n]= (1;0;,—1;0).
For k=0:

3 _2m, 3
X10]=3 sfnle + " =3 xfn], X[0]=140-1+0=0.
n=0 n=0

For k=1:
3 BRI -i%0 -5 %2 -3
X[]=) xnle "+ =x0le 2 +x{lle > +x[2]e > +x3]e 2 ,
n=0
2n 3n

X[]=1e®10e '2-le "20e 2 =1+1=2.

For k=2
2n

3 _=n
X121= > anle " # ’

n=0
X[2]=1e* +0 e /" —le /> +0e " =1-1=0.

n -iZo0 -2 —jZ4 -iZ6
=x[0le %2 +x[lle 2 +x2]e 2 +x[2]e 2
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For k=3:
3 ENELEW -iZ0 -i%3 -iZ6 —i%9
X[21= Y afnle 4 =xj0le 2 +a{lle 2 +xi2le 2 +x{20e 2
n=0
3n I

X[3]=le7®+0e 2 1 10e "2 =141=2.

Therefore, the first four harmonics of the spectrum are
X[k]=(0,2;0;2) .

Thus, the spectrum contains more harmonics, and the first 3 harmonics
of the signals do not match.

Example Ne 2.
Calculate the FFT of the discrete periodic signal given by the

samples x[n] = (-2;—1;0;1) . Compare the results of calculations with two

algorithms.

The solution.
Time decimation algorithm

Step 1. Reversal of samples

Input Binary form of | Reverse | A new order of samples for the
numbers | the input num- bits implementation of the algo-
bers rithm
0 00 00 0
1 01 10 2
2 10 01 1
3 11 11 3

Thus, we obtain the following sequence:

x[0]=x0]=-2, x'[1]=x[2]=0, x'[2]=x[1]=-1, x'[3]=x[3]=1.
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Step 2.
X2[0]=x'"[0]+ WX [1] =2+ 0 =—2;
X1 =x'[0]- a1 =2 -0=-2;
X2[2]= 221+ WA 3] =-1+1=0;
XPBl=2'2]- WA Bl =-1-1=-2.

Step 3.
X[0]= X2[0]+ WL X2[2]=—2+0=—2;

21

X=X+ WX Bl=-2-2¢  * =2 —2(cosg _jsing) =—2+2j;

X[2]= X°[0]- W, X?[2]=-2+0=-2;

21

XB)= XWX Bl=-2+2e ¢ =24 2(cos 7 —jsinT) =22,

Frequency decimation algorithm
Step 1.

X'0]=x[0]+x[2]=—2+0=-2;
X' =x1]+x3]=-1+1=0;

X'[2] = (0] - X2 = (2= 0)e * =2
X'[3]= 1= 23D, = (<1=De "2 =2;.

Step 2.

X[0]=X'[0]+ X'[1]=-2+0=-2;
X2 = (X'[0]- X[ =2-0=-2;
X7[2]=X"[2]+ X'[3]=-2+2;;
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X2[3]=(X"[2]- X'[3)) =-2-2;.

Step 3. Reversal
X[0]= X?[0]=-2; X[1]=X*[2]=—2+2/;
X[2]= X*[1]==2; X[3]= X’[3]=-2-2;.

The spectra obtained by the two algorithms completely coincide.

Example Ne 3. Calculate the value of the input signal using IFFT based
on the spectra with was obtained in example 2.

The solution.
Step 1.

X'[0]=X[0]=-2; X'[1]=X[2]=-2;
X'[2]=X[1]=-2+2;; X'[3]=X[3]=-2-2/.

Step 2.

X*[0]=X'[0]+W X' [I]=—2-2=—4;

X[ = X'[0]- ) X' [1]=-2+2=0;

PR2]= X' 21+ WX 3= 242 +(-2-2j) = —4;
X[3]= X' [21-W) X [B]=-2+2j+2+2j=4j.
Step 3.

X[0]=x7[0]+ W x*[2] = -4 -4 =-8;

g

1] = X[+ W X [3]= 0+ 4jej2 =—4j(—j)=-4;
*[2]= x*[0]- W x*[2] = —4+4=0;

T

x*[3]= x*[1]- W ' x*[3] =0—4jej2 =4j(-j)=4.
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Step 4. Perform normalization on N, ie x[n]=%x3[n] ,

x[n]=(-2,-1,0,).

Tasks Ne 3 for independent work

1) Calculate the FFT of the discrete signal.

2) Calculate the IFTF of a discrete signal given by its spectrum.
The input data for tasks 1 and 2 see in the table. 3.2.

Table 3.2 - Task options (N - student number in the journal)

FFT IFFT
N Discrete signal alg\zﬁ;hm Spectrum alg\;ﬁ;hm
(for task 1) decimation (for task 2) decimation
in ... in ...
1 x[n]=(-2-1;1,2) time X[k]=(=2;-11;2) time
2 | xn]=(-2;1;-1;2) | frequency | X[k]=(-2;1;-12) frequency
3 x[n]=(-2;1;2;-1) time X[k]=(=2;1;2;-1) time
4 x[n]=(-2;-121) frequency | X[k]=(-2;-1;2;1) frequency
5 xn]=(1:;2;3;4) time X[k]=(12;3;4) time
6 | x[n]=(1,-2;3;—4) | frequency | X[k]=(1;-2;3;—4) frequency
7 | x[n]=(1;-2;-3;4) time X[k]= (1;-2;-3;4) time
8 | x[n]=(-3;-1,0;2) | frequency | X[k]=(-3;-10;2) frequency
9 | xn]=(=3;0;1;3) time XT[k] = (=3;0:1:3) time
10 | x[n]=(-3;0;0;3) | frequency | XTk]=(-3;0;0;3) frequency
11| x[n] = (0;2;2;0) time X[k]=(0;2;2;0) time
12 | xn]=(2;0;3;0) frequency | X[k]=(2:0;3;0) frequency
13| x[n]=(2;0;,0) time X[k] = (2:0;1;0) time
14 | x[n]=(-2;0;3,0) frequency | X[k]=(-2:;0;3;0) frequency
15| x[n]=(2;0;-3;0) time X[k] = (2;0;-3;0) time




Practical task Ne 4.
Circular and linear convolution

By definition, the circular convolution of two sequences x[n] and

y[n] is equal to

N-1
g[n]=Y x{mlyln—m], n=0,N-1. (4.1)

m=0

Since the sequences x[n] and )[n] are finite, they are considered as

periodic, with a repetition period N (Fig. 4.1).

[Ltll eIl
T

Figure 4.1. - Example of the periodicity of the final signal

v

Circular convolution

Let's write the expression (4.1)

2[0]=x[01y[O0]+ x[1]y[N —1]+ x[2]y[N — 2] +...
g[1] = x[O]y[1]+ {1]y[0] + x[2])[N — 1] +...
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g[N —1]=x[0]y[N —1]+ x[1]y[N = 2]+ x[2]y[N -3]+...
This algorithm can be written in matrix form if the sequence )[n] is

written in matrix form Y.

A0l YIN-1] MIN=2] .. 1]
1] VO] YVIN=I] - 2]

Y= 2] y1] voy - 31

(VIN=1] YN =2] y[N=3] ... »[0]]

Then the convolution of sequences in matrix form is calculated by
multiplying the matrix Y by the vector X:
g=Yx.

Linear convolution
To obtain a linear convolution of the final sequences x{#] and y[n] it

is necessary to add zeros to the end of the sequences so that the length of
each sequence was N=N,+N, -1, where N,, N, - the length of the

sequences X n] and ){n], accordingly. Then the convolution is calculated

by expression (3.1).

Discrete Fourier transform properties
If X[k] and Y[k] are the DFTs of the sequences x[{n] and {n],
accordingly, then the DFT of the sequence g[#] is equal to

Glk] = X[KY[k].

Examples

Example Ne 1.
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Find the circular and linear convolution of the sequences
x[n]=(1,2,-L1) and y[n]=(1,2,3,4)

The solution.

Find the circular convolution. In the time domain (in matrix form) we
will have :

1 4 3 2] 1] [1+8-3+2] [8
21 4 3| | 2] |242-443| |3
3 2 1 47| =1|7|3+4-144]| |10]"
43 2 1| | 1] |4+6-3+1] |9

The result was a circular convolution g[n]=(8,3,10,9).

Let's check the result with the help of DFT. Find the DFT of the
sequence x = (1,2,—11):

X[0]=1+2-1+1=3;

21 21 27

10 fjjl i 7143_ . . .
X[l]=1e" +2e —le +le =1-2j+1+j=2-j;

A2n2 2m 2m

X[2]=1e+2¢ 4 —1e % +le 4 =1-2-1-1=-3;

'2l3 _2n 2n

XB]=1+2¢ 4 —le 4 +le 4 =142j+1-j=2+].

Find the DFT of the sequence y =(1,2,3,4) :
Y[0]=1+2+3+4=10;

2m 2n 2m

- - -i773
Y[1]=1e"+2¢ ' * 43¢ 4 4de * =1-2j-3+4j=-2+2);

o 7],24:12 7},247[4 j247r ~ B .
Y[2]=1e° + 2e +3e +4e =1-2+43-4=-2;
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2n 2m 2m

X[3]=1e+2¢ ' # 43¢ 4 4de 4 =142j-3-4j=-2-2;.
Find the product X[k] and Y[k]:

G[0] = XTOJY[0] =103 = 30;

G[1]= X[1Y[1] = (2= j)(—2+2/) = —4+2j+4/+2=-216/;
G[2]= X[2]Y[2] = (-3)(-2)=6;

G[3]= X[3]Y[3] = 2+ j)(—2—-2j)=—4-2j—4j+2=-2-6] .

