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INTRODUCTION

Besides and even against the will of a particular
mathematician, the imaginary numbers appear in
the mathematical calculations over and over
again, and become more and more widespread
gradually, as the benefits of their applications are
revealed.

Felix Klein

Nowadays it is difficult to imagine a problem in engineering which solution
does not involve complex analysis. The methods of complex analysis are rigor-
ously applied when dealing with physical problems, theory of differential equa-
tions, problems in mathematical modeling, vibration theory etc. The notion of a
complex number is supposed to have been invented to overcome the lack of real

numbers for solving any quadratic equation.

Remember, that the set of real numbers does not suffice when solving a quad-
ratic equation with real coefficients, whose determinant is negative. For instance,
the equation x + 1 = 0 does not admit real roots. Thus, a necessity to expand
the set of real numbers in such way, that the equation has solutions in the new
numeric system, arises. The set of complex numbers is exactly such a set, i.e. it is
the required expansion of the set of real numbers. Introducing complex numbers
allowed for solving many challenging problems in mechanics, physics, mathe-

matics, thermodynamics etc.

Representation of natural, integer, rational, real, and complex numbers by Euler

diagram [4]:




The theory of complex numbers developed slowly. For the first time, appar-
ently, imaginary quantities appeared in the famous work “Great Art, or on alge-
braic rules” by Italian mathematician Gerolamo Cardano (1545), who considered
them unsuitable for use. The solution in radicals (without trigonometric functions)
of a general cubic equation, when all three of its roots are real numbers, contains
the square roots of negative numbers, a situation that cannot be rectified by fac-
toring aided by the rational root test, if the cubic is irreducible; this is the so-called
casus irreducibilis ("irreducible case"). This conundrum led Italian mathematician
Gerolamo Cardano to conceive of complex numbers in around 1545 in his Ars
Magna. Cardano and other Italian mathematicians, notably Scipione del Ferro, in
the 1500s created an algorithm for solving cubic equations which generally had
one real solution and two solutions containing an imaginary number. Since they

ignored the answers with the imaginary numbers, Cardano found them useless.

Work on the problem of general polynomials ultimately led to the fundamen-
tal theorem of algebra, which shows that with complex numbers, a solution exists
to every polynomial equation of degree one or higher [1-3]. Complex numbers
thus form an algebraically closed field, where any polynomial equation has a root.
Many mathematicians contributed to the development of complex numbers. The
first person to appreciate complex numbers was the Italian mathematician, Rafael
Bombelli. It was he who first described the simplest rules for operations with
complex numbers: addition, subtraction, multiplication, and root extraction of
complex numbers. A more abstract formalism for the complex numbers was fur-
ther developed by the Irish mathematician William Rowan Hamilton, who ex-
tended this abstraction to the theory of quaternions. For a long time, it was not
clear whether all operations on complex numbers lead to complex results or, for
example, the extraction of nature could be the discovery of some new type of
number. The problem of expressing the roots of a degree was solved in the works
of De Moivre (1707) and Cotes (1722).

The symbol i = ,/(—1) was proposed by Leonhard Euler (1707 - 1783) in
Introduction to Calculus (1746), who took the first letter of the Latin word imag-
inarius. He also extended all the standard functions, including the logarithm, to

the complex domain. Euler also expressed in 1751 the idea of the algebraic closure



of the field of complex numbers. d'Alembert (1747) came to the same conclusion,
but the first rigorous proof of this fact is due to Gauss (1799). Gauss and coined
the term "complex number" in 1831, although the term had previously been used
in the same sense by the French mathematician Lazar Carnot in 1803. The word
complex (from the Latin complexus) means a connection, a combination, a set of
concepts, objects, phenomena, etc., forming a single whole. During the 17th cen-
tury, discussions continued on the arithmetic nature of imaginary numbers, the
possibility of giving them a geometric justification. The technique of operations
on imaginary numbers gradually developed. At the turn of the 17th and 18th cen-
turies, a general theory of the roots of nth powers was built, first from negative,
and then from any complex numbers, based on the following formula of the Eng-
lish mathematician A. De Moivre (1707): using this formula, it was also possible

to derive formulas for cosines and sines.

Back in the 18th century, the world's leading mathematicians argued about
how to find the logarithms of complex numbers. Then, with the help of complex
numbers, it was possible to obtain many important facts related to real numbers,
but the very existence of complex numbers seemed doubtful to many. Compre-
hensive rules for operations with complex numbers were also given in the 18th

century by Euler.

The Swiss mathematician J. Bernoulli also used complex numbers to solve
integrals. At the end of the 18th century, the French mathematician J. Lagrange
was able to say that imaginary quantities no longer complicate mathematical anal-
ysis. With the help of imaginary numbers, they learned to express solutions of
linear differential equations with constant coefficients. Such equations are en-
countered, for example, in the theory of oscillations of a material point in a resist-
ing medium. During the 18th century, many problems were solved with the help
of complex numbers, including applied problems related to cartography, hydro-
dynamics, etc., but there was still no rigorous rationale for the theory of these
numbers. Therefore, the French scientist P. Laplace believed that the results ob-
tained with the help of imaginary numbers are only guidance, acquiring the char-
acter of real truths only after confirmation by direct evidence of the sinus of mul-

tiple arcs.



At the end of the 18th century, at the beginning of the 19th century, a geo-
metric interpretation of complex numbers was obtained. The Dane K. Wessel, the
Frenchman J. Argan and the German K. Gauss independently proposed to depict
a complex number as a point on the coordinate plane. Later it turned out that it is
even more convenient to represent the number not by the point M itself, but by a
vector going to this point from the origin. The English mathematician G.H. Hardy
remarked that Gauss was the first mathematician to use complex numbers in 'a
really confident and scientific way' although mathematicians such as Norwegian
Niels Henrik Abel and Carl Gustav Jacob Jacobi were necessarily using them rou-
tinely before Gauss published his 1831 treatise. Augustin-Louis Cauchy and
Bernhard Riemann together brought the fundamental ideas of complex analysis
to a high state of completion, commencing around 1825 in Cauchy's case. Later
classical writers on the general theory include Richard Dedekind, Otto Holder,
Felix Klein, Henri Poincaré, Hermann Schwarz, Karl Weierstrass and many oth-
ers. Important work (including a systematization) in complex multivariate calcu-
lus has been started at beginning of the 20th century. Important results have been
achieved by Wilhelm Wirtinger in 1927.

The geometric interpretation of complex numbers made it possible to define
many concepts related to the function of a complex variable and expanded the
scope of their application [5]. It became clear that complex numbers are useful in
many issues where they deal with quantities that are represented by vectors on a
plane: in the study of fluid flow, problems in the theory of elasticity.

Among the contributors to the development of complex analysis were emi-
nent mathematicians such as A.-L. Cauchy, C.-F. Gauss, B. Riemann, K. Weier-
strass. A specific system of numbers plotted as points in the plain was developed.
The algebraic operations for such numbers were introduced. This new numeric
system became a logical expansion of the set of real numbers and provided new

efficient tools for mathematical solution of real-world problems [8,9].

The subject of Complex numbers, plotting curves, and domains is part of the
Higher Mathematics curriculum for technical specialties. As many foreign stu-

dents in Ukraine are proficient in English and more Ukrainian students are now



choosing English as their instructional language, there is a growing need for man-
uals in English. However, there is a scarcity of manuals in English for this course.
This textbook is a translation and an essential extension of our previous manual
[10] in theory, practical examples and individual tasks. The present work com-
prises the necessary theoretical minimum related to the notion of complex num-
bers and basic operations with complex numbers, plotting curves and domains in
the complex plane. It contains numerous examples of solutions to typical prob-
lems and questions for self-control. In this textbook, one finds also the tasks for
solving in practical classes and as students’ homework, as well as test tasks aimed
at developing practical skills in the topic considered. The sample variants of final

tests for students in all forms of education are proposed.

This textbook is tailored for students in technical specialties who are study-
ing complex analysis as part of the Higher Mathematics discipline. It also useful
to lecturers preparing for practical classes in higher technical educational institu-
tions. The textbook serves as a valuable resource for those seeking assistance in
grasping the concept of complex numbers, understanding their geometrical inter-
pretation, and mastering the analytical representation, plotting curves, and do-

mains in the complex plane.



1. SET OF COMPLEX NUMBERS

Definition 1.1. A complex number z is an expression Z =X+1y, where X,ye R,
and i is the imaginary unit satisfying the condition i =—1. The
number X is called the real part of the complex number Z = X +1y

and is denoted by Re z = X. The number V is called the imaginary
part of the complex number Z = X+1Yy and is denoted by .

Definition 1.2. The formula z = X +1y is referred to as an algebraic representation

of the complex number Z.

We denote the set of all complex numbers by C:
C={x+iy:x,yeR, i*=-1}.

Any complex number Z = X+1Yy can be plotted as a point in a Cartesian co-

ordinate plain with abscise x and ordinate y. The inverse is also true, 1.e. each
point in a plain with coordinates (x,y) corresponds to a complex number
Z = X+1Y. Thus, there exists a one-to-one correspondence between the points in
the Oxy plain and the set of complex numbers. For this reason, we refer to the

Oxy as the complex plain below. This complex plane is denoted by the symbol

C , the same as we use for the set of complex numbers.

Let us study two particular cases of complex numbers.
1. Let y=0, then Z=X, i.e. Z is a real number. Hence, each real number is
also a complex number with zero imaginary part and can be plotted as a point
on the OX coordinate axis. For this reason, the OX axis is also called the real

axis. All real numbers comprise a subset of the set of complex numbers

(RcO),

2. In the case X =0 we have fully imaginary numbers Z =1y, which are plotted

as points on the Oy coordinate axis. Thus, Oy is called the imaginary axis.



