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P. B. CKYPATOBCKHH, E. 0. OCAJYHH, /. M. KBALIIYK

JIEJJEHUE TOYKHM CKPYYEHHOW KPUBOWM DJBAPJCA HA JBA U ErO NPUMEHEHUE B
KPUIITOT'PA®UN

BONBIIMHCTBO KPUIITOCHCTEM COBPEMEHHOI KPUNTOrpa(uy €CTECTBEHHBIM 00pa30M MOXKHO PEai30BaTh Ha SJUTHITHYECKUX KPUBBIX. MBI paccmar-
puBaeM anrebpandeckie KpuBble B popme DaBap/ca Hajl IPOCTBIM moneM, Fy, KoTopsie ceiuac ABISAIOTCS OTHUMH U3 HanOoJIee MEePCIEKTUBHBIX HO-

cuTenei TPYIII, UCIIOJIB3YEMBIX B ACUMMETPHUIHBIX KPUIITOCUCTEMAX. HOKHBHHO, YTO MPOCKTUBHAS KpUBas 3z[Bap):[ca Ea d HEC ABJIACTCA DJIITUIITHYC-

cKkoii. MccnenoBaHO HEKOTOPBIE MHTEPECHBIE CBOMCTBA TPYIIIBI TOUEK 3TUX KpUBBIX. HaliieHo pox cKpy4YeHHOI KpuBOi D1Bapca U ee 0coOble Tou-
xu. ITokazaHO BO3MOXKHOCTh IIOCTPOCHHS TeHEepaTopa CIIyYailHbIX KPHITO CTOMKUX MOCIETOBATENbHOCTEH Ha 3Toil kpuBoi. [IpennoxeHa Hopmau-
3alus CKpy4YeHHOH KpuBoi DaBapca. VcenenoBaHsl yCIIOBUS JETMMOCTH Ha Ba 3JIEMEHTA U3 TPYIIIbI TOYEK CKPYUSHHON KpUBOM DaBap/aca Haj Mo-

JIEM Fpn . I_IG.TILIO p06OTI)I €CThb IMMOUCK KPUTEPU NETUMOCTH TOYKU KpHBOfI HamorrojiaM Haa moJeM FD" ¥ aHaJU3 CBOMCTB Cpr‘{eHHOfI KpPIBOI7[ 3[[-

Bapica HeOOXOJUMBIX IJISI IIOCTPOCHHS FeHepaTopa IICeBIOCTyYaiHBIX KPHIITO CTOMKHX IIOCIIeI0BAaTeIbHOCTEH.
KiroueBble cjioBa: KOHEUHOE T0JIE, aliredpanyeckas KpuBas, rpyIina TOUeK IMITHYECKON KPUBOU, IETMMOCTh TOUKU KPHBOM ITOMOJIaM.

BinbIricTh KPUNTOCHCTEM Cy9IacHOi KpunTorpadii mMpUpoAHUM YHHOM MOXKHA peai3yBaTH Ha eMNTHYHI KpHUBi. MU po3risaaeMo anrebpaidHi KpuBi
EnBapica Haj CKIHYCHHHM I10JIEM Fp,, , SIKI Ha JTaHW Yac € OJJHUM 3 HaiOIbII MepPCIeKTHBHIUX HOCITB MHOKHMH TOYOK, [II0 BUKOPHUCTOBYIOTH JUIS
LIBHAKUX PYNOBHX OIEpaLliil, Kl HasBHI B aCHMETPHYHNX KPHUIITOCHCTEMAX, 30KpeMa Julsl T00YI0BH BHIIAJKOBHX KPHIITOCTIMKHX MOCIIIOBHOCTEH.
IMoka3zaHo, 110 IIPOEKTHBHA KPUBA Ea’d HE € eNnTUYHO. JOCTiIHKEHO YMOBH iCHyBaHHS MOAIIBHOCTI HAaBIIIJI €JIEMEHTA 3 TPYIIH TOYOK CKPYUYEHOL
kpuBoi Exapzca Ea’ 4 » O € BAKITNBHM B alrOpHTMax. 3HaliieHo pi ckpydenoi kpuBoi Ensapica. MeToro po6oTH € TOmIyK KpUTEPiro MOiMEHOCTI
TOYKM KPUBOI HABITIT HAJ [OJIEM Fp,, i aHaITi3 BIACTHBOCTEW CKpyueHoi KpuBoi ExBapica HeoOXiqHUX Aisi MOOYA0BU TeHepaTopa ICeBIOBUIIAIKO-

BUX KPHITOCTIMKHX MOCIITOBHOCTEH 1 T0OY10Ba OHOCTOPOHHBOI (PyHKIIIT 151 HHOTO.
KurouoBi ci1oBa: ckindene nosne, anredpaidna KpuBa, Tpyna TOYOK eTiNTHYHOI KPHBOi, HOALIBHICTS TOUKU KPUBOI HABIIT.
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Most cryptosystems of modern cryptography can be naturally transformed into elliptic curves. We review Edwards algebraic curves over a finite field,
which at the present time is one of the most promising carriers of sets of points that are used for fast group operations. These are found in asymmetric
cryptosystems. In particular, for constructing random crypto-stable sequences. It is shown that the projective curve is not elliptic.