Calculate the IDFT of the sequence G[k]:

g[O]:%(30—2+6j+6—2—6j):32/4:8;

,21':1 2n 2m

1 0 NS j=2 . J=3
g[l]=Z(3Oe +(2+6j)e 4 +6e * +(-2-6j) * )=

=%(30+(—2+6j)j+6(—1)+(—2—6j)(—j))=12/4=3;

1. [ R R
g[2]=z(30e +(2+6j)e * +6e * +(-2-6j) * )=

=%(30+(—2+6j)(—l)+6+(—2—6j)(—j)) =40/4=10;

2n 2n 2n

1 0 =3 Jj=6 =
g[3]=z(30e +(2+6j)e 4 +6e * +(2-6j)e * )=

=%(30—#(—2+6j)(—j)+6(—l)+(—2—6j)j) =36/4=09.

The result coincided with the result of the circular convolution
calculated by the matrix method.

Calculate the linear convolution. Add the input sequences with zeros
so that the length of each sequence is equal N =N, +N, -1=4+4-1=7,

ie it is necessary to add 3 zeros so that the input sequence has a length equal
to 7.
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In the time domain (in matrix form) we will have:

1 000 4 3 2 1 1 1
21 000 4 3 2 242 4
32100 0 4| -1 3+4-1 6
4 32 1 0 0 0fx|1|=[4+6-2+1|=|9
0432100 0 6-3+2 7
0043210 0 -4+3 -1
0 0 0 43 2 1] |0] | 4 | 4]

The result was a linear convolution g[n]=(1,4,6,9,7,—1,4) . Obviously,

the linear convolution does not coincide with the circular one.

Example Ne2.
Find the linear convolution of two sequences x[n]=(3,-1,2,4) and

Nn=G,-2,-1).

The solution.

The length of the linear convolution is equal to N =4+3-1=6. So,
you need to add 2 zeros to the sequence x[n], and 3 zeros to the sequence
Mn].

In the time domain (in matrix form) we will have:

(3 0 0 0 -1 -2]1[3 9
-2 3 0 0 0 ~-1||-1| |-9
1 -2 3 0 0 o0f]2 5
0 -1 -2 3 0 o/ |al7] o
0 0 -1 -2 3 o]0} |-10
0 0 0 -1 -2 3|0 |-4]

The result was a linear convolution g[n]=(9,-9,5,9,-10,—4)
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Tasks Ne 4 for independent work

Calculate circular and linear convolution of sequences (matrix method).

See input data in the table. 4.1.

Table 4.1 - Variants of tasks (N - number of the student on the journal)

N x[n] Mn] N x[n] Mn]

Ll (=2-112) | (Z312) | 16| (-2-31:2) | (-L;2L4)
20 (25-12) | (2312 |17 (-25-14) | (L-2L4)
301 (2521 | (23-12) | 18] (4121 | (L2-14)
41 (27520 | (2352 |19 (=2-L5D) | (525-4)
5 (1;2;3:4) (1:3:5:2) | 20| (;2:3:4) | (2:0:-3;0)
6 | (L-2:3:-4) | (-1;352) | 21 | (1-2:3;-4) | (=2;-L5;D)
T (52-34) | (5-3.52) | 22 (5-2-34) | (-2L-5D)
8 | (=3:-50;2) | (113-5:2) | 23| (=3;-L0;2) | (2L5D)
9 | (3013) | (1135-2) | 24| (=30L3) | (ZLS-D)
101 (=3;0:0:3) | (S2L3) | 25| (=3:0:0:3) | (-L2L4)
IH](0:2,2:0) | (=5:213) | 26 | (0:2;2,0) | (5:21-3)
121 (20300 | G=213) |27 | (203,0) (5:-2:1;3)
131 (20300 | (52-13) | 28 | (20;3,0) (1:2:-1;4)
141 (=2,0:3,0) | (525-3) |29 | (-2:0:3;0) (1;2;;4)
IS (20:-30) | (214 |30 (20:-30) | (1L2L-4)
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Practical task Ne 5.
Z- transform

Direct z-transform
A z-transform is used to analyze discrete signals and systems.
We define a z-transform that is valid for all n:

0

X(2)= Zx[n]z_” , (5.1)

If x[n]=0 where n<0, then expression (5.1) is reduced to the so-

called one-way z-transform:

X(z)= ix[n]zfn )

n=0

The z-transform is a power series with an infinite number of terms, so
it may not converge for all z values.

The region in which the z-transform converges is called the region of
convergence, and in this region the values X(z) are finite.

The z values for which X(z) = are called the poles of the function

X(z). The z values for which X(z) =0 are called zeros of function X(z).

Inverse z-transform
Inverse z-transform allows you to reconstruct a discrete signal from
its z-image. Symbolically, the inverse z-transform can be defined as

xn]=Z7'[x(2)].

In practice, X(z) is often expressed through the ratio of two

polynomials from z™", for example:
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X()= by+biz " +byz +.. +byz N

ag +a1271 +a2272 +...+aszM

In that case, the inverse z-transform can be found using one of many
methods. The most common ones are:

1) the method of expansion in a power series;

2) the method of decomposition into elementary fractions;

3) the method of calculations.

Examples

Example Ne 1.
Find the z-transform and the convergence region of all discrete time

sequences shown in Figs. 7.1.

The solution.
1) The sequence in Fig. 5.1a has a finite length and is not equal to 0

when n<0 . The value of the sequence are
x[-6]=0, x[-5]=1, x-4]=3, x[-3]=5, x[-2]=3, x[-1]=1, x[0]=0 .
Then the z-image looks like this:

X, (z)= Zx[n]z_” =22 +3zY 4522 4322 4 2.

n=-o

Obviously, X(z)=ow when z=o . Therefore, the region of

convergence will be the whole plane z, except z =0 .
2) The sequence in Fig. 5.1b is bilateral and has a finite length. The
value of the sequence are

A{-31=0,x-2]=1,x[-1]1=3,x[0]=5,x[1]1=3,x[2]=1,x[3] =0. Then
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the z-image of the sequence has the following form:

X,(z)= Zx[n]z_” =22 432454327 4272,

n=—00

Obviously, X(z) =co when z=0 or z=o . Therefore, the region of

convergence does not include only the points z=0 and z=o0 .

Figure 5.1 - Discrete time sequences

3) The sequence in Fig. 5.1b has a finite length and is equal to 0
when n<0 , ie the signal is causal. Sequence values are
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A0]=0,x1]=1,x[2]=3,x[3]=5,x[4]=3,[5]=1,x[6]=0. Then the z-

image will look like:

X;(2)= Zx[n]zfn =z 432724523 43274 4270,

n=—x0

In the case X(z)=o when z=0. Therefore, only the point z=0

does not enter the region of convergence.

Example Ne2. The following z-image of the signal is given:

143z 4272
X(Z) = ﬁ .
1-z7 -2z
It is necessary to find the time sequence by the method of
decomposition into a power series.

The solution.
Solve the problem by the method of power series.
If a z-image of a causal signal is given, then it can be decomposed into

an infinite series with respect to 2! or z by division into a column
(sometimes such division is called synthetic division). In this method, the
numerator and denominator of the function X(z) are first expressed through

a decreasing exponent z, or through an increasing exponent 27", and then,
by dividing by a column, there is a quotient .

Consider the method by example.

The numerator and denominator of X(z) are given in the form of

polynomials with increasing degree z7', therefore, to obtain the original
function, we perform the usual division into columns:
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143z +272 1—-z7'-2272
1-z7'—2,72 1+4z7 +7272 415273 +...
4z 43772
4z 47,72 873
727248273
72727273 14z7*
1527° +14z7*
15273 11274 =222
25274422270

Then the z-image decomposes into a power series:
X(2)=1+4z"+7z2+15z2 + ..

You can now directly write the inverse z-transform:
x[0]=1, x[1]1=4, x[2]=7, x[3]=15 ...

Example Ne 3. The following z-image of the signal is given:

1+3z7 4272

X(z2)= .
1-z71-2272
It is necessary to find the time sequence by the method of
decomposition into elementary fractions.

The solution.
In this method, the z-image is first decomposed into the sum of simple
fractions. Then there are the tables of the inverse z-transformation of each

elementary fraction. These images are summed, and a general inverse z-
transform is obtained.
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Table 5.1 - Examples of z-images of some common sequences

Sequence of discrete time . Region of
z-image X(z)
x[n] for n>20 convergence X(z)
ko[ n] K everywhere
k ke |z|>1
z—1
‘ kz | | |
z| >
" (z-1)°
kz(z+1)
2 _— z|>1
kz —a
ke™ " — |Z| >e
z—e
k —an ﬂ |Z| > e_a
ne (Z _ e—a)Z
kz
ka" |z| >a
z—a
kaz | |>
n S — z|>a
kna (z— a)2

If the poles of the function X (z) are of the first order and N =M ,

then we can decompose X (z) as follows:

X(2)=By+C——+Cy— .. +Cyy— =
zZ=p Z— P Z=Pu

Where p, - the poles of the function X(z); C, - coefficients of
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elementary fractions (surplus function C, ), and the coefficient B, is:

By=by/ay. (53)

The coefficient C, associated with the pole p, can be found by
multiplying the right and left parts of equation (5.2) by (z—p;)/z and then

replacing z = p; :

_X(®

z

Ci

(z=po) - (5:4)

Z=Pk

Let’s find the poles of the function X(z). To do this, equate the

denominator to zero and find the roots of the equation: z2—z-2=0. The
roots of the quadratic equation are calculated by the following expression:

—bi-\/b2 —4ac

P12 = 2a

1+v1+8 1-+1+8

_ = 2 S p2 -
2 2

The function X (z) has 2 first order poles at points z=2 and z=-1.