Definition 1.3. The complex numbers z, =X, +1y, and z, = X, +1y, are equal if
X =X, and Y, =Y,.

Definition 1.4. The numbers X+1y and X—1Yy are conjugated complex numbers

and are denoted by Z =X+1Y, Z=X- Iy (see Fig. 1.1).

Fig. 1.1.

Definition 1.5. The formula z =r(cos¢+ising) is the trigonometric represen-
tation of the complex number z.

The correlation between the algebraic and trigonometric representations of a
complex number is given by the following formulae:

X=Trcos@
{ ., 1go y’
y=rsing

Z=X+iy=rcosg+irsing =r(cosg+ising).

ImZza

F(xay) Z:x+iy

X Rez

Fig. 1.2.

Any complex number X+1Yy can be identified with a radius-vector F(X;Y)

and the representation of the number in the complex plain shown in Fig. 1.2.



Due to the latter representation the notions of the modulus and argument of

a complex number can be naturally introduced.

Definition 1.6. The modulus of the complex number Z =X+1Y is the distance
between the origin (0; 0) and the point (X; y) in the Cartesian co-

ordinate plain. Thus, it equals the length of the radius-vector
F(X;y). The modulus of the complex number Z=X-+1y can be

computed by the formula: ‘Z‘ =X+ y2 .

The modulus of a complex number determined uniquely. We note that
—|z|<|Rez|<|z

, —|z|<|Imz|<|z

9

which follows immediately from Definition 1.6 and Fig. 1.2. Equality Rez = ‘Z‘

holds if and only if z is real and 2 >0.

Definition 1.7. The argument of the complex number Z = X+1Y is the angle @

between the positive direction of the OX axis and the radius-vector

F(xy).

We note that for each complex number Z = X +1Y. Definition 1.7 introduces
an infinite set of values called the argument of this number and denoted by Argz.

Each two values of the argument of a complex number differ by a multiple of 2.

To overcome this ambiguity the principal value of the argument from the interval

(—7[ , T ] is conventionally considered. This principal value is denoted argz and

is unique in contrast to the set Argz.

To summarize the above:
Argz=argz+2kz,k=0,£1,+2,83,..,—r<argz<r.

The argument of the complex number z=0 (x=0, y=0) is not deter-

mined and its modulus is zero.

10




The following relations hold:

. X
tg(Argz):X, s1n(ArgZ)=%, cos(ArgZ)zﬁ.
X X~ +Yy X"+
We note that
arctgi, for x>0;
X

7z+arctgx, for x<0, y>0;
X

argzZ =< —7z+arcth, for x<0, y<O0;
X

%, for x=0, y>0;

—%, for x=0, y<O0.

C

Euler’s Formula shows the relation between the imaginary power of expo-

nent and trigonometric ratio sin and cos and is given by:
e =cosp +ising

By Euler’s formula we arrive at the exponential representation of a complex
number:

z=re", r=z|.

Definition 1.8. The complex numbers z; and z, are equal if they have equal mod-
ules and their arguments are either equal or differ by a value

,Argz, = Argz, + 2K,

which is a multiple of 27: |z|=|z,
k=0,£1,£2,43,... .

It is easy to verify that

arg2=27z—argz =-—argzZ.

11




Example 1.1. Find the real and imaginary parts of the complex number
Z=5-06I.
Solution: by Definition 1.1 we have Z=X+1y, where real part is
Re z=X=35, imaginary partis Imz=y =-6.
Answer: Rez=5, Imz=-6.

Example 1.2. Which of the following complex numbers are equal?

21:—0,5+\/Zi, z,=-3+2i, 23:—%+2i, 24:—\/§+\/Zi,

zsz—\/§+<‘/ﬁi, z, =/-27 +38i.

Solution: by Definition 1.3 two complex numbers are equal if and only if
they have equal real and imaginary parts. For the given complex numbers, we
have: 2, =2, 2,=2,=2,=12

s =12

Answer: 2, =2, 2,=2,=12 6

Example 1.3. Plot the complex number z=-6-8i as a point in the complex
plain.
Solution: the complex number z=-6—8i corresponds to the point in the

complex plain with coordinates (—6;-8), Fig. 1.3.

Answer:
yA

XXV

o/

X 1-8

Fig. 1.3.

Example 1.4. Find the complex conjugate of the number z=5—2i.

Solution: the complex conjugates are two complex numbers X+1iy and

X —1y, which differ only in the sign of their imaginary part.

12



Answer: Hence, the conjugate of the given complex number is the number

7=5+2i.
Example 1.5. Compute the modulus |Z| and the principal value of the argument
7
argz of the complex number z =263 .

Solution: by the exponential representation of a complex number

7 = ‘Z‘ eiargz
V4
Answer: we have |z|=2, argz= 3
Example 1.6. Compute the modulus and argument of the complex number
z=1+2i.
Solution: for the complex number Z =1+ 2i we have:

X=Rez=1>0, y=Imz=2, tglargz)=——===

Imz 2
m y — =2, thus,
Rez x 1

arg(z) = arctg(2), and the approximate value is arctg(2) = 63.43";
Argz=argz+2kz, k=0,+1,#2,43,..., thus,
Argz =arctg(2)+2kz, k=0,£1,+2,43,...;
2| =X +y? =V +27 =45,
z|=+5.

Answer: Argz =arctg(2)+2kz,k =0,+1,£2,43,...,

Example 1.7. Find the trigonometric and exponential representation of the com-
plex number Z = J2-i2.

Solution: the complex number Z = \/5 —14/2 is in its algebraic representa-
tion, Fig. 1.4. To find its trigonometric representation we compute its modulus

and argument:

X:ReZ:\/E, y:ImZ:—\/E,

= +y =(V2) +(+2) =2

13



argz = arctg(—%] =—arctgl = —%.

y A Im z
\/E »
f ¢ Re z
vz L
Fig. 1.4.

Thus, the trigonometric representation of the given complex number is
z=2-iV2= 2(c0s(—%} +1 sin(—%JJ.

We can simplify this expression using the properties of the trigonometric func-

tions cos¢ and sing: cos(—¢)=cosg,sin(—¢)=sing, to arrive at the for-

T .. T
Z=2| cos——Isin— |,
Sk

which is a representation of the given complex number involving the trigonomet-

mula

ric function, but it is not its trigonometric representation.

The exponential representation of the given complex number Z is then:

Answer: Z =2 cos(—z)ﬂsin(—z) z7=2e ¢
4 4

Example 1.8. Find the trigonometric and exponential representation of the com-
plex number z, =1, z, =2i, 2, =-3, 2, =—4i.
Solution: the complex number z, =1 is in its algebraic representation. To

find its trigonometric representation we compute its modulus and argument:

14



X=Rez =1, y=Imz, =0, |z;| = x2+y%2 =vV12+02 =1, argz, =0 (the

number lies directly on the real positive semiaxis)

O :. ...........................................
27, =~
Fig. 1.5

Thus, the trigonometric representation of the given complex number z, =1 is
z, =1=1(cos0+isin0).
The exponential representation of the given complex number is then: Z, = e”.

Let's represent the number z, = 2i in trigonometric and exponential form:

X=Rez, =0, y=Imz, =2,

T
22\:\/x2 +y? =07 +2% =2, argz, =7
Thus, the trigonometric representation of the given complex number is

z,=2i= 2(cos%+isin§)

Z
The exponential representation of the given complex number is then: z, =2e? .
Let's represent the number Z, =—3 in trigonometric and exponential form.

To find its trigonometric representation we compute its modulus and argument:
X=Rez, =-3, y=Imz, =0,

\23\:\/x2 +y? :\/(—3)2 +0°> =3, argz, = 7.

15



Thus, the trigonometric representation of the given complex number is
z, =—-3=3(cosz+isinr).
The exponential representation of the given complex number is then: Z, = 3™

To find its trigonometric representation z, =—4i, we compute its modulus

and argument:
X=Rez, =0, y=Imz, =4,

1z, :\/x2 +y? :\/O2 +(—4)’ =4, argz, =—§.

Thus, the trigonometric representation of the given complex number is

.

T
The exponential representation of the given complex number is then: z, =4e ? .

Answer:

z, =1(cos0+isin0), z, =e”;

T .. T
Z,=2| cos—+lIsmn— |, z, =2e? ;
2 2

z :3(cos7r+isin7z), Z, =3e™.

Example 1.9. Find the trigonometric and exponential representation of the com-
plex number zZ =—1- i3

Solution: the complex number Z=—1—1+/3 is in its algebraic representa-

tion. To find its trigonometric representation we compute its modulus and argu-

ment: X=Rez=-1, y=Imz =3

7| =X +y* = \/(—1)2 +(—\/§)2 =2,

¢:al'g2=—7T+aI‘Ctg\/_=—7Z'+§:—2?7Z-.

16



Thus, the trigonometric representation of the given complex number 1s

z=—1-i3= 2(c0s(—2§)+ i sin(—%”n_

The exponential representation of the given complex number Z is then:

27,
Answer: 2 =2(C08(—%j+isin(—%jj, z=2e 3 .

Example 1.10. Compute the modulus and argument of the complex number

.. T . T
Z=—SIn——IiCOS—.
10

10
Solution: for the complex number Z = —sin 0 lcosﬁ we have:

X=Rez =—sin£<0, y=Imz :—cos£<0, thus,
10 10

T
arg Z = —mr + arct COSE =—m; +act ct£ =—m+arctg]| t Z_Z =
g g e g gl() gl g 210
sin —
10
=—rx +arctg| t 2—7[ ——7r+2—7z——§7z
8875 5 5

Argz =argz+2kz, k=0,%£1,42,43, ..., thus,

Argz =—§7r+2k72', k=0,+1,£2,%3,...;

| =X+ Y’ =\/sin2%+cos2% =1.

z|=1.