The conditions of the existence of divisibility in half an element from the group of points of the twisted curve of Edwards Ea ¢ which is im-

portant in algorithms, are investigated. The type of twisted curve Edwards is found. The purpose of the work is to find the criterion of the divisibility
of the point of the curve in half over the field and to analyze the properties of the twisted curve of Edwards necessary for constructing a generator of
pseudo-random crypto-stable sequences and constructing a one-way function Efor it.

p
Keywords: finite field, elliptic curve, Edwards curve, order of a curve, finite field, algebraic curve, group of points of an elliptic curve, order

of a point, torsion curves.

BBenenne. OnexTpoHHO nMGpPOBas MOIINCH U3
CPeICTB 3amuTH HH(QOpMAIK HanOojee IMUPOKO obec-
TICYMBACT 3AIIUTY OT BCEX BO3MOXKHBIX arak. [IpwuamHoN
9TOTO SBJISIETCS HAJMYUE B HEHW XeUI(PYHKIIUU U 3aKPbITO-
ro kiroua mudposanus. Hanbonee nporpeccuBHOi cxe-
MO SIBIISIETCA cXeMa MU(PPOBON MOIIICH IUTHIITHIECKON
kpuBoit (ECDSS - Elliptic Curve Digital Signature). bna-
rogapsi BbIHICYNIOMAHYTBIM BO3MOXHOCTAM pCIIACTCA
npo0OneMa ynpaBieHHsS U paclpeleieHus KIoded mud-
poBaHus. MBI UccieqyeM ele OJHO CEMEHCTBO KPUBBIX
npurogHsIx s cozganus ECDSS.

Brepssie kpuBble OnBapaca E; Obum mpencrasie-

HBI DxaBapjcoM B pabote bepHcreiina u Jlanre [1]. B an-
JUNTHYECKOH KpHUIITOrpauy OYeHb BA)KHO 3HATh, TE
KPHUBBIE KOTOpPBIE SIBJISIFOTCS CYNEPCUHTYJISIPHBIMU (UMe-
IOLIME HYJICBOH j-WHBAPUBAHT), IOCKOJIbKY OHH SIBJISIOTCS
KpHIorpaduyHo ciabbIMU U TIEPHOJI TIOCTPOSHHOTO Ha UX
OCHOBE T'€HEparopa ICEBIOCIyYalHBIX YHCEN SBISETCS
MEHBIINM.

W3BecTHO, 4TO Cymnep CHUHTYJSIpHBIE KPHUBBIE, B OT-
JIMYME OT HECYNEPCUHTYIISPHBIX, HaJl alreOpandecky 3a-
MKHYTBIM II0JIEM, HE UMEIOT KOMMYTAaTUBHOE KOJIBIIO JH-
nomop¢usmoB. Kpussie B opme DaBapaca Hall IPOCTHIM
TIOJIEM CETOMHS SIBIAIOTCS OJHHM W3 HanboJiee mepcrek-
TUBHBIX HOCHUTENEHl MHOMECTB TOYEK, HCIIOJIb3YIOMINX
JUIsl OBICTPBIX TPYIIIOBBIX OIEpalXi, YTO MCIOIb3YIOTCS
B ACHMMMETPUYHBIX KpunrocucremMax. HMx BaxHeuuue
MIPEUMYILECTBA: PEKOP/AHAsl MPOU3BOJUTEIBLHOCTh, YHH-
BEPCAILHOCTD 3aKOHA CIIOKEHUS, CHMMETPUYHOCTD TOUEK
U TIPE/ICTaBICHHS HEUTPAJIBHOTO AIIEMEHTA IPYIIIBI TOUEK
B auHHBIX KOoOpIuHATax. DTH CBOICTBa OBUTH 3aMmeue-
HBl 1 OOOCHOBaHHbIE B PabOTaX HM3BECTHHIX CIELNAH-
cTOB 10 kpunrorpaduu [1-7].

JlaHHBIC KPHBBIE YJOBJIETBOPSIOT CaMbIM CHIIBHBIM
TpeboBaHMsAM TO ycroWumBocTH k MOV-araku, o uem
HEOJHOKPATHO OTMEYANIOCh B TPYAAX OTEUECTBEHHBIX U
3apyOeXHBIX Yy4eHbIX [2]: HEBO3MOXKXHOCTH MPUMEHEHHS
3TOr0 MeToAa OOEeClevrMBaeTCsl 4epe3 OTCYTCTBHE BO3-
MO>KHOCTH BJIOXKUTb I'PYIILy TOYEK KPUBOW B MYJIbTUIUIN-
KaTUBHYIO TPYyIIly IIOJIA JOCTaTOYHO MAajoro IOpsakKa.
Jlyist 3TOr0 10CTaTO4HO, YTOOBI MHHUMAIBHOE HATypallb-

Hoe t, p'=1mod|N. |, 6bUIO JOCTATOUHO GOJBIINM.
Jlist ckpy4eHHbIX KpuBbIX DnBapica t=| N | -1, uro sB-