Therefore, p, = =-1.

Then the function X(z) can be written as follows

22 +3z+1

O

According to expression (5.3) B, =1/(-2)=-0.5.
Find the subtraction of the function X(z) by expression (5.4):
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X(z 22 +3z+1 22 +3z+1
G = ()(Z P (22 =—/——— =
=pr z(z—-2)(z+1) z(z+1)
_4+6+1 11
22+1) 6’
X(z 22 +3z+1 22 +3z+1
G = ()(Z P EFo——o o+ =/ =
=) z(z=2)(z+1) :_1 z(z-2) -
=3+l ]
-1(-1-2) 3
Therefore, according to expression (5.2), the function X(z) has the
form:

X(2)=By+C,—— 4 Cy—2 g5 2 1 2
o

Dy zZ—p, 62z-2 3z+1

According to table 5.1 we have:
Z7'[-0.5]=-0.58[n];

Z—l E z :Ezn;
6 z-2 6
1 z 1
z = =——(-D)";
{ 3z+1} 3( )

Thus, the original function has the form

xn]=—0.58[n] + —2" (—1)"

Let us check the obtained result with the result obtained by the power
series decomposition method (see example Ne2). Let's calculate some first
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values of function x[n]:

M0]=-05+ -1 osp15-1;
6 3

1, 1 12
Ml]=—2-—(-l)=—=4
(1] < 3( ) 3

11

x[2]= (1)— =7;

1
3
3] = o ;( D} =22=15.
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Tasks Ne 5 for independent work

1) Find the z-transform and the convergence region of the sequence

x[n]. See input data in the table 5.2 (N - student's number in the journal).

Table 5.2 - Task options for task 1

N x[n]

x[n]

n N n
1 (-2:-112) -1,0,1,2 16 | (-2;-3;1,2) 6,7,8,9
2 (-2;1,-1,2) -2,-1,0,1 17 | (=2:;-1;4) 4,5,6,7
3 -2L2-1) | -5-4,-3,-2 | 18| (-4L2-1) -7,-6,-5,—4
4 (=2;-L2;1) 0,1,2,3 19 | (-2-L51) 13,14,15,16
5 (1;2;3;4) -3,-2,-1,0 20 | (1;2;3;4) -9,-8,-7,—6
6 | (L-2:34) 1,2,3,4 21 | (-2:3;-4) 8,9,10,11
7 | (L-2:-3;4) -4,-3,-2,-1 | 22| (,-2;-3;4) 1516,17,18
8 | (-3;-10;2) 2,3,4,5 23 | (-3;-10;2) 1112,13,14
9 (=3;0,1;3) 5,6,7.8 24 | (-3;0,13) -11,-10,-9,-8
10 | (-3;0;0:3) -6,-5-4,-3 | 25| (-3;0;0;3) 9,10,11,12
11| (0;2;2;0) 10,11,12,13 26 | (0;2;2;0) -13,-12,-11,-10
12 (2;0:3;0) —-8,-7,-6,-5 | 27 (2;0:3;0) 12,13,14,15
13 (2;0:3;0) 7,8,9,10 28 (2;0:3;0) -12,-11,-10,-9
14 | (=2;0;3;0) n=345,6 29 | (-2;0:3;0) | —-14,-13,-12,-11
15 (2;0;-3;0) -10,-9,-8,-7 | 30 | (2;0;-3;0) 14,15,16,17

2) Calculate the inverse z-transform for a given function X (z) by the

method of decomposition into a power series. See input data in the table 5.3.
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3) Calculate the inverse z-transform for a given function X (z) by the

method of decomposition into elementary fractions. See input data in the
table 5.3.

Table 5.3 - Task options for task 2 and 3.

N X(2) N X(2) N X(z)
| 1-3z71-2272 T 1-3z71-2272 o1 1-3z71-2272
1-3z7"+2272 145z +6272 1-3z7"+2272
-1 -2 -1 -2 -1 -2
2 1-3z7" -2z 12 1-3z7" -2z 2 1-3z7" -2z
1+z1-2272 1-z'—6z72 1+z1-2272
-1 -2 -1 ) -1 -2
3 1-3z7" -2z 13 1+3z7 =2z 23 1-3z7" -2z
1-z1-2:72 1-5z7" + 6272 1-z1-2:72
-1 -2 -1 -2 -1 -2
4 1—321 —222 14 1—1—321 —222 24 1—321 —222
1+37 +2z° 1+z7 -6z~ 1+37 +2z°
-1 -2 -1 -2 -1 -2
5 1+3z7 =2z 15 1+3z7 =2z 25 1+3z7 =2z
1-3z7"+2272 14527 +6272 1-3z7"+2272
143271 =227 143271 =227 143271 =227
6 == = |16 —__== _ |26 — ==
1+z1-2272 1-z'-6z72 1+z1-2272
-1 -2 -1 -2 -1 -2
7 1—1—321 —222 17 1-3z 1—22 _ 27 1—1—321 —222
1-z7" =2z~ 1+5z7 +6z~ 1-z7" =2z~
1 -2 -1 ) -1 )
3 1+3z7 =2z 18 1-3z7" -2z 8 1+3z7 =2z
14327 42272 1-z'-6z72 14327 42272
—1 -2 -1 -2 -1 -2
9 1-3z7" -2z 19 1+3z7 =2z 29 1-3z7" -2z
1-5z7"1 + 6272 1-5z7"1 + 6272 1-5z7"1 + 6272
2,19, 2 -1 _»_ 2 a1 4 2
10 1 3z1 222 20 1—1—321 222 30 1 3z1 222
1+z7 -6z~ 1+z7 -6z~ 1+z7 -6z~




43

Practical task Ne 6.
Primary image processing

Sampling

Sampling is used to obtain a discrete representation from continuous
analog images of the real world. In practice, sampling is carried out by input
devices (digital camera, scanner, or others).

For visual perception of processed images on output devices (display,
plotter, etc.), an analog image is reconstructed according to its discretized
representation

Sampling of a two-dimensional signal also leads to periodization of its
spectrum and vice versa. For rectangular sampling, the direct and inverse
Fourier transforms are defined by the expressions:

N-1M-1 7j2—nnk—/2—nml
S[k,11=) > s[nmle "N M (6.1)
n=0m=0
Nl 2 M — 2
Slk1=Ye "N Y slnmle M (6.2)
n=0 m=0
| Nl G2 ke 2l
s[n,m]=—— S[k,lle ¥ Mo (6.3)
NM k=0 /=0
N-1 21 M- 2n
nm]=—— e 3 Stk ne M (6.4)
NM k=0 =0

Expressions (6.1) and (6.2) are used to calculate the direct two-
dimensional DFT, and expressions (6.3) and (6.4) are used to calculate the
inverse two-dimensional DFT. These expressions show that the two-
dimensional DFT on a rectangular data sampling raster can be calculated
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using one-dimensional sequential DFTs. The other expressions (6.2) and
(6.4) are one-dimensional DFTs of the cross sections of the functions
s[n,m] and S[k,/] along the lines n and k, respectively, and the first ones

are one-dimensional DFTs of the calculated functions in the cross sections
m and [. In other words, the initial matrices of values s[n,m] and S[k,/] are
recalculated first in the intermediate matrices with DFT by rows (or
columns), and intermediate - in the final with DFT by columns (or by rows,
respectively).

Examples of calculation of two-dimensional DFT

Example Ne 1.
Suppose a two-dimensional signal is specified

AW NN -
AW NN -
AW D -
A WD -

Calculate by expression (6.1) the first few samples of the spectrum of
a given signal:

S[00]=1+1+14+14+2424+2+2+3+3+3+3+4+4+4+4=40;

g T T

“T N _T3q T N _T3q
S[0l]=1+e 2 +e?2 +e? +2+2¢ 2 +2e 2?2 422 +
n n n n n T

+343¢ 2 +3e 2 +3e 2 +4+de 2 +de 2 +de 2 =
=1-j-1+j+2(0-j-1+ H+3A-j-1+j)+4(0-j-1+,)=0;
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T2 o _T32 T2 ) _T32
S[02]=14e 2 +e?2 +e? +2+2¢ 2 +2e2 422 +
Tl Ty, T T T). T30

+3+3¢ 2 43¢ 2 43¢ 2 +d+de 2 +de 2 +de ? =
=1-1+1-1+2(1-1+1-D+3(1-1+1-1)+4(1-1+1-1)=0;

T T

_T3 T3 _T33 T _Th3 _T33
S[03]=1+e 2 +e?2 +e? +2+2e¢?% +2e?%2 +2e2 +

g T

T3 _Th3 33 T3 _Th3 33
+343¢ 2 +3e? +3¢e? +4+4e? +4de? +4e 2?2 =

=1+j-1-j+2(0+j-1-)+30+,j-1-j)+4(+j-1-,)=0;

LN} LR} LR} LR} LR N
S[LO]=1+1+1+1+2¢ 2 +2¢ 2 42 2 +2¢ %2 +3¢ 2 +

—jZ21 —jZ21 —jZ21 -3 -3 -1
+3¢ 2 43¢ 2 43¢ Z +de 2 +4de 2 +4e 2 +

_/5.3.1 —jﬁ»l-l
+4e 2 =4(1+2¢ % +3e
=4(1-2j-34+4)=-8+8};

_/5.2.1 —j=31
2 44e 2 )=

LR L, B I L N |
S[LI]=1+e 2 +e 2 +e %2 +
N Ze,_/g.l.l . Ze,_/g.l.l,jg.l.l N Ze,_/g.l.l,jg.z.l . Ze,_/g.l.l,jgg.l N
N 3e,jg.2.1 . 3e,j§.2.1,_/g.1.1 N 3e,jg.2.1,jg.2.1 . 3e,jg.2.1,_/g.3.1 .
+4e—j§~3~1 +4e—jg~3~1—jg~l~l ) 46—/’%3.1—/%.2.1 4 —j§~3~1—j§~3~1 _

=1-j-1+j+2(—j -1+ j+D)+3(-1+j+1-j)+4(j+1-j-1)=0.