Answer: Argz = —§z+2k7z, k=0,+1,+2,+3,...;,

17



QUESTIONS FOR SELF-CONTROL:

What are Complex Numbers in Math?

Is it possible for a complex number to be also a real number?

What are Complex Numbers Used for?

What is Modulus in Complex Numbers?

What is Argument in Complex Numbers?

How to Graph Complex Numbers?

Explain the geometrical interpretation of the values: |Rez|, |[Imz|, |z|?

Are there complex numbers Z such that z=Rez?

o 0 N kW =

Are there complex numbers Z such that Zz=Imz?

10.What is the relation between the numbers ‘Z‘ and ‘7

,2€C?

11.What is the argument of the complex number plotted as a point on the im-
aginary axis?

12.What is the argument of the complex number plotted as a point on the real
axis?

13.1Is it possible for two complex numbers with the same argument to be non-
equal? What does it mean from the geometrical standpoint?

14.1s it possible for two complex numbers with the same modulus to be non-
equal? What does it mean from the geometrical standpoint?

15.In which case two complex numbers are equal?

18



TEST 1 “Complex numbers”

Option 1
1. Compute the modulus of the complex number Z=1—1.
A B C D
G Np 0 Jio

3. Which of the following values is a modulus of the complex number of

z2=3+2i.

A B C D

5 V13 1 J5
3. Which of the following values is an argument of Z =2+ 2i.

A B C D

z Sz 3z iz

4 4 4 4
4. Which of the following values is NOT an argument of z =1+ J3i.

A B C D

7 R4 1z _o%

3 3 3 3
5. Find the real part of the complex number Z=1-2i.

A B C D

2 3 1 -3
6. Find the imaginary part of the complex number z =1-3i.

A B C D

1 -3 -2 3i
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7. What are the Cartesian coordinates of Z, if Zz=1-1.

A

B

C

(L1)

(L-1)

(-1-1)

(-L1)

8. Find the real part of the complex number z = 2"

A B C D
1 2 -1 V3
9. The exponential representation of the complex number Z with
T
Z|=8,argz=—1is
2|=8,argz ="
A B C D
ge't g ge'" 8¢’

2+iZ
10. The trigonometric representation of the complex number z =3e * is

A

5 T .. T
3e’| cos—+Isin—
( 4 4J

B

T .. T
2| cos— +Isin—
[cos +isng )

C
3(cos(2 + zj + isin(2 + 3—”)]
4 4

3e?| cosZ —isin EJ
4 4

ANSWERS TO TEST 1. Option 1:
1-B; 2-B; 3-A; 4-B; 5-C; 6-B; 7-A; 8-A; 9-C; 10-A.
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1. Compute the modulus of the complex number Z =—-2+1.

TEST 1 “Complex numbers”

Option 2

A B C D
J5 V2 -1 V3
2. Which of the following values is a modulus of the complex number of
z=5-3i.
A B C D
2 13 4 \/34
3. Which of the following values is an argument of Z=3+3i.
A B C D
z Sz 3z iz
4 4 4 4
4. Which of the following values is NOT an argument of z=1-— J3i.
A B C D
_Z Sz Iz 27
3 3 3 3
5. Find the real part of the complex number Z =—7+2i.
A B C D
2 7 -7 -3
6. Find the imaginary part of the complex number Z=3—1.
A B C D
-1 3 2 —I
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7. What are the Cartesian coordinates of 7, if Z=—1+1.

A

B

C

(L1)

(L-1)

(-1-1)

(=L1)

8. Find the real part of the complex number z = 4e" .

A B C D

-1 2 J3 4
9. The exponential representation of the complex number Z with

T

Z|="7,argz=—1is
2)="7.argz="

A B C D

7€' 7e° 7€' ~7e¢

3+iZ
10. The trigonometric representation of the complex number z =4e * is

A

5 T .. T
4e’| cos— +Isin—
[cosF+iun

B

12(005z +isin ZJ
4 4

{33

4¢*| cosZ —isinZ
4 4

ANSWERS TO TEST 1. Option 2:
1-A; 2-D; 3-A; 4-D; 5-C; 6-A; 7-C; 8-D; 9-C; 10-A.
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TASKS FOR INDIVIDUAL WORK:

. Plot the given complex numbers as points in the complex plain:

1.1. z=1+2i; 1.4. z=—-4-15i;
1.2. z=1+1; 1.5. z=2;
1.3. z=-3i; 1.6. z=2-1.

. Find the real and imaginary parts of the given complex numbers:
2.1. z=i; 2.5.2=-2;
22. z=1-1; 26.72=4;
2.3. 2=3+3i; 27.2=—1+1.
24.2:LHv§; 2.8. 7=-51.

. Find the complex conjugate for the given complex numbers:
3.1. z=2+7i; 33.2=-3+1;
3.2. Z=5i; 34 2=8-2i.

. Find the modulus and argument of the given complex numbers, write down

their trigonometric and exponential representations:

4.1.2=i; 4.4. 7=1+i3;
42.7=1-1; 45.72=-2;
43.72=3+3i; 4.6. Z=—1+I.
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2. OPERATIONS WITH COMPLEX NUMBERS

Definition 2.1. The sum of two complex numbers z, = X, +1y, and z, =X, +1Yy,

is a new complex number Z=X+Ily, where X=X +X

Y=Y, +Y,, e z=x+iy=(X+%)+i(y, +Y,).

29

Definition 2.2. The product of two complex numbers z, = X, +1Yy, and

Z, =X, +1y, is the complex number

Z:X+iy:(X1X2 _y1Y2)+i(X1yz+Y1X2)-

The formula in Definition 2.2 can be readily obtained by applying the rules
of multiplication of algebraic polynomials:

L=1,"Z, =(X1 +iy1)(xz +iy2)= X X, +iX1Y2 +iX2y1 +i2y1y2 =

=XX =YY, +i(X1y2 + y1X2)-
In particular,
27 =(x+iy)-(x—iy)=x* +y* =|z[".

Thus, we can apply the same operations to the complex numbers in their

algebraic representation as to the first-degree polynomials. We also need to take
into account, that i =—1, i’ =i-i* =—i, i* =i’ -i’ =(—1)(—1)=1. In general,

for any integer N, the N -th degree of the imaginary unit i is given by the rule:

1, for n=4k,
. |—1, for n=4k+2,
= I, for n=4k+1,
-1, for n=4k+3.

The operations of addition and multiplication of complex numbers satisfy

the following properties:
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1. z,+2,=12,+2 (commutative property of addition);
. (z,+2,)+12,=2,+(z, + 2;) (associative property of addition);

1

2

3. 2,2, = 7,°Z, (commutative property of multiplication);

4. (z,z,)z, =7,(2,°Z,) (associative property of multiplication);
5

. (Z1 +2, )'Z3 = 7,'Z, + Z,°Z, (distributive property).

Subtraction of complex numbers can be defined as an operation opposite to

addition, in the same manner as it is introduced for real numbers:

Z,—1, :Xl+iy1+(_Xz_iyz):X1_X2+i(y1_yz)-

By the definition of the modulus of a complex number, we arrive at the for-

mula for computing the distance between two points z; and z, in the plane:

d(zlazz):‘zl _22‘:\/()(1 _X2)2+(Y1 _Y2)2-

3;‘ Imz From the geometrical standpoint addition
and subtraction of two complex numbers can be
seen as addition and subtraction of correspond-

ing vectors (see Fig. 2.1).

Z1tZ,
A V- Since the modulus of a complex number
equals the length of corresponding vector, we
Z1 Rg z arrive at the triangle inequality in the complex
* form:
Fig 2.1.

2, +2,|<|z,|+]|z,].

By consequently applying the latter inequality N—1 times, we get the fol-
lowing generalization of the triangle inequality on the sum of N complex num-

bers:

Z,+ 2, +..+ 2| <[z |+|2, |+ ... #|2,].
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The vector representation of complex numbers also implies the property

Hzl‘_‘zzug‘zl_zz"

See Fig. 2.1.

Definition 2.3. The ratio of two complex numbers z, = X, +1y, and z, =X, +1Y,

is the complex number

4 _ Z-Z, _ (Xl+iy1)(xz_iy2) _ XX VY, +i Y X, — XY,
27 [z () (i) XY Xy

Example 2.1. Compute the sum z, + z,, difference z,

—Z,, and product z, -z, of

the complex numbers z, =2+3i and z, =1-5i.

Solution:
Z,+2,=2+3i+1-5i=(2+1)+i(3-5)=3-2i
2,—2,=2+3i—(1-51)=(2-1)+i(3+5)=1+8i

By the rule of multiplication of algebraic polynomials, taking into account
that i’ =—1, we have:

2,2, =(2+3i)-(1-5i)=2-10i +3i —15i* =17 - 7i.

Answer:z,+2,=3-2i, z;— 2, =1+8i,z,-2, =17-T7i.

Example 2.2. Compute the ratio of the complex numbers
z,=2-3iand Z, =5+2i.