JIETCST MaKCHMAaJTbHO BO3MOXHBIM. BONBIIUM mpenmy-
IICCTBOM SIBIISICTCS BO3MOKHOCTBH TIOCTPOCHUSI CKPYYCH-
HOM KpuBO# DnBapica mopsaka 4p, p € P, mostomy He

MOJKET OBITh MCIIOJIB30BaHa aTaka MOJMEHBI TOYKH, TIPH-
HaJyule)Kallel pEeKOMEHIOBAaHHOM KpHUBOW Ha TOYKY U3
CKPYUYEHHOM KpHUBOIl, TO €CTb TaK Ha3blBAEMON KpHUBOH
KpydeHus. Taroke He 1aeT MPOTUBHHUKY MCIOIH30BATh K-
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Taiickyto TeopeMy 00 ocTaTKax sl ONpEAeTeHUsl CeK-
petHOTO Kitoda [2, 8—13], Tak kak uMeeM OOJBIION MHO-
xurenb P B |N.|. C Toukm 3peHus anredpaudeckoin

TeOMETPHH, KpUBAs HE SIBIISETCS JUIMITHYECKOH, TOTOMY
YTO OHA CUHTYJIApHAL.

KpuBble DaBapica Takke Kak M CKpyYeHHBIE KpH-
Bble OxBapiaca umeroT adduHHOE NpencTaBiIeHUE H30-
MopdHOe, HeKoTopol addUHHON YacTH IIIMITHYECKON
KpUBOHM, UMEIOIIEH B MOPSAKE TPYIIbI KPUBOW MHOXH-
Tesb. VIHTEpecHO! sBIsSeTCS BO3MOXKHOCTH HMOCTPOCHHS
CKpYYEeHHOM KpuBOH mopsanka Onsapaca 4p, peP, To

eCThb TaKOH, KOTOpasi WMEeT MHHUMAJIBHBIA KO(aKTop.
[TosTOMy ecTecCTBEHHO HCCIIEIOBaTh TaKHe KPHBBIE WU
KJIaCcC KPUBBIX, KOTOPBIA 0000IIAET 3TH KPUBBIE — CKPY-
YeHHbIe KpHBbIe DnBapzaca. YacTUUHO, W3JI0KEHHBIE pe-
3yJIBTaThl NPE/CTABICHBI B Te3Mcax [/] W IMpeaplaylye
HCCIICIOBAHMUs €CTh B CTaThe aBTopa [3].

C Touku 3peHus anreOpanveckoll reoMeTpUH, KpH-
Bas DJBapjca He SBISACTCS JUIMNTUYECKOM, TOTOMY YTO
OHa cuHTYyJApHas. KpuBble DaBap/ca Takke Kak U CKpy-
YeHHBIE KpUBBIE D/Bap/aca UMEIOT appUHHOE MpeICTaB-
JeHre n30MopQHOE, HEKOTOPO# ad(hUHHON YaCTH HIUIHII-
TUYECKOIN KPHUBOM, UMEIOIIEH B NOPSAIKE IPYNIbl KPUBOM
MHOXHUTEb. Kak ykaszaHo B pabote B. @ynrona [8] mis
moctpoenus "elliptic curve power generator" reHepaTopa
u reneparopa "Naor-Reingold "ucmons3yroT He cymep
CHUHTYJISIDHYIO SJUTMIITHYECKYI0 KPHBYIO M €€ TO4Ky P
6O0JIBIIOr0 MPOCTOTO MOPSIAKA, SCITH XKEe HOPsAoK | Toukn
P He mpocToii, To BHIOMPAIOT HAYaIbHOE 3alOJHEHUE €

Taxoe, uto (e,1)=1.

Hamreii 1nenpro sgBasieTCsl HMCCIEOOBAaHUE CBOICTB
9THUX KPHBLIX, HCO6XOZ[I/IMI)IX A €€ NPUMCHECHHA B
ACHMMETPHYHON KpUITOrpaduu, a TaKKe B KPHUIITOAHA-
JIn3e, B YaCTHOCTH MCCJIEIOBAHMS 3TOW KPUBOM Ha Mpea-
MET CUHTYJISIPHOCTH.

[TocraHOBKa MPOOJIEMBI 3aKJIIOYACTCS B BBISBICHHU
pecypcoB MaTeMaTHUeCKOIo armapara, 4TO IO3BOJHUT
MaKCHUMAaJIbHO OBICTPO OCYILECTBIISTH TPYIIIOBYIO OIepa-
IO CBS3aHHYIO C CIOXCHHEM TOYKH K coOoi mrbo 00-
paTHYIO K YABOCHHIO TOYKH — ICJICHHE TOYKH Ha 2 TO
ecTh ¢ 00paTHOW omepanuii K yABOCHHIO TOUKH. TO ecTh
omnepauusi 3KCIOHEHIMPOBAaHUSI TOUYKM KpPUBOHM, KOTOpas
JISKUT B OCHOBE MPOOJIEMBI AUCKPETHOTO JIorapudma.