Obviously, the calculation of two-dimensional DFT by expression
(6.1) is a rather labor-intensive process. Therefore, we use one-dimensional
DFT (6.2) to calculate the two-dimensional spectrum.

First, calculate the one-dimensional DFT by lines. Since there are 4
values in each line, the FFT algorithm can be used to calculate the spectrum.
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We use the FFT algorithm with time decimation (Fig. 3.2).
Calculate the FFT of the st line, i.e. x[n]=(L,LL1).

Step 1. Since all values of the discrete sequence are the same,
then x'[n] = (L,L1,1) .
Step 2.

X2[0]=x"T0]+ W x'[1]=1+1=2;
X1]=x"[0]-w)x'[1]=1-1=0;

X221=x"21+ WX 3] =1+1=2;
X23]=x"[2]-w)x'[3]=1-1=0.

Step 3.

X[0]= X2[0]+ W)X [2]=2+2=4;
2n

X[1]= X [+ W) X[3]=0+0e " * =0;
X[2]= X2[0]-Wx?[2]=2-2=0;

27
X[3]= X [1]- W X*[3]=0-0e ' * =0.

Calculate the FFT of the 2-nd line, i.e. x[n]=(2,2,2,2).

Step 1. Since all values of the discrete sequence are the same, then
x'[n]=(2,2,2,2).

Step 2.

X20]=x'T0]+ W x'[1]=2+2=4;
XM =x"T01-wx'[1]=2-2=0;

X 2]=x"[2]+ W x'[3]=2+2=4;
X[3]=x"[2]- W x'[3]=2-2=0.
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Step 3.

X[0]= X2[0]+ W X?[2]=4+4=8;
21

X[1]= X[+ W, X2[3]=0+0e 4 =0;

X[2]= X2[0]- WL X?[2]=4-4=0;
2n
X[3]= X7[1]-W, X'[3]=0-0e 4 =0.

Calculate the FFT of the 3-rd line, i.e. x[n]=(3,3,3,3).

Step 1. Since all values of the discrete sequence are the same, then
x'[n]=(3.3,33).

Step 2.

X2[0]=x"[01+ W x'[1]=3+3=6;
X1 =x"[0]-wlx'[1]=3-3=0;
X2[2]= %21+ Wx'31=3+3=6;
X[3]=x'"[2]- W x'[3]=3-3=0.

Step 3.

X[0]= X2[0]+W)X?[2]=6+6=12;
2n
2 12 e
X[1]= X*[1]+ W, X*[3]=0+0e "4 =0;
X[2]= X2[0]-W)X?[2]=6-6=0;
427I1

2 11 e
X[B=X"[11-W, X [3]=0-0e 4 =0.
Finally, we calculate the FFT of the 4-th line, i.e. x[n]=(4,4,4,4) .
Step 1. Since all values of the discrete sequence are the same, then

x'[n]=(4,4,4,4).
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Step 2.

X2[0]=x'0]+ Wx'[1] =4+ 4 =8;
X[ =x"[0]1-wy x'[1]=4-4=0;
X2[2]:x1[2]+W20x1[3]:4+4:8;
XP2]= X[ Wx 3] =4-4=0.

Step 3.

X[0]= X2[0]+W)X?[2]=8+8=16;

2n

2 12 T
X[1]= X*[1]+ W, X*[3]=0+0e "4 =0;

X[2]= X2[0]-WLXx?[2]=8-8=0;

427I1

X[3]= X [1]-W X' [3]=0-0e '+ =0.

As a result, we obtain the following intermediate matrix, each row of
which is composed of the obtained one-dimensional DFT rows of the initial
matrix s:

400 0
.18 00 0

S' =
12 0 00
16 0 0 0

Then for the matrix S’ we calculate one-dimensional DFT on columns.
Since the 2-nd, 3-rd and 4-th columns of the intermediate matrix contain
zero elements, the corresponding spectra will also contain only zero values.
Therefore, it is necessary to calculate only the spectrum of the 1-st column,
i.e. the sequence x[n]=(4,8,12,16) . We will also use the FFT algorithm
with time decimation (Fig. 3.2).

Step 1. Reversal of samples
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x'[0]=x[0]=4, x'[1]=x[2]=12, x'[2]=x[1]=8, x'[3]=x[3]=16,
ie. x'[n]=(4,12,816).
Step 2.

X2[0]= x'[0]+ W x'[1] =4 +12=16;
X2[M]=x"[0]-w x'[1] =412 = -8;
X[2]=x"[2]+ W x'[3]=8+16 =24;
X[3]=x"[2]- W x'[3]=8-16=-8..
Step 3.

X[0]= X2[0]+ W) X?[2]=16+24=40;
2n

X[1]= X[+ W/ X*[3]=-8-8¢ 4 =-8+8;;
X[2]= X*[0]-W)X?[2]=16—-24 = -8;
2n

X[3]= X [1]-W)X*[3]=-8+8 4 =-8-8;.

As a result, we obtain a two-dimensional spectrum of the input two-
dimensional signal:

40 00 0
g_|8+8/ 000
-8 00 0
-8-8; 0 0 0

Comparing the results obtained using expressions (6.1) and (6.2), it is
easy to see that the values of the corresponding samples of the two-
dimensional spectrum completely coincide.

Perform the inverse two-dimensional DFT of the obtained spectrum by
expression (6.4). To calculate, we use the FFT algorithm with frequency
decimation (Fig. 4.4).
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Calculate IFFT 1-st line, i.e. X[k]=(40,0,0,0).
Step 1. Reversal of samples X'[0]=X[0]=40; X'[1]=X[2]=0;

X'[21=X[1]1=0; X'[3]1= X[3]=0.
Step 2.

x*[0]= X'[0]+ W) X '[1]=40+0=40;
X[1]= X' 0] - W X' [1]=40-0=40;
2= X' 21+ W X' [3]1=04+0=0;
*[3]1= X'[2]-W X' [3]=0-0=0.
Step 3.
x°[0]= x*[0]+ W2 x*[2] =40+ 0 =40 ;

T
P =20+ W 5231 =40+ 0je 2 = 40;

X*[2]= x*[0] - W) x*[2]=40-0=40;

LT
[3]= x*[1]- W, 'x*[3] = 40— 0je’2 =40.

Step 4. Rationing on N, i.e. x[n]= ix3[n] ,

x[n] = (10,10,10,10) .

Calculate IFFT 2-nd line, i.e. X[k]=(-8+8/,0,0,0).

Step 1. Reversal of samples X'[0]=X[0]=-8+8/ ;
X'1]=X[21=0; X'[2]=X[1]1=0; X'[3]= X[3]=0.

Step 2.

x*[0]= X' [0]+ W X' [1]=-8+8/+0=-8+8;
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X[ =X'"01-w X' [1]=-8+8 - 0=-8+8;
X’[2]= X' [21+ W)X [3]=0+0=0;

X*[3]1= X'[2]-W X' [3]=0-0=0.

Step 3.

X*[0]= x*[0]+ W)x*[2]=-8+8j+0=-8+8/;

i

37 2 “1. 2ra1_ PN .
x[M=x"[1]+W, x°[3]=-8+8j+0je = =-8+8/;
2] = x*[0]-W)x*[2]=-8+8j—0=—8+8 ;

u

[3]=x*[1]- W, 'x*[3] = 8+8/-0je 2 =-8+8).
. . 1 5

Step 4. Rationing on N, i.e. x[n]= Zx [7],

Mnl=(=2+2/,-2+2j,-2+2/,-2+2)).

Calculate IFFT 3-rd line, i.e. X[k]=(-8,0,0,0).

Step 1. Reversal of samples X'[0]=X[0]=-8; X'[1]=X[2]=0;
X'21=X[1]1=0; X'[3]=X[3]=0.

Step 2.

x2[0] = X'[0]+ WO X'[1]= -8 +0=—8;
] = X' [0]- WX [1]=-8—0=-8;
¥[2]= X2+ W, X'[3]=0+0=0;
x2[3] — X1[2]—W20X1[3] —0-0=0.

Step 3.

X[0]= x7[0]+ W) x*[2] = -8+ 0 =-8;
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u
ClH =[]+ Wy 53] = -8 +0je 2 =8
°[2] = x2[0]- WLx2[2] = -8 -0 = -8

P[] =[] W [3] = -8 -0 2 = 8.
Step 4. Rationing on N, i.e. x[n]= %ﬁ[n] ,
xn]=(-2,-2,-2,-2) .

Calculate IFFT 4-th line, i.e. X[k]=(-8-8/,0,0,0)

Step 1. Reversal of samples X'[0]=X[0]=—-8-8; ;
X'1]=X[21=0; X'[2]=X[1]1=0; X'[3]=X[3]=0.

Step 2.

x*[0]= X'[0]+ W) X' [1]=-8—-8j+0=-8-8;;
*[1]=X'"01-w, X' [1]=-8-8-0=-8-8;
X’[2]= X' [21+ W)X [3]=0+0=0;
X’[3]1= X'[2]1-W, X' [3]1=0-0=0.

Step 3.