Solution:
2-3i _(2—3i)(5—2i) _10-4i-15i +6i’ —i—ﬁi
5420 (5+2i)(5-2i) 25+4 29 29
2-31 4 19 .
Answer: -=———.
5421 29 29

Example 2.3. Compute the ratio of the complex number 2+1i and the product

(1+1)(1-30).
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Solution:

_(2+i)(4+2i) 6+ _

2+ B 2+ 2+
(1+i)(1—3i) 1-3i+i=3i* 4-2i (4—2i)(4+2i) 20
3 4.
=4+ —I.
10 10
Answer: 2+ :i+ii

(1+i)(1-3i) 10 10

Example 2.4. Prove that z, + 2, =7, +Z,.

Solution: using the algebraic representation of the complex numbers

Z, =X +1y, and z, =X, +1Yy,, we can write

Z,+Z, =X iy, + X, +iy, =(X + %) +i(y, +Y,),

hence, the complex conjugate of the number Z, + Z, is the number

2, +2,=(X +%)—i(y,+Y,)=% -1y, + X, —iy, =7,+7,. &

Conjugates of the complex numbers satisfy the following properties:

* 7,-1,=171,-1,
® 7,:72,=171,7,
o —7=——7

. _

Z, L,
o 7=17
e 7Z+Z=2Rez
o 7—-7Z=2ilmz.
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Example 2.5. Find the real solution of the equation
(3+i)x+(7-2i)y=—10+i.
Solution: since we are looking for real X and Y, we can separate the real
and imaginary parts in the left-hand side of the equation as follows:
3IX+T7Y+1(X=2y)=—10+1.
Two complex numbers are equal if and only if they have equal real and imaginary
parts. Hence, the previous equality implies the following system of algebraic

equations:

3x+7y=-10,
X=2y=1.

Solving this system with respect to the unknowns X and Y, we get
X=-1, y=-I.
Answer: the real solution of the equation (3+i)X+(7—2i)y=—10+i is

X=-1, y=-I.

Example 2.6. Find the real solution of the equation
(4+2i)x+(5-3i)y—23—-i=-10.
Solution: since we are looking for real X and Y, we can separate the real
and imaginary parts in the left-hand side of the equation as follows:
AX+5y+1(2x—=3y)=13+1.
Two complex numbers are equal if and only if they have equal real and imaginary
parts. Hence, the previous equality implies the following system of algebraic

equations:

4X+5y =13,
2x-3y=1.

Solving this system with respect to the unknowns X and Y, we get

X=2,y=1.
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Answer: the real solution of the equation (4+2i)Xx+(5-3i)y—-23—-i=-10is

X=2,y=I.

Example 2.7. Perform the operations with complex numbers:
@ (5+2i)-(1-1);

1-3i
(b) ——

I
(c) z:ﬁ—7i,2=\/§+7i, 7-72=27, (2-7) =2
Solution:
(@ G+20)-(1-i)=5-51+2i-2i"=5-51+2i+2=7-3i;
1-3i _ (1-3i)(4+i) _4+i-12i+3 _7-11i
4—i  (4-DE+i) 16+1 17

(©) 7-7=3- 7|—(\/§+7|) J3-7i-3- 71 =—14i;

(z-7)° =(W3-Ti—3-T7i)° =(~14i) =—~(14)°i’ = -38416i.
_ N b B A 0 L
Answer: (a)(5+21)-(1—-1)=7-31; (b) P THE

) 2=3-7i,2=3+7i, z—2=-14i, (z—7)’ =-38416i.

(b)

Example 2.8. Simplify the expressions:

(a) —

1+|
1 1+i
O
() (-1=i)(-1+i)(1+i)(1-1i)
Solution:
-1 1-1 1-1 1=-2i—-1 =2 )
(a) == =——=-1
I+1 1+1 1—1 1+1 2
L1+ 0 (L(A+i)  i(1+i) i(1+2i-1) 2i>
b) - —=5—"— == = ==
i1 i7 (1-i)(1+i) —1(1+1) -2 -2
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© (—1=i)(=1+i)(1+i)(1=i)=((-1)" =P*)(1" =i?) =2-2=4

Answer: (a) 1_;::4 ) %-1—+::1;(c) (1=i)(=1+i)(1+i)(1-i)

4.

Example 2.9. Solve the equation X* — 2\3x+4=0.

Solution: compute the discriminant

D:(2\/§)2 —4.4=4.3-16=12-16=—4=4.(-1)

.
Sine 1 =1, VD~V =121, x, = 22EA _ i
Answer: X, =\/§+i,x2:\/§—i.

Example 2.10. Write down the quadratic equation that has the given solutions

(make use of Vieta’s theorem):
(@) X =1+i/3, X, =1-i/3;
(b) X, =2+3i, X, =2i.
Solution: we shall be looking for the quadratic equation in the form

2 . X +X =P,
X"+ pXx+q=0. Then, by Vieta’s theorem
X - X, =qQ,

(a) X1+X2=1+i\/§+1—i\/§=2=—p,whichmeans p=-2,
X% =(1+iV3)-(1-iV3)=1+3=4=q.

Hence, the required quadratic equation is X* —2X+4=0.

(b) X, +X, =2+43i+2i =2+5i=—p, p=—(2+5i),

X, - X, =(243i)-(2i)=4i+6i’ =-6+4i=q.

Hence, the required quadratic equation is X2—(2+5i)x—6+4i =0.

Answer: (a) X> —2X+4=0; (b) X’ —(2+5i)x—6+4i =0.

Remark: If the solutions of a quadratic equation are complex conjugated, then
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the coefficients of the equation should be real. The inverse is also true: a quad-
ratic equation with real coefficients and negative discriminant has complex con-
jugated solutions.

Example 2.11. Write down a quadratic equation given its coefficients are real and
one of its solutions is (3—i)(2i—4).

Solution: denote

X, :(3—i)(2i —4) =6i —12-2i" +4i=10i —12+2=-10+10i..

Since the quadratic equation is known to have real coefficients, its solu-
tions are complex conjugated. Hence, we can find the second solution of the
equation: X, =X, =—10-10i.

Arguing as in Example 2.8, we compute the coefficients of the equation:

—p=X +X =—10+10i—10—-10i =20, hence, p=20;
g=X X, =(—=10+10i)-(-10—-10i) = 200.

Thus, the required equation is X* +20Xx+200=0.
Answer: x> +20x+200=0.

Example 2.12. Prove the equality:

6—-1  13+4li
3+4i 254251
Solution: compute the ratios in the left- and right-hand sides of the equality:
6-i (6-i)(3—4i) 18-24i-3i+4i> 14-27i _14 27,
3+4i (3+4i)(3—4i) 9+16 25 25 25

13+41i _ (13+41i)(-25-25) _-325-325i-1025i+1025 _ 700 1350, _

254251 (=25+25i)(-25-25i) 625+ 625 1250 1250
14-50 27-50._14 27

25.50 25.-50 25 25°

Hence, 071 _ 13+4li

344i —25+25i
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Let us study the operations of multiplication and division of complex num-

bers given in either trigonometric or exponential form.

For the trigonometric representations of complex numbers

z, =|z,|(cos ¢, +ising, ) and z, =|z,|(cos ¢, +ising,) we have:

2,.2, =|z,||z,|(cos ¢, +ising, )(cos @, +ising, )=

=|2)||2,|(cos ¢, cos @, —sin g, sin@,) +i(sin ¢, cos @, +cos @, sing, ) =
:‘21“22‘((305((?1 +(P2)+i8in(§01 +§02))'

Thus, when multiplying two complex numbers written in the trigonometric
form we need to multiply their modules and add their arguments:

2,2,|=|z,||z,|, arg(z,2,) =arg(z,) +arg(z,).

For the complex numbers given in the exponential form the same rule ap-
plies:

212y = |Z1|ei(p1|Z2|€i(p2 = |21||22|ei(‘l’1+<P2).

Similarly, we can compute the ratio of two complex numbers:

2, |z|(cosg, +ising) |z|(cosg, +ising, )(cosp, —ising, )

z, |z,|(cosp, +ising,) |z,|(cose, +ising, )(cosp, —ising,)

Z |(cos@, cos@, +sin @, sin@, )+1(sin @, cos @, —cos ¢, sin @
1 1 2 1 2 1 2 1 2

2,|(cos’ @, +sin’ g,
2

Z .
:H(cos(gol —@,)+isin(g, —¢2)).

Hence, when dividing two complex numbers written in the trigonometric
form we divide their modules and subtract their arguments:

_lzl

VA

2

4
ZZ
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For the complex numbers given in the exponential form we have:
z _lzfe”
z, |zle” |z,

2

ei(‘ﬂﬁ‘ﬂz)

Definition 2.4. The n-th degree of a number z is defined as n-times consecutive

multiplication of z by itself: z" =z-z-z- ... z.
n

For any two complex numbers z; and z, the following algebraic identities
can be given

(z1 + 2)° = (21)* + (22)* + 2212,

(z1 = 2)° = (21)* + (22)* = 2212,

(21)% - (22)* = (21 + 2)(z — 2z3)

(z1 + 22)° = (21)° + 3(21)%2, +3(22)°z; + (22)°

(z1 — 22)° = (21)° — 3(z1)%2, +3(22)°2, — (2)°

Using the rules of multiplication of complex numbers written in the trigo-

nometric or exponential forms we can formulate the Moivre’s formula as follows:

Moivre’s formula is used for computing the n-th degree of a complex number

given in either trigonometric or exponential form:

2" =|z|" (cosng +isinng), or 2" =z['e™ ,neN.