AHayun3 oco0eHHOCTell CKPY4YeHHOHl KpuBOM -
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Bapaca. PaccMoTpuM CKpydeHHYIO KpUBYIO DaBajpca
Ea,d
ax’+y’ =1+dx’y*, adeF, O
ad(a—-d)=0,d =1 p=2, a=d,
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Ipu a=d
ax’ +y> =1+ax’y’ x puny ax’—ax’y’ -1+y> =0 wum

npeobpazyem KPUBYIO
ax’(1-y?)—(1—y*)=0. Taxum 06pa3oM, KpuBas pac-
KIaJbIBAETCA B IIPOU3BENCHUE [BYX IIap HPAMBIX
(ax*-1)(y*-1)=0. Eciu a=1, to E,, npespamaercs
B kpuByto E,. VI3 ycroBust rmaakocTH HaXOAHM 0COObIe
TOYKH apPUHHOIN KPUBOIA.

O6o3naunM F(x,y) =ax’+y? =1+dx’y* , ad
eF,*,d#1, p#2, a=d.

F(x.y) _
ox 2ax = 2dxy’
FO0Y) " |2y =2dx?y
oy
ax—dxy’ =0 [x(a—dy?)=0
y—dx’y=0 |y(l-dx*)=0
x=0
{ B (0,0)

y=0
1 a
(a—dy’) ( PRI
(1-dx*)=0
Ho touka (0,0) xpusoii E,, He mpuHamiexur He
3aBUCHMO OT 1oJisi. Takum 0Opa3oMm, NoIydmiu ax 4 To4-

KH, COIJIACHO YCIIOBHIO, YTO NpH 3ToM st F koapdu-

mMeHtsl a u d wus Fp JIOJDKHBI OBITH TAaKHMH, YTO

(Ejzl u [ﬂj:]-’ TO €CTh (EJ:M/I [Ejzl. Ta-
p p p p

KuM 00pa3oM, HasgBHbBIE 4 0COOCHHBIE TOUKH C yYETOM TO-
ro, uto Touka (0,0) KpHBOI HE MPUHAIICKHT.
poa

IToncunTtaem KpUBOH  COIJIaCHO

)(n-2)
2

Puny

>.5,=3-2=1

peE

p(C)=p,©)-35,= 02

peE
wm n=4. ne p,(C) - apupmerndeckuit poJ KpHBOi
C, mapamerp n=degC =4.

IMockonbKy KpHBas uMeet pox 1, To oHa n3oMopdHa
IUIOCKOW KyOMYEeCKOW KpHUBOW HO HE €CTh JIUIHIITHYE-
CKOH, TaKk KaKk UMEET OCOOEHHOCTH B MPOSKTHBHON YaCTH.
KpuBass DnBapca kak M CKpydeHHas KpuBas OjaBapca
n3oMopHa HEKOTOPOoi adHUHHON YACTH AIUTUITUUECKON
kpuBoii. Hopmanusanus xpusoii Dasapaca — kpusast Ej,

B (opme Beepmrpacca, koropast mpemioxeHa MOHTIO-
MepH TOJydeHa ITyTeM OMpaloHaIbHOTO OTOOpPa)KeHMS
u=Q1+y)/1-y), v=u/x B [9], u yxe sBIstOmAsICsA
SIUTHIITHYECKON, YTO TOKa3aHO B Teopeme 3. 2 u3 [9].
OnHako mpu aHallM3e ITOW TeopeMbl aBTOphI-beccanon
A. B. u lpirankosa O. B. [12] nyrator GupainoHaIbHYO
9KBHBAJICHTHOCTh ¢ u3oMopdusmom [11], 3pst KpUTUKYS
teopeMy 3.2 u3 [9], rme aHamm3upyercs 3Ta Ouparuo-
HaJbHAs SKBHBAJCHTHOCTh. Takke uMmu B [12] momymeHo
HETOYHOCThH B KOHIIE pazjena 1, rae ykasaH cirydail HasB-
HO# KOPPEKTHOU apr()METHUKH MPH YeTHBIX 0 XOTS HyX-

d
HO OBLTO YKa3aTb KBaApaTUIHOCTH BbIUCTA [— =1.

p

CBoiicTBa cKkpy4YeHHOI KpuBoii DaBapzca. Jlemma 1.

Ecnn(X, y) TOYKa KpHBOH Ea 4, TOrma mMeeT MecTo pa-

A=
BEHCTBO p p .

HoxazarenscTBo. M3 ypaBHEHMsI CKpYyYEHHOU Kpu-
SaBapaca ax? +y® = (L+dx?y?)

BOH nojiyva-

emy’ —dx’y’* =1-ax’ y* —dx’y® =1-ax’ OTKy-
may?(l-dx?) = (1-ax?) . A MOCKOJIBKY KBaJpaTHYHOCTh

JieBoit YacTH onpeenseTcs Muib MHOKHUTeneM (1—dx*),
1-dx? 1-ax?
TO UMEET MECTO KOHTPYHITHS = .
p p

Jemma 2. Ecin (X,y) Touxa kpusoii E

— 2 1— 2
FIMEET MECTO PAaBEHCTBO [ a- dy; j :{ Y1 ]

ad» TOTIA

p p
JoxazarenscTBo. 3 ypaBHEHMsI CKpYYEHHOU Kpu-
DuBapica ax® +y* = (L+dx’y?)