°[0] = x*[0]+ W) x*[2] = -8 -8/ +0=-8-8;

T

1] = X[1]+ W, %% [3] — 8-8j+0je 2 =-8-8):
2] = x*[0] - W)x*[2] = -8 -8 -0=-8-8/;

3] =221 - W% [3] = -8 -8/ —0je 2 =—8—8 .
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Step 4. Rationing on N, i.e. x[n]= %x3[n] ,

Anl=(-2-2j,-2-2/,-2-2j,-2-2)).

As a result, we obtain an intermediate matrix

10 10 10 10
, | —242) =242 =242 -242j
s = .
-2 -2 -2 -2

—2-2j -2-2j -2-2j -2-2j

Now calculate the one-dimensional DFT on the columns of the
intermediate matrix s’ . Perform the calculation for the 1-st column, i.e.

X[k]=(10,—2+2/,-2,-2-2)).

Step 1. Reversal of samples X'[0]= X[0]=10; X'[1]= X[2]=-2;
X'2]=X[1]1=-2+2j; X'[3]=X[3]=-2-2/.

Step 2.

x*[0]= X'[0]+ W) X' [1]1=10-2=8;

1= X'0]-w X [1]=10+2=12;

X2]= X'[2]+ WX [B]= 242+ (-2 -2/) = —4;

FB]= X'R2]-WPX Bl =242/~ (-2-2/)=4] .

Step 3.

°[0]= x*[0]+ W)x*[2]=8-4=4;

3r17— 12 -1 2raq_ ,Jg_ o .
M =x[+W, ' x°[3]=12+4je 2 =12+4j- j=12-4=8;
[2] = x*[0]- WPx*[2] = 8 (-4) = 12;
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LT
3pa_ L2 1 2rn7 LIS .. _
x’[31=x"[]-W, x“[3]=12-4je 2 =12—-4j-j=12+4=16.

Step 4. Rationing on N, i.e. x[n]= %x3[n] , X[n]=(1,2,3,4).

Since all the columns of the intermediate matrix are equal to each
other, the resulting two-dimensional signal has the following form

AW O~

1
2
3
4

AW N~
A W N =

which completely coincides with the specified input signal.
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Tasks Ne 6 for independent work

Calculate the direct DFT of a given two-dimensional array. See the
input data in the table 6.1 (N - student number in the journal).

Table 6.1 - Input two-dimensional arrays

N S N S N S
1 2 3 47 1020 [0 01 1]
10000 . 1120 s 0011
-1 -2 -3 -4 1020 2200
0 0 0 0| 1120 220 0]
(-1 =2 -3 —4] 1020 (11 0 0]
20000 0 3040 16 1100
1 2 3 4 0102 0022
0 0 0 0| 0304 002 2]
(10 -1 0] -1 0 =2 0 -1 -1 0 0]
3 20 -20 10—30—40 17 -1 -1 0 0
30 -30 0 -1 0 -2 0 0 -2 -2
14 0 -4 0] 0 -3 0 -4 10 0 -2 -2]
(-1 01 0] 012 0 0 -1 -1
A -2020 " 10 18 0 0 -1 -1
3030 12 -2 -20 0
-4 0 4 0] 12 -2 -2 0 0|
212 0 -1 -2 -3 1010

s 0404 . -1 0 -2 -3 19 2020
111 -1 -2 0 -3 0101
0000 -1 -2 -3 0 0202
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Practical task Ne 7.
Element-by-element processing of images

In a large number of information systems, the presentation of the
results of data processing in the form of an image displayed on the screen
for use by the observer is used. The procedure that provides such a
representation is called visualization. It is desirable to give the displayed
image such qualities due to which its perception by the person would be as
comfortable as possible. It is often useful to emphasize, strengthen some
features, peculiarities, nuances of the picture, in order to improve its
subjective perception.

Element-by-element processing is a group of procedures in which the
result of processing at any point in the frame depends only on the value of
the input image at the same point.

Advantages:

* simplicity;

* subjective improvement of visual quality.

Very often, element-by-element processing is used as the final stage in
solving a more complex image processing problem.

Let us x; , y; are the values of the brightness of the original image

and obtained after processing image, respectively, at a point of the frame
with Cartesian coordinates i (row number) and j (column number).

Element-by-element processing means that there is a functional one-
to-one relationship between these brightness,

Yij :fij(xij)a (7.1)

allowing to determine the value of the output signal by the value of the
original signal.
In the general case, as taken into account in (7.1), the form or
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parameters of the function f;; , which is describing processing, depend on

the current coordinates. Moreover, the processing is ununiform.

Most of the procedures, which are used in practice, use uniform
element processing. In this case, the indices i and j in expression (7.1) may
be absent. Then the dependence between the brightness of the original and
output images is described by a function that is the same for all points of the
frame:

y=f(x), (7.2)

Consider in more detail the most common procedures for element-by-
element processing.

Linear contrasting of images

The task of contrasting is to improve the harmonization of the dynamic
range of the image and the screen on which the visualization is performed.

If for the digital representation of each sample of the image 1 byte (8
bits) of the memory is allocated, then the input or output signals can take
one of 256 values (working range 0 ... 255; in this case, during visualization,
the value 0 corresponds to the black level, and the value 255 - white level).

Suppose x;, and x,,, are the minimum and maximum brightness of
the original image, respectively. If these parameters or one of them differ
significantly from the boundary values of the brightness range, then the
visualizated picture looks like an unsaturated, uncomfortable. For example,
such picture will be observed if x;,, =180 , x,.. =240.

With linear contrasting, a linear element-by-element transformation of
the form (7.3) is used:

y=ax+b, (7.3)

where a, b are parameters that are determined by the desired values of

the minimum y,;, and maximum y,, output brightness. Solving the sys-

tem of equations
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Ymin = @Xmin +b
ax,... +b

y max = max

about the transformation parameters a and b, it is easy to bring (7.3) to
the form:

X=X
y :¢(y1nax _ymjn)+ymin . (74)

Xmax ~ Fmin

Image solarization

With this type of processing, transformation (7.2) has the form:
V=kx(Xp —X) , (7.5)

where x,,, is the maximum value of the original signal, £ is a con-

max
stant that allows you to control the dynamic range of the converted image.

The function describing this transformation is a quadratic parabola, its
graph for k£ =1 is shown in Fig. 7.1.

yA

x2 /4

max -1

/2 X X

max max

Figure 7.1 - Function describing solarization for £ =1
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When y,.. =x.., the dynamic ranges of the images coincide, what
can be achieved with k¥ =4x_, . In order to match the dynamic ranges of

the iIMages Y.« = Xmax » ROrmalization of dynamic range is performed. To

max
do this, it is necessary to apply one of the contrasting methods, for example,
linear contrasting.

The meaning of solarization is that areas of the original image that
have a white level or a brightness level close to it, after processing have a
black level. At the same time, the black level in the original image are pre-
served. On the other hand, areas that have an average brightness level (gray
level) in the input image will have white level in the output image.

Dissection of image

Dissection is a whole class of element-by-element transformations of
images, examples of which are shown in Fig. 7.2.

The transformation with a threshold characteristic (Fig. 7.2a) is called
binarization or binary quantization, in which a halftone image containing
all brightness levels is converted into a binary image, the points of which
have brightness y =0 or y = y,... -The main problem with such processing

is the determination of the threshold x, . The most reasonable for the

mathematical description of the image is the application of the theory of
probability, random processes and random fields. In this case, the determi-
nation of the optimal threshold of binary quantization is a statistical prob-
lem.

The essence of other transformations presented in fig. 7.2, it is easy to
understand, considering their characteristics. For example, the
transformation of fig. 7.2b performs a luminous slice of the image,
highlighting those areas where the brightness corresponds to the selected
interval. In this case, other areas are completely "extinguished" (have a
brightness that corresponds to the level of black). By moving the selected
interval on the luminance scale and changing its width, you can examine in



detail the content of the picture.

v M— ¥ H ¥
0 X 0 X i LY
a) @) &)
¥ b — ¥
i E 0 X 0 X
r) aj )
¥ ) — / ¥
0 X i x 0
) 1) ]
0 X
)

K

Figure 7.2 - Examples of transformations used during dissection
Examples

Example Ne 1.
The image is given:



34 9 40 20
17 21 23 45
8 42 22 0|
7 24 22 14

It is necessary to perform a linear contrasting with the parameters

Ymax 2305 Ymin =1.

The solution.
For calculation we will use expression (7.4). Find the maximum and
minimum values of the two-dimensional signal X: x,,, =45, x,, =0.

Substituting the contrast parameters in (7.4), we obtain
X X
=—@B0-1)+1=—729+1.
Y=3500 =12

Then for the first line we have:

xOO 34 x01 9
=—29+1=—29+1=220911; =—29+1=—29+1=6.8;
Yoo =73 45 Yor=ys 45

40 20
Yoy =229 41 =229 +1=26.778; yo3 =229 +1=--29+1=13.889.
45 45 45 45

So, after calculating all the samples we get the next two-dimensional
signal:

22911 6.800 26.778 13.889
11.956 14.533 15.822 30.000
6.156 28.067 15.178 1.000
5511 16.467 15.178 10.022
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Now you need to round the obtained values. As a result, we obtain the
following image:

23 7 27 14
I 12 15 16 30
6 28 15 1
61 16 15 10
Example Ne 2.
The image is given:
34 9 40 20
P 17 21 23 45 .
8 42 22 0
24 22 14

It is necessary to perform solarization for k£ =1.

The solution.
For calculation we will use expression (7.5). Find the maximum value

of the two-dimensional signal X: x,,, =45. Substituting the parameters in
(7.5), we obtain y =x(45—-x).