5

Example 2.13. Compute (—1+i\/§ )

Solution: first we find the trigonometric representation of the number

Z:—1+i\/§:
‘Z‘:\/1+3 =2,
T 2r

argz =7z—arctg\/§=7z—§_?,

( 27 . . 27[}
Z=2| cos— +1 sin— |.
3 3

Then, by Moivre’s formula we get:
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10z . 107
_14iv3) =2°[ cos—F +isin

Applying the reduction formulae of trigonometric functions, we can write:

COS—— =CO08| 37 +— |[=—CcoS—=——,

3 3 3 2
. 10 . ( ﬂj _
sin— =sin| 3z+— |[=—-SsiIn—=——-.
3 3 3 2

Hence,

=y 107 . . 107 1 .3 .
-1 3) =2° —_— — =32 ———=1— [=16(-1-1V3).
(i) =2 cos! % isin 127 L .2] (c1-iv3)
Answer:(—1+i\/§)5 :—16—16\/§i.

Example 2.14. Compute ( "
—1

1+z\/_J4O

Solution: first we find the trigonometric representation of the number

Z, =1+i/3:
z,|=V1+3=2, argz, =arctg\/_=§.

Then, find the trigonometric representation of the number z, =1-1i:
‘Zz‘:\/l"' =2, argz, =arctg(—1):_Z

1+i3 _‘1+i\/§‘_ 7
SN
arg[141rl\_/§j:arg(1+i\/§)_arg(1_i):§_ _%): 4 +37 _ T

12 12

_,

Then, by Moivre’s formula we get:

(-2

40
arg[llel\_/gj :4O-arg[1+l\_/§} :40-7—”:70—7[

—1 1-1 12 3
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40
85 o)

1-1
Applying the reduction formulae of trigonometric functions, we can write:
T 2 1
cos——=cos| 24r - — |=cos—=——,
3 3 2
. 10z . 2 . 27 V3
sin——=sin| 247-— |[=—sin—=———.
3 3 3 2
Hence,
40
1+l\_/§ = 2[ cos 107 Ligin 07 |~ o —l—iﬁ =2 (1+ I\/g)
1-1 3 3 2 2

1—1

| \/g 40
Answer:[ ! :—219(1+i\/§).

Definition 2.5. The root of a complex number zZ#0 of degree n

(ne N, n22) , Q/E is the complex number W such that

w'=z.

Theorem. Let W' =2z, Z# 0. Then,

Q/_:Q/M(cos¢+2k”+isin¢+2k”j, k=0,1,2,...,n—1, p=argz.

n n

Proof. Let us write down the trigonometric representation of the complex

numbers W and z:

w=|w|(cos@+isind), z=|z|/(cosgp+ising)
By Moivre’s formula W" = ‘W‘n (cosn@+isinnd).
Since W" = z, by Definition 1.8. we have

z|=w", p+2kz=nb.

Thus,
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@+ 2k
=1 , 9:—
w=yfd. 0-2*

And we arrive at the required formula:

W:Q/M(coswﬂsinwj, where K =0,1,2,...,n—1. =
n n

The n-th root of a complex numbers has n complex values with the same

modulus but different arguments. The arguments of two values of the root differ

2
by a multiple of iy Indeed,
n

go+27z(1<+1)_gp+21<7r _ 27

Thus, the values of the root of degree n of a complex number z can be plotted

in the complex plain by n points situated at an equal angular distance 27% on a

circle of radius {/ ‘Z , 1.e. at the vertices of a regular n-sided polygon inscribed in

a circle of radius Q/m (see Fig. 2.2).

Example 2.15. Find all complex solution of the equation W* =1 and plot them in

the complex plain.

Solution: the equation W* =1 has four complex solutions. Let us factorize

the difference:
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w'—1= (W2 —1)(w2 +1) =(w-1)(w+1)(w—i)(w+i)=0,
w=1,w,=—1Lw,=i,w,=-.
The same values can be obtained by applying the formula for computing the
root of the fourth degree of number 1: W= i‘ﬁ :
The trigonometric representation of the number z =1 is
z=1(cos0+isin0).

Thus, |z|=1, ¢=0, n=4, k=0,12,3.

k=0, w, = 4‘1‘(c0s9+isin9j=1,
4 4

0+27 .. O0+27 T T .
k=1 w, =4I| cos 2 +1sin = cos5+|sm5 =1,

4
0+4r . . 0+4 ..
k=2, W2:4\1\(cos ” +isin 2 ﬂjZ(COSﬂ-HSlIlﬂ'):—l,
0+6z7 .. O+67 3z .. 3w )
k=3, w, =4I| cos +1sin =l cos—+Isin— |=—I.
4 4 2 2
Answer:w, =1, W, =i, W, =—1, W, =—i. The values of the root are plotted in

the vertices of a square inscribed in a circle of radius 1 (see Fig. 2.3).

A

N,
N

X, Re z

Fig. 2.3

1
Example 2.16. Compute (—1+1)3 .

Solution: we note, that taking a number to the power 1/3 is the same as
computing the root of degree 3 of this number.
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First we write the given number in the exponential form:
1 3iz

| —1+1i |:\/§, arg(—1+i)=377r, —1+i=2%e*.

Then,

1 1 iz 2izk

(~1+i)* =26e* 3 k=0,1,2.

For differen values of k we have:
1 ir
k=0, z,=2%"*;
1 iz
k=1, z,=2%e!2,

1 19iz
— — 76 12
k=2, z,=2%e1.
1 ir 1 1liz 1 19ix

Answer: z, = 26e4, Z, = 2012 Z,= 2612 (see Fig. 2.4).

]

z, g

NI

Iy

-

Fig. 2.4.

Example 2.17. Find all values ¥/1—i .

Solution: The trigonometric representation of the number z =/1—1i is

ENEE

Thus, z\=\/§, gp:—%, n=4,k=0,1,2,3.
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-7 okr T okx
W, = {2 COS4T+iSin

7 7
k=0 w, =¥2| cos—* +isin—* :%(cosz- |s1n£j
’ 4 4 16 16
_ —z+27z —Z+27z % . .
k=1w =X2|cos———+isin——— |=%/2| cos— +isin— |,
4 4 ( 16 16}
—— +4r ——+4kr | 157
k=2,W2:§/§ cos—2 +1sin z%(cos——lsm—j,
——+6rx ——+6rx
k:3,W3=§/§ cos—F— tisin— 4+ =§/§(00523—ﬁ—isin23—7zj.
4 4 16 16
Answer: w, = %(cosz- isinﬁj, W, = %(0057—7[+isin7—7[j,
16 16 16 16

w, =X 2(cos?—6ﬁ—isin%j, W, :%(cos%—isin?—g}.

Example 2.18. Find all values /1 + i3,

Solution: The trigonometric representation of the number zZ =1+ i3 is

T .. T
Z=2| cos—+Isin— |.
( 3 3J

=2, q)zg, n=2, k=0,
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z+2k7z E+2k7z
W, :\/5 COS3T+iSin3T ,

T

T
k=0 W0=\/§ cos%+isin% :ﬁ(cos%+ isin%):ﬁ[?ﬂ%}:
V2 .
:7(@“)
—+2r —+2r

k=1 WI:\/E c:os37+isin3 5 =\/§(cos%+isin%j=

AR
] ﬁ[_g_l.]:_;(@.).

2
e N
Answer: W, =72(\/§+|), W, =—72(\/§+|).

Example 2.19. Compute z =+/7 —24i .
Solution: Getting a root from a complex number /7 —24i , we do not need

to use the trigonometric form of the complex number as it is an unreasonable way.

Let's use another method. We take into account that

7-24i=16-9-24i =4 +(3i)’ —=2-4-3i = (4 -3i)’

Then, z =~/7—24i =4/(4-3i)" =+(4-3i).

Answer: W, =4-3i, W, =—4+3i.

Remark: If you could not complete a square under the root, then you can calculate

\7—24i according to the definition, i.e. 7 —24i = X +1iy, where X, Yy are real
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numbers. To find them, we have to square both parts of the equality and equate

the real and imaginary parts of the complex numbers:

2 _ 2 _
7—24i=(><+iy)2=><2+2><yi—y2:>{X v
Xy =-12.

Further, the following system of two equations should be solved:

2 _ 2 — B
{X y 7’:>y:£, xz—ﬁ:7:>x4—7x2—144:0.

Xy =—12. X X
X, =4, y, =-3,
= )
X, =—4, y, =3.
Therefore, the number 7 — 241 has the two values: 4 —3i and —4 +3i.

Example 2.20. Solve the equation z° —(2+i)z+7i—-1=0.

Solution: We use the formula for calculating the roots of a quadratic equation

and the result of the previous example:

24k (241 —28i+4  2qit T4

Z

b 2 2
C2+i%4J(4-31) 240+ (4-3i)

- 2 - 2
:zlzw:3—i, 22:2+|_(4_3I):—1+2i.

Answer: z, =3—1i, z, =—1+2i.

Example 2.21. Find the trigonometric and exponential representation of the com-

(1+i35)2 |
(1-i)

Solution: To find its trigonometric representation we compute its modulus

and argument. Note that i* =i”-i* =(—-1)(—1) =1. Then

=i =(if) P =[P = 1=

plex number Z =
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Therefore, 1+i* =1—1, so

(1+°) =iy 1 1 dwi lei 11
(1-iy (=i 1-i 2

1-i 141 2 2

x:Rez:%, y:Imz:l,

2
2| =X +y* = (ljz{ljz:,/lJrl:ﬁzi
2 2 4 4 N4 2’

gz):argZ:arctgl:%.

Thus, the trigonometric representation of the given complex number is

Z —L[coszﬂ-sinzj
2 4 4)

The exponential representation of the given complex number Z is, then,

Z=Le%i

\/5 .