BOH nMe-

erax’—dx’y* =1-y* orkyma Xx’(a-dy’)=1-y*. A
TIOCKOJIBKY KBaJApaTHYHOCTH JIEBOM YacTH OINPECACIIACTCA
JIMIIb MHOXHUTECJIEM a—dy2 , TO UMCCT MECTO KOHI'PYIHT-

2 2
HOCTh [a_ dys j:[l_ Y j
p p

YrBepxkaenne 1. J{ns npousBosibHOW He (yHIa-
MeHTalnbHOI Touku (X,,Y,) kpuBoit (1) mpum e=1 BEHI-

2 2
MOJTHAETCST PABEHCTBO (l_ ax ][1_ Y1 j _ [a —-d j .
p p p

Joxka3zaTteabcTBo. [t toukn P =(X,Y,) yzmosie-

TBOpsIfoIIel ypaBHeHHe KpuBoH (1) paccMoTpuMm mpowms-
BEZICHHE

(a—dy))d-ax)) =a+adx]y; —a’x’ —dy; =
=ay; —dy; = (a—d)y;.

_ dv? 2
CoryacHo JieMMe 2 UMeeEM (a dy; j:(l ylj

Y p

TIOZICTABMB 3TO B TIOCTE/HEE paBeHCTBO BMmecto (& —dy;)
HOJIyYaeM HOBOE

=S

OTBeT Ha BOMPOC O JNETMMOCTH TOYKHM Ha JABa JUIA
KpIdBOfl Ed n3ydaJjicsa B pa60Tax M3BCCTHBLIX KPHUIITOI'pa-
dos [9, 14].

Bo3M0OXHOCTb BBINOJHEHHST 0OpaTHOM K yIBOEHHIO
TOYKH OIEPaLK IO CHX IIOp HE MCCIIEI0BAaHA MOJHOCTHIO
JUIsl CKpYYEHHOH KpWBOW DnBapica, OfWH U3 KPUTEpHEM
ObUI paHee npeUIoKeH B padore aBTopa [3] oqHako Ooiee
YIOOHBIM C BBIYUCIUTEIBHOW TOUYKH 3PEHUS SIBIISETCS
CJEYIOLINI KpUTEPHIA.

B03MOXXHOCTb BBITTOJTHEHUS] 0OpaTHOM OmNepanuy K
oleparyy yABOCHUS TOUKH €Ille U JI0 CHX MOp HE uccie-

PaBECHCTBO BbIYCTOB

J YTO U HY)KHO OBLIO JIOKA3aTh.
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JIOBaB JUIsl CKpYy4YEHHOW KpHBOH DnBapjca, cliemyromias
TeopeMa JaeT OTBET Ha STOT BOIPOC.

IMox nenumocthio Touku (X; Y) Hamornosam IOHU-
MaeT HaXxO0XJICHUs ee poo0pasa To ecTh TOUKH (X; Y), KO-
TOpast IpH IPUMEHEHNN (OpMYIIbI yIBOSHHS TOUKH [1].

Teopema. HeoOXoanMbIM M JOCTATOYHBIM yCIOBH-
€M CYIIECTBOBAHHUS TOYEK JETICHUS Ha 2 JUIS MPOU3BOJIb-
Hoit Ttoukn G =(X,Y) ckpyueHHOH KpuBOW DaBapica
(1), xoTopas He ecTb TOUKOH 2-TO WK 4-TO MOPSIKA, SIB-
JISIETCS YCIIOBUE

2
(1—ax )7& L
p

Joxka3zaTeabcTBo. /g ckpydeHHON KpuBOH On-
Bapjca 3aKOH yIBOCHHUS uMmeeT Gopmy [2,9]

2%y, ¥i-ax’
2(%, V,) = . —(X,Y), (@
(% i) [yz+axlz Loy (X.Y), @
OTCI0/J1a, BOCIHOJIb30BABUINUCH YPAaBHCHUCM KpHBOﬁ MBI

BBIBOIUM MOJIM(HUIIMPOBAHHYIO (OPMYITY CIOKEHUS TOY-
KU ¢ coboi

2%y, yi-ax
2(%,Y,) = , =(X,Y)=G.(@3
(% ) (1+dxlzy12 L dx?y? (X.Y)=G.@3)
PaccmotpuMm  ypaBHEHHE Li,lz:x paBHoO-
1+dx°y,

cumbHOe  AXX’y? —2Xy+ X =0 ¥ NOpUMEHNM 3aMeHy
t = X, ), TOCJIE Yero MOMyYNM ypaBHEHHE

dXt> —2t+ X =0,
peluenne, KOTOporo CyIecTByET TOrAa U TOJBKO TO-

_ 2
r71a Korja ( J =1(ecim 1-dX? =0(mod p)).
1++1-dX?
Pemenus nmeror Bux t,, = g o oyue-