Then for the first line we have:

Yoo = Xoo (45— xg0) = 34(45—34) =374
Vor = Xo1(45 = Xo;) = 9(45-9) =324 ;
Yoo = X2 (45 = Xgy) = 40(45 - 40) = 200
Vo3 = Xo3 (45— X3) = 20(45 - 20) = 500 .
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374 324 200 500
476 504 506 O
296 126 506 O
266 504 506 434

Y=

Obviously, after solarization, a linear contrasting step is required to
bring the resulting image to a given dynamic brightness range. Perform a
linear contrasting with the same parameters as in the previous example. As
a result, we get

22.4348 19.5692 12.4625 29.6561
28.2806 29.8854 30.0000 1.0000
"1 17.9644 82213 30.0000 1.0000
16.2451 29.8854 30.0000 25.8735

After rounding we get the following resulting image:

22 20 12 30
28 30 30 1
18 8 30 1
16 30 30 26

It is easy to see that the pixels with the average brightness value of the
input image (values from 20 to 24) received the maximum values after
solarization. In this case, the pixels with both the maximum value of
brightness (x;; =45) and the minimum value of brightness (x,; =0) after

solarization received the minimum value ( jj3 =1, j,3 =1).

Example Ne 3.
The image is given:
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34 9 40 20
17 21 23 45
X= .
42 22 0
7 24 22 14

It is necessary to perform the dissection in accordance with the law

shown in Fig. 7.9.

y A

30

15 1

v

Figure 7.3 - Transformation for image dissection

The solution.
According to the law for dissection (Fig. 7.3) we write down the law

of transformation

15, if x<20or x> 30;
ax+b, 1if 20<x<30.

The law shows that for 20 < x <30 it is necessary to perform a linear
contrasting (7.4), in this case

X max :30’ Ymin :1’ Ymax =30.
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Then

15, if x <20o0r x > 30;

y=1{ x-20 (30-1)+1, if 20<x<30,
30-20

B 15, if x<20orx > 30;
T T12.9x=20)+1, if20<x<30,

Therefore, after the calculation we obtain the following two-

dimensional signal:

15 15 15 1
15 39 97 15
15 15 68 15|
15 12.6 6.8 15

Now we need to round the obtained values. As a result, we obtain the
following image

15 15 15 1
15 4 10 15
15 15 7 15|
15 13 7 15
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Tasks Ne 7 for independent work

A two-dimensional signal is given

14 16 20 3 13
11 19 5 0 6
x=9 10 5 18 9
14 18 18 4 1
12 3 15 6 20

Perform two-dimensional signal dissection according to the specified
law. Task options is given in table 7.1 (N - student's number in the journal).



Table 7.1 - Variants of laws for dissection
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N Dissection function N Dissection function
1 y A 6 y 4
30 L __ 25
0 > 0 >
7 15 X X
2 y A 7 y 4
30 L __ 40 :
10] . E
0 > 0 : >
5 12 X 5 15 X
3 y A 8 y 4
10
0 > >
5 15 X X
4 v A 9 y &
30L__ 20 ____
10 | __ 10
0. > 0 : >
10 X 5 10 X
5 y 4 10 y 4
10
> 0 : >
10 15 X 2 7 X
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N Dissection function N Dissection function
11| y 16 y A
10 [ _. 301 -
51-- 15f__
0 > 0 >
15 17 X 10 15 X
12| y 17 y 4
18 40 -
0 > 0 >
10 15 X 10 20 X
13 y 18 y A
500
8 f_.
> 0 L >
X 8 x
14| y 19 y 4
30 [ _. 15
51L..
o |/ , 0 ,
5 X X
15 y 20 y 4
25 _. 30
0 0 L

) 4

10 18

=V

10 15
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N Dissection function N Dissection function
21 y A 25 v A
25 . 251 .
E 16] -
0 . > 0 >
10 20 X 8 14 X
22 y A 26 y A
40 Lo ___ 33 _
0 —» 0 >
X 14 18 X
23 y A 27 y A
50 L-o_____
20
0 : > >
7 15 X X
24| y 4 28 y A
35 33[__
E 7 L__
0o L > 0L >
2 15 X 14 X
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Practical task Ne 8.
Image filtering

Often, images generated by various information systems are distorted
by noise.

During solving some problems of image processing, certain
components of the image itself can act as noise. The decrease of noise is
achieved by filtering.

During filtering, the brightness of each point of the original image,
distorted by the noise, is replaced by some other brightness value, which is
recognized as the least distorted by the noise.

8.1 Linear filters

Linear filters have a very simple mathematical description. Assume
that the initial halftone image A is given, and denote the intensity of its
pixels A[x, y]. The linear filter is determined by the valid function % (filter
core) specified on the raster. The filtering itself is performed using a
discrete convolution operation (weighted summation):

Blx,y] = hli, jl1**A[x, y1= Y > hli, jlAlx—i,y=j1.  (8.1)
i

The result is image B. Usually, the filter kernel hii, j1#0 g only in

some neighborhood N of the point (0,0). Outside this neighborhood or very
close to it Hi, j1=0 and it can be neglected. The value of each pixel B[x,y]
is determined by the pixels of the image 4, which lie in the window N, cen-
tered at the point (x,y) . The filter kernel defined on a rectangular
neighborhood N can be viewed as a matrix nxm , where n, m are odd num-

bers. During specifying a kernel as a matrix, it should be centered.
If the pixel is near the borders of the image, then the
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coordinates A[x—i,y— j] for the defined (i, j) may correspond to non-

existent pixels of 4 outside the image. There are several ways to solve this
problem:

* do not filter for such pixels by trimming image B at the borders or
applying the initial values of image 4 to their values;

* do not include the missing pixel in the summation, distributing its
weight A[i, j] evenly among other pixels around;

+ determine the value of pixels outside the image by extrapolation;

+ additional value of the pixel values behind the image boundaries,
with the help of the mirror image continuation.

Vibration is the way to see a specific filter and image features.

Smoothing filters

The simplest rectangular smoothing filter of radius r is specified using
a matrix of size (2r +1)x (2r +1), all values of which are equal 1/(2r +1)?,
and the sum of the values is equal to one.

It is a two-dimensional analogue of a low-frequency one-dimensional
U-shaped filter of moving average. During filtering with such a kernel, the
pixel value is replaced by the average value of pixels in a square with a side
2r+1 around it. Example of filter mask 3x3 is:

M 1low _

O | —

1
11 1)
111

One of the applications of filters is noise reduction

Noise reduction with a rectangular filter has a significant
disadvantage: all the pixels in the filter mask, at any distance from the
processed, affect the result with the same effect. Slightly better result is
obtained during modifying the filter with increasing weight of the central
point:
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(o (L2
MY =—|1 2 1|a6o M =—|2 4 2.
111 121

Contrast-enhancing filters

While smoothing filters reduce the local contrast of an image by
blurring it, contrast-enhancing filters produce the reverse effect and are
high spatial frequency filters.

The contrast-enhancing filter kernel at point (0,0) has a value greater
than 1, with a total sum of values equal to 1.

For example, contrast-enhancing filters are filters with a kernel defined
by matrices:

0 -1 0 -1 -1 -1
Mlcontr: -1 5 _I’MZCOntr: -1 9 —1|,
0 -1 0 -1 -1 -1
1 -2 1
M=l —2 5 2.
1 -2 1

8.2 Non-linear filters

In digital image processing, nonlinear algorithms based on rank statis-
tics are widely used to restore images distorted by various noise models.

Let us introduce the concept of an M-neighborhood of an image ele-
ment A[x, y], which is central for this neighborhood. In the simplest case,

the M-neighborhood contains N pixels - the points falling into the filter
mask, including (or not including) the central one.

The values of these N elements can be placed in a variation series
V(r), which is ranked in ascending (or descending) order. Certain moments
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of this series, for example, the average value of brightness m, and disper-
sion dj can be calculated.

The calculation of the filter output, which replaces the center sample,
is performed by the formula:

Blx,y] = adlx, y]+(1-o)my .

The value of the coefficient o =[0,1] is associated with a certain rela-

tionship with the statistics of samples in the filter window, for example:
d
a=—2
dy+kdg

where dg is the dispersion of noise in the whole image or in the S-
neighborhood for S > M and M € S; k is the constant of trust to the dis-
persion of S-neighborhoods

For k=1 and dy=dgy we have a=05 , therefore,
B[x,y]=(A[x,y]+my)/2 ie. the value of the central sample and the aver-

age value of the pixels of its M-neighborhood are added equally.
The most simple and common types of non-linear filters for image
processing are threshold and median filters.

Threshold filtering
Threshold filtering is set, for example, as follows:
Blx.y]= {A[x,y], Alx,y]=my <p
my,  Alx,y]-my>p
The p value is the filtering threshold. If the value of the center point of
the filter exceeds the average value of the samples m, in its M-

neighborhood by the value of the threshold, then it is replaced by the aver-
age value.

Median filtering
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Median filtering is defined as follows:
Blx,y]=med {M[x,yl}

Those, the filtering result is the median value of the pixels of the
neighborhood, the shape of which is determined by the filter mask.

Median filtering can effectively remove noise, which independently
affects individual pixels. For example, such noises are “dead” pixels in digi-
tal shooting, “snow” noise when some of the pixels are replaced by pixels
with maximum intensity, and so on.

Extremum filters
Extremum filters are defined according to the rules:

B, [x,y]=min{M[x, ]}

>

B[, 1= max{M([x, y1}

E

those, the filtering result is the minimum and maximum pixel values in
the filter mask. Such filters are used, as a rule, for binary images.