Answer: Z:L(coszﬂ-sinzj Z:Lezi.
J2 4 4) " 2

Example 2.22. Solve the system of equations

{(3—i)zl +(4+2i)z, =1+3i,
(4+2i)z,—(2+3i)z, =7.
Solution: According to the Kramer method:

3—1 4+2i
4421 —2-3i

:—6—9i—|—2i—3—(16+16i—4):—9—7i—12—16i =-21-23i,

=(3-i)(-2-3i)—(4+2i) =

1+31 4+2i
7 —2 —3j
=-2-3I-61+9-28—-14i=-21-23I,

1

= (1+3i)(-2-3i)-7(4+2i)=
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3—1 1+3i
4+2i 7
:21—7i—(4+12i+2i—6):21—7i+2—14i =23-21i,

=(3-i)7—(4+2i)(1+3i)=

2

A _21-23i _,

9

A 21-23i
A, _ 23-21i 214231 _—23-21+23-23i+21-21i—21-23i* _
A 21-23i —21+23i (—21)° —(23i)’
_—23-21+i(232+212)i+21-23_i
237 +21° '

Answer: z, =1, z, =1.
Example 2.23. Solve the system of equations

(2+i)z,+(3-1)z, =4+2i,
{(S—Zi)z1 +(2+3i)z, =-5i.

Solution: According to the Kramer method:

2+1 3-i
A= =(2+1)(2+3i)—(5-2i)(3-i)=-12+19i,
‘5—2i 5 p3i = (2H1)(2+430)=(5-2))(3-1) =—12+19
1=4_+5i2' 23;;=(4+2i)(2+3i)—(3—i)(—5i)=7+31i,
2=‘52_+2'i 4_+5i2' — (241)(=51)— (4+2i)(5-2i) =19 12i,
S A T3 (7+3i)(-12+19i) _505-505i _, .

YUOA 124191 (<12+19)(=12+191)) 505
A, -19-12i (-19-12i)(-12-19i) 505i _i

PN —124191 (<12+19i)(=12-19i) 505

Answer: z, =1-1, z, =1I.
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QUESTION FOR SELF-CONTROL:

1. Explain how the numbers z and Z, z and (—Z) are related from the geomet-

rical point of view?
2. Find the values of the complex numbers Z-Z, Z+7Z, Z—7 in terms of the

real and imaginary parts of the complex number Z= X +1y.

3. Is it true, that any complex number can be written in trigonometric form? Ex-
ponential form?

4. TIs it possible for two non-equal complex numbers to have the same trigono-
metric representation? Is it possible for a complex number to have several dif-
ferent trigonometric representations?

5. Given two complex numbers z, and z, with the arguments ¢, and¢, , what is

the argument of the product z -z,? What can be said about the argument of

the ratio y ?
22

6. Can Moivre’s formula be applied to bring a complex number to a negative
power?

7. Can Moivre’s formula be applied to bring a complex number to a rational
power?

8. Is it possible to compute the root of degree 3 of any complex number? How
many different values will this root have?

9. Is it possible to compute the root of degree 5 of any complex number? How
many different values will this root have?

10.1Is it possible for a root of degree N of a complex number to have real values?
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TEST 2. “OPERATIONS WITH COMPLEX NUMBERS”

1. Compute the imaginary part of the number z =(1- 3i)(l +1i).

A

B

C

D

3

—2

—2i

1

2. What are the Cartesian coordinates of the point Z, if Z = (1 — i)(l + 2i) :

A

B

C

D

(31)

(3-1)

(3.-1)

(-3.1)

3. Compute the real part of the complex number Z = (1 —2i ) A+1).

A B C D
i
— -1 3 1
2

4. Let |Zl| =2, ZZ| = 3. Choose the correct inequality.
A B C D

1<|z,+2,|<7

1<|z,+2,|<5

6<|z,+2,|<7

5<|z,+2,|<7

5. Which of the following numbers solve the equation z° =15+8i.

A

B

C

D

24 2i

4+Ii

4

—4+1i

6.Solve the equality (1+ i)Z —4i+7=3+1, assuming that Z=X+1Yy.

A

B

C

D

X=1, y=2

x=0, y=5

X=0, y=-5

X=3, y=-2

T .. T - : .
7. Let 7, = 2(0037 +1sin 7); z, =4e". Choose the correct inequality.

A

B

C

D

1<|z,+2,|<6

2<|z, +2,|<6

2<|z,+2,|<4

2<|z,+2,|<8

i3 +iZ
8. The exponential form of the complex number z =2¢e * 48" s
A B C D
8eI% 8e3i 8e|§ _8e3
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iz 24iZ
9. The trigonometric form of the complex number z=2e? -3¢ * is

A 2( 37 .. 37zj
6e”| cos— +Isin—
4 4

B

) ( 3z .. 3%)
—6e” | cos— +Isin—
4 4

C 2( 3z .. 37zj
6e°| cos— +Isin—
4 4

D

2( 3z .. 37[)
6e’| cos— —Isin—
4 4

10. Among the given numbers choose those, which solve the equation 7’ = —1.

A ( 2r .. 27[)
COS — + isin =—
3 3

B

( Sz .. Sﬂj
COS— + Isin —
3 3

C
(cos 7 +isin )

D

T ...
cos — +isin =
i)

TASKS FOR INDIVIDUAL WORK:

1. Compute:
L1 (2i+5)(2-3i);

1.2. (3—1)(1-4i).

Answer: 16 —11i .

Answer: —1—13i.

2. Write down the algebraic representation of the given complex numbers:

3-4i

2.1. -
1+ 21

7+2i.
51

2.2.
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Answer: —1-2i.

2 )
Answer: —— ——1.
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l+itga

23, —
l-1tga

a+bi
a—bi’

. Calculate:

3.0, (2-2i)';

1—1

3.2. [1+\5i TO;

3.4, (\/5—3i)6;

i)
1+1
2+ 3i

(1+i)2

3.6.

2

33
3.7. (cosz—ﬁ+ isinz—ﬂj :
3 3

Answer: cos2a +isin2« .

a’—-b* . 2ab
Answer: +1— 5 -
a“+b

Answer: 2'° (1+1).

Answer: —2" (1+ \/gl)

Answer: 1728.

Answer: 1.

3 .

Answer: ——1.
2

Answer: 1.
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15
3.8. (cosz—ﬁ — isinz—ﬂ] ;
5 5

Answer: 1.
3.9. (1+iJ§)9;
Answer: -512.
56
3.10. (—cosz—isinzj :
7 7
Answer: 1.
. Find all values of the rots:
4.1, 4-1;
Answer:wO:%(Hi),wl:E(l—i),
1 ) 1 )
W, =———=(1+1), W, =———(1-1).
== (). w = (1-)
42. i
Answer: W, :%(Hi),w1 :_ﬁ(lﬂ)'

43. i

Answer: W, =%(\/§+i),w1 :é(—\gﬂ),wz =—I.

T .. T T .. T
Answer: W, =cos——Isin—,W, =—cos—+1Isin—,
8 8 8 8

37 .. 3x 37 .. 3x
W, =cos—+Isin—, W, =—cos— —Isin—.
8 8 8 8

4.5. V2= 2-3i;

Answer: WOZ\/g—i,WIZ— 341.
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5. Compute:

5., (3 -ie

27 .. 2x
COS —— +isin —
3 3

Answer: —1—+/3i .
J— 1 I%
53, _(1+De

T .. 7
cos§+lsm—

Answer: 1+1.
6. Compute:

6.1. Y-1-i3;
: 1
Answer: w, =24 (g_%] W :24[1 3

— i,
2
! 1
w, =24£—§+i%},w3 :24[—%4? |

6.2. -1+i3;
! 1
A”S"Ver:Wo=24[g+i%j,Wl:24[ ;+\6 ,

6.3. (1+i)4(1_i\/§)_12;

Answer: —L,
024

6.4. (l_i)s (1_i19)2;

Answer: —8 —8I.

Prove the equality: z,-2,=7,-7,.
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8. Solve the system of equations
- {(2+i)zl+(2—i)22:6,
(3+2i)z,+(3-2i)z, =8.
Answer: z, =2+1, 2, =2-1.
- {(3—i)zl+(4+2i)22:2+6i,
(4+2i)z, —(2+3i)z, =5+4i.
Answer: z, =1+1i, z, =1.
Z,+2,1—22, =10,
8.3. z,—2,+2iz, = 20,
iz, +3iz, —(1+1i)z, =30.
Answer: z, =3-11i, 2, =-3-9i,z, =1-7i.
9. Find the real solution of the equation
9.1. (B3x—i)(2+i)+(x—iy)(1+2i)=5-6i.

20 36
Answer: X=—, Yy=——.
17 17
9.2. (1+2i)x+(3—5i)y=1—3i.
Answer: x:—i, y:i.
11 11

10. Prove that

l+itga ’ 1+itgna
1-itga l-itgna
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3. DOMAINS AND CURVES IN COMPLEX PLAIN

Remember that by the definition the modulus of a complex number
Z=X+1Yy is the distance between the points (0,0) and (X,Y) in the complex

plain computed by the formula ‘Z‘ = ‘X + iy\ =X+ y2 . Then, the equality ‘Z‘ =r

determines a circle in the complex plain of radius r centered at the origin (0,0).

Definition 3.1. The equality ‘Z — ZO‘ =TI determines a circle in the complex plain

of radius I centered at the point Z,(X,,Y, ) (see Fig 3.1).

Indeed, considering the distance between two points Z=X+1Yy,
Z, = X, +1y,, we have
12—z, =|x+iy—X, —iyo\:‘x—x0+i(y—y0)\:
:\/(x—xo)z +(y—y,) =r,

(x—xo)2+(y—y0)2 =r?,

Fig. 3.1.