1-dx?
p

o {1—dx1 J:[l—ax1 ]
p P

W3 ypaBuenus (2) uMeeM Uil IEpBOH KOOPAWHATHI
OJTHO YpaBHEHHE

CTBYIOT €CJIH ( le. CornacHo ¢ nemmoit 1 ume-

2y,
2—12:X
Yy tax

y

Crnenas 3aMeHy U =-— TOIyIHM
X

> = X mim
u"+a

2u¥ u ( “a+ ), mepenucaB Kak KBaApaTHOE ypaBHEHHE
OTHOCHUTENBHO U uMeeM XUu?—2u+ Xa=0 ¢ oTIpeeNH-
tenem D, = 4(1-aX?) . ITostomy, cornaco Jlemme 1

ypaBHenns dXt’? —2t+ X =0 u Xu?—2u+ Xa=0 pe-
IIEHUS KOTOPBIX CYIIECTBYIOT WM HE CYLIECTBYIOT OJ[HO-
BPEMCHHO, YTO JAC€T BBIPAXKCHUA IJIA KOOPAUHAT TOUKH

P=(x,y)): X =4Jtuit,y, =tu; je{0,3.

[TpupaBHuBas JIEBBIE JaCTH paBHOCTH

2%y, _
1+dx’y,’

2% Y,
yZ +aX12
ax} +y? =1+dx’y?, To ecTh MOMyYeHHbIE Mapa KOOPHIH-

u = X noxyyaem

Har (X, Y;) YAOBIETBODACT ypaBHEHMIO KPHBOH, HuTO
TaKke CIelyeT C 3aMKHYTOCTH TPYIIOBOH OMepaiuu.
3amernM, 4To BMecTe ¢ (X, Y;) BBIIIC YKA3aHHBIC ypaB-
HEHUS Y/IOBJIETBOPSIOT
(=% =¥2)s (=Y %), (V%)
[IpoaHanu3upyeM, KakMe M3 MOTyYEHHBIX TOYEK

YIOBIETBOPSIIOT YPaBHEHUE YABOCHUS TOUKH I10 2-0H KO-
opAuHaTe

TOYKH

yr —ax”
1-dx’y;
IIpeobpazyem  ypaBHeHme kpuBoit (1) Kak
_ 2
21 aXz , TIOZICTAaBUM TIOJIy4eHHBIE X =L¥12
1-dX 1+dx°y,
" 0003HaUNM X=X, Y=Y, nMeeM
4t
2 l_aﬁ 2 2\2 2
2:1—aX _ (y° +ax) :(y +ax”)” —4at _
1-dX? 14 4° (y? +ax?)? —4dt’
y? +ax?

(y2 +ax2)2 —4at2 B (y2 _aXZ)Z B (y2 _aXZ)Z

A+dt?)? —4dt?  (@1-dt?)?  (1-dxPy?)?
[loaToMy, MONY4YHIH ypaBHEHHE, KOTOpPOE 3aIacT
BTOPYIO KOODAMHATY IMOJYyYCHHYIO B PE3yJbTaTe YIBOC-
HUs TOYKU (X, Y;) , BO3BEACHHOE B KBaApaT. DTO ypaBHe-

HHE MBI HMCIOJIb3yeM Uil BBIOOpa MPaBHJIBHOTO W3 JIO-
[IOJIHUTENBHBIX KOPHEN

(=X, =¥1)s (=Y2,=%,)s (Y1, X,) K HCTHHHOMY KOpHIO
(%, Y,) . Takum 06pa3oM, BTOPOE ypaBHEHHE YIOBIETBO-
psioT Toukd (X, Y;)
(_Xll_yl) = (Xl’ y1)+ D.

YuurteiBasg, 4TO

u (—x,—Y,). 3amermm, dTO

y; —dxyf =1-ax
y2(-dx?) =1-ax’, u monydaem

AT

N3 paBenctBa (2) st BTOpOH KOOPAMHATHI UMEEM
onpeessonee ypaBHEeHHE

OTKyz1a

2 2
—a
Y1 2X12 -y
1- dxl Y1
[ToCKOJIBKY MBI BBEIH YPaBHEHHE CBS3H MEKIy Te-
pEMEHHBIMU 1 =X, y,, TO IOCIEIHEe YPAaBHEHHE MPUMET
Bun Yy, —ax’ =Y (L—dt?). Orkyna, yuutsiBas t=x,y,,
noJTyqaem
t2
F—aXl2 =Y(1-dt?)
t? —ax* =Y (L—dt*)x?
ax* +Y(@-dt*)x* -t* =0.
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Otkyna
2_ 1+ V201 — dt)2 2
= Y (dt*-1) £4)Y*(1-dt)* + 4dt @)
2d
1++/1-dX?
Koropoe mocne noacranoBku t,, = —ax JlacT
1++1-dX?,,
YA )" -
2 _ dX
X2 = +
’ 2d (5)
2 2
\/Yz(l—dli 1-dX % +4d(1i\/l—dX %
i dX dX
- 2d