Examples

Example Ne 1.
The image is given:

34 9 40 20

|17 21 23 45

18 42 22 0o
7 24 22 14

It is necessary to perform linear smoothing with the following masks:
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111
Q) h=Ll1 1 1
9

1 11
1 1 1
&) hetl1 2 1
10
11

The solution.
Enter the notation:

X1 X2 X130 X4 Yu Y Vi3 s
X231 Xpp Xo3 Xog Yar Yo Va3 Voa
X = , Y = ,
X3 X3 X33 X34 Y31 V3 Viz YV
Xq1 Xap Xa3  Xga Yar YVar Va3 Vaa

where X is the original image, Y is the filtered image.
Before starting the calculation it is necessary to choose the method
of processing edge points. Let non-existent pixels outside the image be zero.
a)The calculation of the first two lines of the image taking into

11

account the given filter mask h:% 1 1 1 |is performed as follows
11

Yy = x11+xlz;le+x22 = (34+9+17+21)/9=09;

= I FN P P T3 (3419440417 +21+23)/9 =16 ;

9
_ Xt Xyt X Xy + X053+ Xy
9

Vi3 =(9+40+20+21+23+45)/9=17.56;



77

_ M3+ Xig F X3+ Xo4

Via 9 =(40+20+23+45)/9=14.22;
Yoy = T 12 ¥ ) ;xﬂ”ﬂ T2 (3449+17+21+8+42)/9 = 14.56;
y,, =21 T Xyp X3+ Xpy F Xpp F Xp3 Xy + X5y + X533

9
=(B4+9+40+17+21+23+8+42+22)/9=24;

_ Xt X3 X+ Xpp HXp3F Xy F X5y F X33 F X3y
Va3 = 9 =

=(9+40+20+21+23+45+42+22+0)/9 =24.67,

Yoy =231 N4 X0 ;x24 TX TN (40420+23+45+22+0)/9 = 16.67.

Similarly, the calculation is performed for the next 2 lines. The result
is the following filtered image:

9 16 17.56 14.22
1456 24  24.67 16.67
1322 20.67 23.67 14 |
9 1389 13.78 6.44
6) The calculation of the first two lines of the image taking into
1 11
account the given filter mask /4 = RS 1 2 1]is performed as follows:
1 11

Yip = (g1 + 2215 + X3+ x5; + X +X53)/10=
=(B34+2-9+40+17+21+23)/10=15.3;
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N3 = (X +2X3 + X4 + X + X3 +Xp4) /10 =
=(9+2-40+20+21+23+45)/10=19.8;

Yia = (X3 + 2% + Xp3 + X0) /10 = (40+2-20+ 23+ 45) /10 =14.8;

Va1 = (xpy + Xy + 225 + X5 + 231 +x3,) /10 =
=(B34+9+2-17+21+8+42)/10=14.8,

Yoo = (ogq + Xy + Xy3 X1 + 20, + Xp3 + x5 X35 + X33) /10 =
=B4+9+40+17+2-21+23+8+42+22)/10=23.7;

Vo3 = (g + X3 + X4 + Xy +2Xp3 + Xy + X35 + X33+ X34) /10 =
=(9+40+20+21+2-23+45+42+22+0)/10=24.5,

You = (X3 + X4 + X3+ 2Xp + X353 +x34) /10 =
=(40+20+2-23+45+22+0)/10=19.5.

Similarly, the calculation is performed for the next 2 lines. The result
is the following filtered image:
11.5 153 19.8 14.8
148 237 245 195
1127 228 235 12.6|
8.8 149 146 72

Example Ne 2.
The image is given:

34 9 40 20
17 21 23 45
8 42 22 0]
7 24 22 14
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It is necessary to perform high-frequency filtering with a filter mask

0O -1 0
h=-1 5 -1].
0o -1 0
The solution.
Enter the notation:
X M2 Y3 Xy Yo Yz Vi3 s
X X X X
x| 22 23 24 Y= Yor Yo Va3 J’24’
X31 X3 X33 X34 Yir Vi V33 YV
Xq1 Xap  Xg3 Xy Yar Yar Vaz Vs

where X is the original image, Y is the filtered image.
Before starting the calculation it is necessary to choose the method of
processing edge points. Let non-existent pixels outside the image be zero.
The calculation of the first two lines of the image, taking into account
the specified filter mask, is performed as follows:

Vi =5% =X, =%y, =5-34-9-17=144;

Via ==X +5X5 —X;3—X5 =—34+5-9-40-21=-50;
Vi3 =—X5 +5X]3 = X4 —Xp3 =—9+5-40-20-23=148;
Via =—X3 +5x4 — x4, =—40+5-20-45=15;

Va1 ==X + 5%y —Xpp — X3, =-34+5-17-21-8=22;

Yoy ==Xjp =Xy +5Xpp —Xp3 — X3, =—9-1745-21-23-42=14;
Va3 =—Xj3 = X9p +5X53 — Xpg — X33 =—40-21+5-23-45-22=-13;
Vog =—Xj4 —Xp3 +5Xp4 — X34 =—20-23+5-45+0=182.
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Similarly, the calculation is performed for the next 2 lines. The result
is the following filtered image:
144 -50 148 15
22 14 -13 182
-26 135 23 81|
3 49 50 48

Note: since the brightness level values (when the value is stored in 1
byte) cannot be out of range [0,255], negative values are reset and values

greater than 255 are set to 255.

Example Ne 3.
The image is given:

16 19 1 18 3
0 19 1 6 11
X=|1 9 6 7 17]|.
7 9 1 15 8
4 13 0 14 15

It is necessary to perform median filtering with linear aperture 3x3.

The solution.
Before starting the calculation it is necessary to choose the method of

processing of border points. Let non-existent pixels outside the image be
Zero.
Then to calculate the pixel value of the output image y; , you must

perform the following steps:

1) write in a separate array z the values of pixels that fall into the
aperture of the filter;

2) sort the resulting array z in ascending order;
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3) yy=zs.

For sample y,; we will receive:

1) 2 =(0,0,0,0,16,19,0,0,19) ;

2) filtered array z =(0,0,0,0,0,0,16,19,19) ;
3) i =0.

For sample y,, we will receive:

1) 2=(0,0,0,16,19,1,0,19,1) ;

2) filtered array z = (0,0,0,0,1,1,16,19,19) ;

3) yp =1
The result is the following filtered image:

01110
9 9 7 6 6
Y=\7 7 7 7 T|.
77 9 8 8
01110

Analysis of the result shows that the selected method of processing
border points was unsuccessful. For example, clusters of large values in the
upper left corner and lower right corner are replaced by small ones.

Let's use another way of processing border points. Duplicate the
border points for the missing.

Then for sample y;, we will receive:

1) z=(16,16,19,16,16,19,0,0,19) ;

2) filtered array z = (0,0,16,16,16,16,19,19,19) ;

3y =l6.

For sample y,, we will receive:

1) 7 =(16,19,1,16,19,1,0,19,1) ;
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2) filtered array z = (0,1,1,1,16,16,19,19,19) ;
3) yp =16.

The result is the following filtered image:

16 16 18

—_
—_—

11

0 9 N W

15
13 14 15

N O O
A 9 9 O

11].
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Tasks Ne 8 for independent work

1) Perform filtering the two-dimensional signal. Filter mask
1 11
1
h=—|1 2 1].
0
1 11
2) Perform median filtering of a two-dimensional signal with linear
aperture 3x3.
Choose the method of processing border points. See input data in table
8.1 (N - student's number in the journal).

Table 8.1 - Input two-dimensional arrays

N X N X N X
4 0 8 1610] (19 4 8 13 4] (13 8 9 5 11]
31416 0 14 191214 4 12 6179 0 8

1 12 81013 8 511156 51612] |9 39 8133
5184 7 6 819 8 12 7 316181312
13 91316 3| 19 1418 2 11| 13 9 019 14|
313 9 13 14] (9 712 1 1] [7 18 3 10 12]
13717 6 6 0130 7 9 01618 18 13

2 6 1716 5 16| |6 01 0128 10 |8 7116 7
101712 6 11 60 3147 15121213 8
13111610 7 | 10121113 3 1514 4 7 13]
(14 1519 2 13] (13 2 5 4 3] (16 14 14 2 16]
1019 5 0 5 13 9 17 4 16 7 1019 13 13

3118105179 71 11414 4 0 3| [11] |8 1516 7 19
131717 3 1 91716 1 3 11914 219
12 3 14 5 19| 11 5 181219 113 9 11 1|
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N X N X N X
11 4 4 11 8] (8111812 2] [7 11 8 18 14]
8 11 7156 62 51916 10141212 8
4 101515 1 17 8| |6 0 313 8 12| 51916 5 19
6 101312 0 79171717 1115117 1
18129 1 15] 1717 4 0 14 |0 141810 11|
(5 7 213 1] (1219 6 19 8] (17 7 7 10 9]
17 9 17 4 1 913129 6 101211 3 6
13 6 81555 16| (161910 8 11| [19| |10 8 11 6 5
131115128 1318 8 1112 5410126
| 1121610 9| |7 9 1415 14] 131613 5 9
(18 3 16 7 19] (9 9 913 9] 12 11 8 10 14]
111612 3 2 11 51520 7 101112 4 17
14 | 619141617| |[17| (10141517 6| |20| |16 13 11 20 7
9 11 1 1615 12 7 11 4 13 1013 8 13 12
110 8 9 8| 12012 2 12 10| 1317 2 510
(9 7 1211 10] 71017 9 12] (51 6 6 5]
1410 6 17 11 1218 11 8 18 1516 9 5 10
15| |13 6 1213 6 18/ |2 914 7 9| |21| |11 6 8 2010
127 6155 10 0 17 11 12 7 819 2 13
17195 617 14 6 1 20 8 | (11181119 8 |
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Practical task Ne 9.
Image compression

Basics of wavelet transformations

The idea of wavelet compression of images is simple. First, a wavelet
transformation is applied to the image, and then some coefficients are
deleted from the transformed image. Coding can be applied to the remaining
coefficients. The compressed image is reconstructed by decoding the
coefficients, if necessary, and applying the inverse transform to the result. It
is assumed that not too much information is lost in the process of deleting
some of the transform coefficients.