Example 3.1. Plot the set of points in the complex plain given by the equality
‘Z +1- 2i‘ =2.
Solution:
z+1-2i|=|z—(-1+2i)|=2.
Answer: the given equality determines the circle centered at the point z, = —1+ 2i

of radius I =2 shown in Fig. 3.2.

The inequality ‘Z — ZO‘ <r determines the interior of the circular disk cen-

tered at the point Z, of radius r. The inequality ‘Z - ZO‘ <r describes then the
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disk centered at the point 7, of radius I including its circular boundary. The ine-
quality ‘Z - Zo‘ > T determines the exterior of the circular disk, whereas the ine-
quality ‘Z — ZO‘ > T describes the exterior of the disc including the circle

z-2z,|=T.

y,Imz

/ \ / D ERN xRez

Fig. 3.2. Fig. 3.3.

Example 3.2. Plot the set of points in the complex plan given by the inequality
lz+i|<1.
Solution:
z+i|=|z—(-i)[<1.

Answer: the given inequality determines the circular disc centered at the point

z, =—1 of radius r =1lincluding its boundary, as shown in Fig. 3.3.

Example 3.3. Plot the set of points in the complex plain given by the inequality
z-3+i[>2.
Solution:
z-3+i[=]z-(3-i)[>2
Answer: the inequality describes the exterior of the circle centered at the point
Z, =3—1 ofradius =2, see Fig. 3.4.
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Example 3.4. Plot the set of points in the complex plain given by the two-sided

inequality 1<‘Z—1+i‘ <2.

Solution:

z-1+i[=[z-(1-i)|.

Answer: The given inequality determines the intersection of two sets, namely, the

exterior of the circular disk centered at the point Z, =3 —1i of radius I, =1 and the

interior of the disk with the same center but of radius I, = 2, including the bound-

ary circle (see Fig. 3.5).

y,Imz

Fig. 3.4.

Fig. 3.5.

point.

Definition 3.2. For any given number ¢ : —7 < @ < 7, the equation argz = ¢

determines a ray in the complex plain starting at the origin such
that the angle between the ray and the positive direction of the real

axis 1s @ . The angle can be both positive and negative. The sign
of ¢ determines the direction of the rotation from the real axis
towards the ray. In case @ >0, the rotation is counterclockwise;
for ¢ <0 1t is clockwise; if ¢ =0, the ray coincides with the pos-

itive direction of the real axis. We note that the origin itself does

not belong to the ray, since the argument is not determined for this
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Definition 3.3. The inequality ¢, <argz < ¢, determines the angle in the com-
plex plain bounded by the rays ¢ =¢, and @ = ¢,. Whether the

rays themselves belong to the domain depends on whether the in-

equalities are strict or not.

Example 3.5. Plot the set of points in the complex plain given by the inequality
T T
—<argz<-—.
8 4
: .. L : . T T
Solution: definition 3.3 implies that the inequality g <argz <Z deter-

T
mines the angle between the rays ¢ = g and @ =

&1y

Answer: see Fig. 3.6.

W

Fig. 3.6.

Definition 3.4. Consider a line in the plane, whose equation in the Cartesian co-

ordinates is Y =kxX. Then its complex equation is @ =argz,

where tgp =Kk, z=0.

The horizontal line having the intercept with the Oy axis at the point y=b ,

I.e. the one passing through the point z=0+bi, is given by the equation
Imz=Db.
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The vertical line having the intercept with the Ox axis at the point x=a,
I.e. passing through the point z=a+ 0i, is given by the equation
Rez=a.
The rectangle (Fig. 3.7) together with its bound can be specified using a

system of inequalities
—a<Rez<b|lmz|<d.

Ay

v

Fig. 3.7.

Another example of a simple geometric interpretation of the image of com-
plex numbers on the plane is a set of points which is given by the equality

lz—a|+|z-b|=c,

where a and b are complex numbers, and ¢ > 0. It is obvious that if |a—b|=c,
this set is the segment connecting the points a and b, and if |a — b| > C, this set is
an empty set. If |[a—b| < c, then this is the set of points z, the sum of the distances

from which to two of fixed points a and b is a constant value equal to C. As known
from analytic geometry, such a set of points is an ellipse with foci at points a and
b.

z

7

v

Fig. 3.8.
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Example 3.6. Plot the set of points in the complex plain given by the inequality

IRe(4z —i)|<8.
Solution:
Re(4z —i)=Re(4x+4iy—i)=4x, [4x|<8, —-8<4x<8, —2<x<2.

Answer: the required set is the vertical strip —2 < X <2 (see Fig. 3.9).

=

-21—0

(\®]
N a4

Fig. 3.9.
Example 3.7. Plot the set of points in the complex plain given by the inequality

O<Imz<1.
Solution: Imz=y,0<y<1.

Answer: the given inequality determines the horizontal line 0<y <1 (see
Fig. 3.10).

yA

JITINITIL,

Fig. 3.10.

Example 3.8. Plot the set of points in the complex plain given by the inequality

Rez>3.
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Answer: the given inequality determines the half-plain shown in Fig. 3.11.

Ny im P

Fig. 3.11.

Example 3.9. Plot the set of points in the complex plain whose coordinates satisfy

simultaneously the both inequalities ‘ Z— Zi‘ <2and 1<Imz<3.

Answer: the required domain is shown in Fig. 3.12.

Fig. 3.12.

The distance d between two points z, = X, +1Y,, Z, = X, +1Y, in the complex

plain Cis given by the formula:

d =\zl—zz\=\/(x1—xz)z—(yl—yz)z.

This formula introduces the metric in C.

Example 3.10. Point out the line types corresponding to the following relations:

)
2)

3)
4)
S)

Rez* =16;
z=12,+Re";

|2 -3+2i|=3;

|z -2i|+|z+2i|=6
z—-3+2i|=|z.
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Solution:
1) Rez’ =Re(x+ iy)2 =Re(x2 +2Xyi — y2) =Xx>—y?>. Then the equation
Rez® =16 will take the form x* —y* =16.

Answer: this equation defines an equilateral hyperbola centered at (0, 0) (see
Fig. 313).

Fig 3.13.
2) We can write the equality z = z, + Re'” in the form:

X+iy =X, +iy, + R(cosp+ising).
Equating the real and imaginary parts we get

X=X, +Rcosg,
y=Y,+Rsing.

2

If pe [O,27r) then these equations define a circle (X — X, )2 + ( Y—Y, )2 =R
with the center at the point (X,, Y, ) and its radius is R; if ¢ €[0,7].

Answer: these equations define only upper part of the circle (see Fig. 3.14).

1Z)
7\
-

\_

»
Fig 3.14.

It should be noticed that the equation of circle on the complex plane can be
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presented in both of the forms:
z=2,+Re”,pe[0,27) or |z—7,|=R.

3) We can write the equality ‘Z —3+2i‘ =3 in the form:‘z —(3—2i)‘ =3.

Answer: it defines a circle centered at a point z, =3 —2i of radius R =3 (see
Fig. 3.15).

e Fig 3.15.

4) In the equation ‘z —2i‘ + ‘Z + 2i‘ = 6, the modulus ‘z — 2i‘ is a distance from a
point z to the point z, =2i, and the modulus ‘Z + 2i‘ = ‘Z —(—Zi)‘ is a distance
from a point z to the point z =-2i. Consequently, the equation
‘z — Zi‘ + ‘Z + Zi‘ = 6 defines a set of the points z, for which the sum of distances

from them to the two given points z, =2i and z, =—2i is a constant value equal

to 6, and is bigger than the distance between those points z, =2i and z, =-2i.

Answer: this set of the points associates with ellipse whose foci are at the points
Z, =2i and z, = —2i. Herewith, the big axis containing the foci has a length equal
to 6 (see Fig. 3.16).

\L Fig 3.16.
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5) In the equation ‘Z -3+ Zi‘ = ‘Z , the modulus ‘Z -3+ Zi‘ is a distance from a

point z to the point z, =3 —2i, and the modulus ‘Z‘ = ‘Z — O‘ is a distance from a
point z to the point z, = 0. In this regard, the equation ‘Z -3+ 2i‘ = ‘Z‘ defines a

set of the points z equally spaced from the points z, =3—2i and z, =0.

Answer: this set of the points is a middle line normal to the segment z,z, (see
Fig. 3.17).

(SW]
N

Fig 3.17.

Definition 3.5. The set of the points in the complex plain contained inside the
circle of radius € centered at the point Z,, is called the &- neighbor-

hood of the point z,.

The definition implies that the & - neighborhood of the point Z, consists of

the points in the complex plain whose coordinates satisfy the inequality
z—2z,|<e (Fig.3.18).

A

Im: /_52\

Fig. 3.18.
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Definition 3.6. The neighborhood of the infinity Z =o0 is the set consisting of all
points Z € C such that ‘Z‘ >R, and the point Z = o0 itself.

Definition 3.7. The point a is call the interior point of the set E in the complex

plain if there exists an & - neighborhood of this point lying entirely
in E.

Definition 3.8. The point b is the boundary point of E — C if any ¢ - neighbor-
hood of this point contains the points that belong to E as well as
those that don’t.

Definition 3.9. The point ¢ is the limit point of the set E if any neighborhood of
¢ contains points of E other than c¢ itself.

Definition 3.10. The point d is an isolated point of E if d € E and there exists

an & - neighborhood of d that does not contain points of E other
than d.

Definition 3.11. The point m is the exterior point of the set E in the complex
plain if there exists an & - neighborhood of this point that does not

lie in E entirely.

The interior, boundary, limit, isolated and exterior points of a set in com-

plex plain are shown in Fig. 3.19.
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Definition 3.12. We say that the set E — C is open if all of its points are its interior

points.