[TOCKONBKY 3TH KOPHH €CTh COIPSDKEHHBIMH Hppa-
LHMOHATBHOCTAMH, TO TO4Ka (£X,%Y) yJIOBIETBOPSIOT

OJHOBPEMEHHO YPaBHEHUE, YETO AOCTATOYHO IJISA BBIIIOJI-

HEHHS yCIIOBHii TEOPEMEL.
2 1 Il_ X2 2
Kpome Ttoro Yy’ = L %

X

X2 d
aneMeHT dX, rae x omnpexaensercs yciaosuem (9), mon-

TO €CTh

’KeH OBITh KBaJApaTUYCCKHUM BbIYETOM B Fp . 3aMeTI/lM, 4qTo

o0a xopHHU ypaBHEeHHH (4) u (5) ecTh CONPSIKCHHBIMH
HPPaLMOHAIBHOCTSMHE, TO3TOMY €CJIM OJAMH W3 HUX Y/0-
BJIETBODSIET ypaBHEHUIO Hal Z wmn Hax K, 1o onemen-

Thl TIOJIyYEHHBIE B pE3yJIbTaTe OIEpaluil CII0XKEHUs,
YMHOXKEHUSI U BO3BEACHUS €r0 B HATypalbHYIO CTEHECHb
TOXE BCE €ro yIOBJIETBOPSIOT. [I0aTOMY BCe HailieHHBIE
KOOPJIMHATH! YAOBJIETBOPSIOT YpaBHEHHIO KpuBoH (1) m
YPaBHEHHIO OTIEPAINN YABOCHUS TOUKH.

PaccMoTpuM ycnoBusl CyIIeCTBOBaHMS TOYEK 8-T0
MOPsIJIKA KOTOPBIE TECHO CBA3aHBI C KOPAKTOPOM KPHUBOIA.

YrBep:kaenue. Kpusas DaBapaca coIepKUT TOUKY
nopsiaka § Toraa U TOJNBKO TOTa, Koraa

o

[TpaBUIIBHOCTH YTBEPXKIEHHS CIEAYET U3 TOrO, YTO
TOYKA 8-r0 MOpSJKAa YAOBICTBOPSIOT  ypaBHEHHE
2Q=F,rmne F =(x1, 0) — Touek 4-ro mopsiaka. To, uto
touka Q wmmeer Bux (X, X) cieayer u3 GOPMyIT CIIOKe-
Husl Touek [9] u u3 ypaBHeHus: kpuBoi (1) cnemyer. OT-
ciola W U3 ypaBHeHuUs! KpuBod wumeeM 2(X,X) = (10),
rae (£1,0)=F 910 koOpAHHATHI TOYKH 4-TO TOpPSIIKA.

3HaunT, Touka Q JEXHT Ha IUArOHANH, T.€, JPYTHMHU
CJIOBaMH |x| = |y| . Orcrona n n3 ypaBHEHUs] KPHUBOH MMe-

eM OuKBaapaTHOE ypaBHenue 2x° =1+ dx*,
dx* -2x*+1=0.

JIUCKPUMUHAHT KOTOPOTO SIBJISACTCS  CICAYIOLMM
D=4-4d =4(1-d) . ITosTomy, 9TO GBI perIcHre CyIIle-
IOCTaTOYHO, YTO  OBI

CTBOBAJO HEOOXOOMMO U

e

3ameuanne. Bmecte ¢ Toukoit P =(X,Y,) ypas-

Herusi (2), (3) a Takke ypaBHEHHE caMOW KpPHBOH ymo-

BIIeTBOpsieT Takke Touka Q =P+ D =(X,,Y,) .
JlokazatenbcTBO CleAyeT W3 KOMMYTaTHBHOCTH
TPYIITEl TOYEK, TOITOMY BBITIOIHACTCS CIIEAYIOIIee TOXK-
mectBo Q+Q=P+D+P+D=2P+0, Tak kKak TOYka
D umeer nmopsimok 2.
Teopema. {1151 cyiecTBOBaHMsI TOUKH 8-TO MOPSIKA
Ha CKpy4yeHHOM kpuBoil Dnsapica E,, HeoOxomumo u

JA0CTAaTOYHO YTOOBI CJICAYIOINEC BbIPpAKCHU
a -9, Cas -2y, 2ae -9
a~ d a’ d a

OLUIH KBaJApaTUYHbBIMU BbIY€TAMH HaJl Fp .

Joka3zareabcTBo. [[11s1 nccnenoBaHus ycioBui cy-
IIECTBOBAHUS TOYKHM 8-TrO MOpAAKA HAa CKPYyYEHHOH KpH-
BOI DnBapaca BO3bMEM TakoW KJIacC 3TUX KPUBBIX, TIeE
€CTh TOYKa 4-TO MOpsJIKa - UCTIONB3yeM (GOpPMYJIBI KOOp-
JIUHATHI yABOCHHOM [12] Touku:

2(x,y) = (

2

2xy y* —ax
1+dx?y? "1-dx?y?