Consider an image consisting of two pixels (x;,x,). These values can

be replaced by the average value a and half-difference d:
a=(x;+x,)/2,d=(x-x,)/2,

(coefficient 1/2 is introduced into the definition of d for the conven-

ience of notation). Note that we can write (x;,x,) in terms of (a,d):
xy=a+d, x,=a-d.

The "wavelet transformation" of the original sequential (x,x,) is

(a,d) . In this form, information is not added or lost.

If the two values (x;,x,) are close to each other, then the difference d
will be small, and the image (x;,x,) can be replaced by its approximation
(@) . The recovered image will be the image (a,a) with error from
(|x;—al,lxy—a|)=(d||d]|) . Because d is small, then the error will be

small.
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Consider a larger image (x},x5,X3,X,) .

Let's calculate the average values

ay=(x +x,)/2 ay, =(x; +x,)/2

and the differences

dig=(x —x,)/2 dl,l =(x; —x4)/2'

Double subscripts indicate a multi-step process (this is its first step).
Then a new representation of the original image

(al,O’ iy, d1,0’ d1,1 )

It contains exactly the same number of samples as the original one.
If you need to compress this image, then you need to pay attention to

the magnitude of the values d,,d,; and decide whether they can be deleted
without damage. In this case, we get a compressed image (@, 9,4;;).

If it is necessary to compress the image more, then you can apply the

same procedure to the remaining samples (a, y,;;) and calculate the aver-

age value and difference again:
agg=(ajg+a;y)/2, dyy=(a9—ay)/2.

If the difference d, is small enough, then you can replace the entire
original image (x;,x,,x3,x4) with an image (a,,) consisting only of one
pixel. In this case, the value (a,,) is the average value of all samples of the

original image:

ag o =(a1,0 +a1’1)/2=((x1 +X5) /24 (X3 +x4)/2)/2=(x+x, +x3+x4)/ 4.
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If the original image is uniformly gray (that is, all x are equal to the
same value), then it can be compressed, replacing it with a single value
which is equal to that grayscale value.

The value a,, represents the most approximate level of information

about this image, i.e. information at the Jowest resolution or at the coarsest
scale.
The values a,,, a; taken together represent information at the next

higher resolution level, or at the next better scale. Image (a,,a,;) can be
restored from (q,d,,) using the above procedure.

The original sample values (x;,x,,x;,x,) represent the highest resolu-
tion or best scale possible for this image. These values can be restored from
(a9,a11,dy9,dy ) -

Because a,, a;; can be obtained from a,,, d,,, then it is possible

to restore the pixel values of the original image from the total average value
a,, and differences d,, d,, , d;;.Thus, the sequence

(ag0-doo.d10.d1 1) 9.1

is an alternative representation of the original image and consists of a
total average value and difference values representing two different levels
of detail.

Sequence (9.1) is a wavelet transformation of the original sequence

(x1,Xy,%3,%,) . However, there are more variants for compression. If d, ,
and d,; are too large to ignore, then you can try to exclude the next level
of detail, namely d,, .

If we consider a larger image, we can continue the process of averag-
ing and highlighting details at a coarser level of resolution.
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Two-dimensional wavelet transformation

Previously, wavelet transformations were considered only for one-
dimensional sequences. It is possible to extend the idea of wavelet
transformation to larger sequences. The first way is to first convert the rows
of the image and then convert the columns of the image with the converted
rOws.

Consider a two-dimensional analogue of a simple 4-element sequence.

Suppose we have a 4x4 image

One way to get a two-dimensional wavelet transformation of an image
of size 2" x2" is to first apply a one-dimensional wavelet transformation to
each of the 2" rows, and then apply a one-dimensional wavelet transforma-

tion to each of the 2" columns.

We can think of averaging and detailing operations using Haar wave-
lets as applying low-pass and high-pass filters. A low-pass filter allows in-
formation transmitted at low frequencies (i.e., a small amount of details) to
pass through, while blocking information transmitted at high frequencies
(i.e., containing a large amount of details), and a high-pass filter does the
opposite.

Scheme of fig. 9.1 shows what a two-dimensional wavelet
transformation looks like.
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LLy|LH,
HLy|HH,

LH,

LH,
HL, | HH,

HL, HH,

Figure 9.1 - Scheme of two-dimensional wavelet transformation

Blok HH; — the result of the HPF (H) action on the lines, and then its
action on the resulting image columns.

Blok LH; — the result of the action of the LPF (L) on the image col-
umns that have already passed through the HPF.

Blok HL; — the result of low-frequency processing of rows, followed
by high-frequency processing of columns.

The upper left corner of the diagram is subdivided into smaller blocks,
indicating that the wavelet transformation operation sequentially affects less
amount of coefficients, up to the last coefficient in the upper left corner, to
which only the LPF was applied.

Examples

Example Ne 1.
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A sequence =[1,3,57] i given. Calculate forward wavelet transfor-

mation

The solution
1-st step:
Let's calculate the average values and the differences

A+3)/2=2 (5+7)/2=6 (1-3)/2==1 (5-7)/2=-1

=
[2,6,-1,-1]
2-nd step:
(2+6)/2=4 (2-6)/2=-2 _, [4-2-1-1]
Result: ¥ =[4=2:-1-1]

Example Ne 2.

A wavelet transformation ¥ — [

4,-2,~1,-1]

is given. Calculate origi-
nal sequence.

The solution
1-ststep: 4—2=2, 4+2=6 [2,6,-1,-1]
2-ndstep: 2-1=1,2+1=3 6-1=5 6+1=7 - [1.3,57]

Result : * = [1,3,5,7]

Example Ne 3.

The original matrix is given. Calculate two-dimensional forward
wavelet transformation
1 2 4

3

1 3
I =

1 3

1 3

NS NS R )

4
4
4



-0.5
-0.5
-0.5

1-st step
Transformation by strings

1.5 35 -0.5

1.5 35 0.5
“115 35 -05

1.5 35 0.5

-0.5
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Transformation by columns
1.5 35 -0.5 -0.5
1.5 35 -0.5 -0.5

2-nd step (performed only for the upper left corner

Transformation by strings
25 -1 1-05 -05

|
|
|
005
I
|

Transformation by columns
25 -1 1-05 -0.5
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Tasks Ne 9 for independent work
Calculate the wavelet transformation:
1) for a one-dimensional sequence

The initial data see in table 9.1 (N - student number in the journal).

Table 9.1 - Task options (N - student number in the journal)

N | Discrete signal (for task 1)
1| x[n]=(8;9;:4:1,2;,0,1;4)
2| x{n]=(0;4:6,7;2;4;4:6)
30 xn]=(1;2;4:8,6;3;5,9)
4 | xn]=(7:4;3,9;1;4,4;5)
S| xn]=(7;0;1;2;8:9;2;6)
6 | x[n]=(81;5:4;2:8;8:4)
7| x[n]=(8;506;3;3;9;6)
8 | xln]=(2:9;59;5:6;1;8)
9 | x{n]=(0;1,3;3;6;1;0;4)
10 | x[n]=(4;0;8;1:85;4;2)
LT x{n] = (1,7;2;1;3;3;2:9)
121 x{n] = (1;2;4;6,2;9;8;3)
13| xn] = (0;6;3;6;3;8:8;1)
14| x[n]=(6,9;3;52;3;58)
15 | x{n] = (47;1;2;9;;5;5)
16 | x[n] = (6;5:6;1,0;0;1;3)

2) for a two-dimensional signal
The input data see in table 9.2 (N - student number in the journal).
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N X N X N X
4 0 8 16] 19 4 8 13 13 8 9 5]
. 3 14 16 0 s 19 12 14 4 o||6 17 9 0
12 8 10 13 15 6 5 16 3 9 8 13
5 18 7 | 8 19 8 12 '3 16 18 13
3 13 9 13] 9 7 12 1] 7 18 3 10]
S (13717 6 6 0 13 0 7 100161818
6 17 16 5 01 0 12 8 7 11 6
10 17 12 6 | 6 0 3 14 15 12 12 13]
14 15 19 2 (13 2 5 4] (16 14 14 2
5|10 19 0 . 13 17 4 il 7 101913
8 10 17 14 14 4 0 8 15 16 7
13 17 17 3 9 17 16 1] 11 9 14 2]
11 4 4 11] 8 11 18 12] 7 11 8 18
A (81T s 6 2 19 |10 14 12 12
10 15 15 1 6 0 13 5 19 16 5
6 10 13 12] 7 9 17 17| 1115 1 17|
5 7 2 13] 12 19 6 19] (17 7 7 10]
3 17 17 4 16 9 13 12 9 o 10 12 11 3
6 15 5 16 19 10 8 10 8 11 6
13 11 15 12 13 18 8 11| 5 4 10 12]
(18 3 16 7] (9 9 9 13 12 11 8 10]
1a] (1116123 | |15 15 200 10 1112 4
6 19 14 16 10 14 15 17 16 13 11 20
9 11 1 16] 2 7 11 4 10 13 8 13
9 7 12 11] 7 10 17 9 5.1 6 6
(5| (141006 1T o 12 18 11 8 1115 16 9 S
13 12 13 2 9 14 7 11 6 8 20
12 6 15 10 0 17 11 7 8 19 2
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