)

IloxcraBum, B Hee KOOPAUHATHI TOUKH 4-TO MOPSAKA

1
2(x,¥y)=(—=,0) [9] u HaiigeM KOOPAMHATHI TOYKH
tvVa
(X, Y) , KOTOpasi yIOBICTBOPHT YCIIOBHSIM TOTO YPABHEHHSI

2xy  y*—ax’ !
’ = —_10
(1+dx2y2 1—dx2y2) ( Ja )

HOKOOp}lHHaTHOC COOTBETCTBUC JAaC€T CUCTEMY

2xy 1
1+dX%y’ Ja
y? —ax? 0
1-dx’y?

1
st KoopauHaTHI _T
a

TNEPBOTO YpaBHCHUA CUCTEMA aHAJIOTUYHA.

B [IpPaBOM 4acTH ypaBHEHUS

C npyroro paBeHcTBa nmeeM ax’ = y2, y = +/ax.

IToncraBus Y = +Jax B NIEpBOE PABEHCTBO, UMEEM

2x«/§x 1

1+dx’ay’ +/a
otkyma 2ax’ =1+adx’. Pemmm 5T0 ypaBHEHHE

adx* —2ax®* +1=0:
d
h-9
N 1(1i 1—%).

Xz_ai\/az—ad 1 _1
B ad d d d

BerInonHUM npoBepKy AT 9ero npeodpazyem

, az+a’-ad

ad

1 d
== (1%, [1-2),
d( a)

x* :iz(li 1—9)2 :iz(l+1—212 1—9) , TOrJ1a
d a d a a
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adx* — 2ax? +1——(2—9+2 1——)——(1+ 1——)+1—

_2 .20 200,

Taxum 006pa3om, BHITOTHSIETCS.
Hcnonb30BaB ypaBHEHWE CKPYYEHHOH KpUBOW -

Bapaca, Haxomum Y’ :g(li 1—9). 3HaunT TpaBas
a

YacTh MOCJICJHETO BBIPAKEHUS J0JDKHA OBITH KBaJpaTHU-
HBIM BBIUETOM.

[TpoBepuM ycnoBue nNpHHAAIEKHOCTH KpuBoi (1)
TOYEK c KOOpJMHATAMHU

e las hedy B o9y Bas ho9y
d a d a’ d a

WH a+1-3+2h-9y-

(1—dx?y?)? a a

=—(1+ /1——) 1+—-1+— /1-— —(1+ 2-—).

IIpoBepuM ymoOBIETBOpSET 1M MEpBas (BTOpaH aHaJIo-
TMYHO) KOOpAHMHATa ypaBHEHUs (opMyIe yaABOeHNUS

2Jatas h-9y
d a

a do,
1+d—=(1+,1-2)°
+ dz( \/ a)

2«/5x

1+dx’y?

Z*F N1+ 1_7)

-1

1+a(1+1—di\/1—) Ja
d a a

Kpurepun nenmmMocT TOUYKH Ha 2 MOTYT OBITh HC-
TMIOJIb30BaHBI JUIsl TOCTPOCHUSI METO/Aa BEIOOpA U TECTUPO-
BaHuUs ciy4aiHoit Touku T = (@, b) Ha MakcHManbHOCTH
MOpsIIKa KaK 3TO CHIEJIAHO B Ul OOBIYHOM KpUBOH On-
Bapyca [15]. Tam ans moirydeHusI TOYKH MaKCUMAIEHOTO
MOpsIIKa TPOM3BOJUTCS TECTHpOBaHME BenmuuHbl (1 —
dx’) Ha KBaJpPaTHYHOCTH, YTO KAK MOKazaHo B [15]

HaMpsMYIO CBA3aHO C JAEIMMOCTBIO Ha 2 TOUKHU (X, y). B

CHIIy TOTO, YTO TOYKa MAaKCHMAaJbHOTO IMOpsIKa HE Je-
JUTCA Ha 2 MOJy4YeHHUEe KPUTEepus IEIMMOCTH TOYKH Ha 2
€CTh HEOOXOAUMBIM YCIIOBHEM JJIsl MAKCUMaIbHOCTH T10-
psliKa TOUKU CKPY4EHHOH KpHBOH DBap/ca.

Tarxke B padote [15] mokaszaHo, 4To yClIOBUE Jeiic-

HUSI TOYKH Ha JIBA MOXET OBITH MCIIOJIB30BAHO ISl OIIpe-
JIeJIeHUs] TIOpsJKa CIIydallHOM TOYKM KpHBOH OxaBapica,
MO3TOMY IOJyYEHHbIC HAMH KPUTEPUH AJISI CKPYyUCHHOU
KPHUBOH D7Bap/ica UMEIOT Ty>Ke 3HAYNMOCTb.

BeiBoasl. MccnenoBanue mo3BOJIMIO HATH KpuUTe-
PUH IETMMOCTH TOYKH Ha J[BA, YTO MOXKET OBITH IpHMe-
HEHO KaK B KPUITO aHAIM3€E, TAK U IPU IIOCTPOEHUM Te-
Heparopa ICEBAOCIYYalHbIX KPUIITOCTOMKUX IOCIEN0BA-
TENBHOCTEH W DJIEKTPOHHO-IIM(POBOI MOAMUCH Ha 3JI-
JIUIITUYECKOU KPUBOM.
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