Definition 3.13. A closed set is a set containing all its limit points.

Definition 3.14. The union of all boundary points of the set E — C is called the
boundary of E . The boundary of the set E is denoted by OE .

The boundary of the set D in the complex plain can be given by a complex-

valued function z =z (t) = X(t) + iy(t) of the real argument t € [a,ﬂ] . Defining

this complex-valued function is equivalent to introducing two real-valued func-

tions X(t) and y(t). The equation

z=z(t)=x(t)+iy(t), te[a,B].
is called the parametric equation of the curve. Given two points z, = z(t,) and
z, =2(t,) on the curve such that & <t, <t, < 3, ones says that the point Z,

follows the point Z,.

Thus, a curve is in fact an oriented set of points in the complex plain. Its
positive orientation coincides conventionally with the direction of growth of the

parameter t.

Example 3.11. The equation Z=cost, 7 <t<2x determines the segment

[—1, 1] of the real axis whose orientation is in the direction from the point z = —1

to the point z =1.

Example 3.12. The equation z=¢€", 0 <t < determines the half-circle ‘Z‘ =1,

Imz>0 oriented  counterclockwise. Indeed, z=e" =cost+isint

= X(t)=cost, y(t)=sint which implies |z/=1 and Imz >0 since 0<t < 7.

Definition 3.15. A simple curve is a curve which does not cross itself.
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Definition 3.16. We say that a curve is smooth (or differentiable) if the functions
X(t) , y(t) are continuously differentiable in the interval [a, L ] :

A curve is piecewise smooth if it is a union of a finite number of

smooth curves.

Below we consider only piecewise smooth curves and domains whose boundaries

are piecewise smooth.

Example 3.13. Fig. 3.20 shows the domain ‘Z‘ <l,O<argz<2r.
It is the interior of the circular disk ‘Z‘ <1 with a cut along the segment
[0, 1] . The boundary of the domain consists of the segment [O, 1] , which is traced

twice: the first time in the direction from the point Z =1 toward the point z =0
(lower edge of the cut), the second time from z =0 toward z =1 (upper edge of

the cut); and the circle ‘Z‘ =1 traced counterclockwise.

Puc. 3.20.

Definition 3.17. The set E — Cis said to be connected if any two points of E can
be connected by a polygonal chain contained entirely in E (see

Fig. 3.21), if otherwise, the set E is said to be disconnected (see

Fig. 3.22).
Fig. 3.21. Connected set. Fig 3.22. Disconnected set.
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Definition 3.18. An open connected set is called domain.

Definition 3.19. A closed domain is a set obtain by supplementing a domain by
all its boundary points. Given the domain G and its boundary 0G,
the closure of the domain G is the set G = G U 0G.

Consider the closed domain D shown in Fig. 3.23. The boundary of this

domain consists of two curves 6D =T, UFz. The point z, is an interior point of

the domain and z, is its boundary point.

Fig. 3.23.

One of the important notions of the theory of the function of complex varia-
ble is the notion of orientation of a closed domain. Orientation of a closed domain
D is determined by the orientation of its boundary, i.e. by the choice of the direc-
tion of circulation about the boundary. The positive orientation of the boundary is
conventionally supposed to be the one by which the domain stays to the left with
respect to the direction of circulation about the boundary, as shown by the arrows
in Fig. 3.23.

Domains in the complex plain C can be either simply or multiply connected.

Definition 3.20. A domain is simply connected if its boundary consists of a single
simple continuous curve (possibly closed). If otherwise, the do-
main is multiply connected.

An example of a simply connected domain is shown in Fig. 3.24.
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Fig. 3.24. Fig. 3.25.

The order of connectivity of a multiply connected domain is the number of
simple continuous components in its boundary. An example of multiply con-
nected domain is shown in Fig. 3.25. The order of connectivity of this domain is
four (4-connected domain), since its boundary consists of four simple continuous
components. Below we consider only domains that have finite order of connec-
tivity.

Example 3.14. Prove that the domain D ={Z : ‘Z — ZO‘ < r} is open.
Solution: consider a point Z, €D. Then |z — 7| < r and the distance between

z; and the circle |z2—z)|=r is d=r—|z—z,[>0. If 0<&<d, the set

‘Z — ZO‘ < 0 lies entirely in D . Hence, by Definition 3.12 D is an open set.

Example 3.15. Which of the following sets are domains: ‘Z—ZO‘<R;

r< ‘Z — ZO‘ <R (O <r< R); the whole complex plain C; half-plain Rez > a

(where a is a real number);|Z — ZO‘ <R?

Solution: by Definition 3.18 the following sets are domains: the circular disk
‘Z — ZO‘ <R, thering r < ‘Z — ZO‘ <R (O <r< R), the complex plain C, the half-
plain Rez >a (where a is a real number). The disk ‘Z - ZO‘ <R is not a domain
since this set 1s not open. The points z satisfying ‘Z — Zo‘ = R do not have neigh-

borhoods lying entirely in the domain.

Example 3.16. Give an example of a simply connected domain.

Solution: the examples of simply connected domains are the circular disk

‘Z - ZO‘ <r and half-plain Rez >0.
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Definition 3.21. The domain E — C is bounded if there exists a circle B(O, R),
ofradius R <o centered at the origin such that E = B(0,R). The

latter inclusion means that ‘Z‘ <R VzeE.

A bounded domain is shown in Fig. 3.26.

QUESTIONS FOR SELF-CONTROL:
1. Which points z in the complex plain satisfy the property 2=2Z,2€C.

: : : 1
2. Explain the geometrical connection between the points z, and — if |ZO| <1?

ZO
3. Does the point z =2 +1 belongs to the disk |Z — i| <2?
4. Does the point z =1—1 belong to the circle |Z + i| =1?
5. Isthe curve z=2€e"t e [0;72’] simple? Is it closed?
Is z=1i+1 aboundary point of the set £ ={zeC :|Z+i| =1}7?
Is z=—i+1 an internal point of the set £ ={z e C :|z +i| =1}7?

Is the set £ = {ZE(C:2<|Z+1'|<3} a domain?

v 00 =2

Istheset £E={zeC:2< |Z —1 | <4} connected? Is it bounded?

10. How can the set of the points whose distance to the imaginary axis is less
than 1 can be described analytically? What is the name for such set of the
points?
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TEST 3.

1. Which of the following curves is closed?

A B C D
segment
connecting the z=3+42¢e", z=1+3e", 7
- Z=re>,
points ace [0,7[] ace [0,272']
z, =1 and re(2,7)
z, =1+i
2. Which of the following domains is disconnected?
A B C D
) EZ{ZECI|Z+i|<1,E:{Z€C: E={zeC:
E:{ZE(C:|Z+1|<1} _ _
Rez >3} O<|z—i|<1} |1<|z+i[<2}
3. Which of the following points belong to the circle |2 —2|=27?
A B C D
|
— 2i 0 2-2i
4
4. Let |Zl| =2, Zz| = 3. Chose the correct inequality.
A B C D

1<|z, +2,|<7

1<|z, +2,|<5

6<|z,+12,|<7

5<|z,+2,|<7

5. Which of the following numbers belong to the disk |z —-2|<27?

A

B

C

2i

1+2i

—1

2-2i

6. Which of the following numbers satisfies the inequality Rez+Imz <1?

A

B

C

D

2i

1

-3+

3-1i
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7. Let 2, = 2(COS§ +isin %], z, = 4e" . Choose the correct inequality.

A

B

C

D

1<|z, +z,|<6

2<|z,+2,|<6

2<|z,+2,|<4

2<|z,+2,|<8

8. The circle of radius 5 centered at the point (0; 1) is given by the equation:

A

B

C

D

z+i|=5

lz—i|=25

lz-i|=5

z+1]=5

9. The circle of radius 3 centered at the point (—2; 1) is given by the equation:

A

B

C

D

z+2i-1|=3

lz—2+i|=3

lz+2-i|=3

lz+2-i]=9

10. Give the analytic description (using inequalities) of the domain D whose

boundary is described by the function Z =3 +5€e", 0<t<2r.

A

|z-5£3

B

|z-5<3

C

|z-3|<5

D

|z-5<3
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l.

tions:

2.

plain:

4.

TASKS FOR INDIVIDUAL WORK:

Plot the set of points in the plain given analytically by the following rela-

1.1. Rez=1; 1.6. %<arg(z+i)<§;
12, [imz|<1; 7. £< ar (z)—z <§;
Imz 1| <1,
1.3. |[Imz-1|<2; 1.8.
[Rez +1|>2;
1.4, |z-2|=3; 1.9. z-7=Re(4z);
1.5, 1<|z-1+i|<3; 1.10.  Im(z- 3|)—22Rez.

Describe analytically (using inequalities) the following sets in the complex

2.1. Half-plain situated to the right of the imaginary axis;

2.2. Half-plain consisting of the points of the complex plain situated
above the real axis at the distance which is greater or equal to 4;

2.3. Circular disk of the radius 3 centered at the point z=2+3i ;

2.4. The third quadrant of the complex plain.

. Describe, which curves are given by the following equations:

3.1. z=rei3,re(2,5);

3.2. z=3ei“,ae[£,£J;
32

33.z=a+(b-a)tte[0,1];

34. 2=t +it,t €[0,+).

Describe analytically (using inequalities) the domain D, whose boundary

is the closed curve given by the parametric equation:

4.1.z=a+re",ae[0,27];
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42. z=1-it,t e (—o0,40);
43. z=t+it’,t € (—o0,+).

5. Write down the parametric equations of the following curves:
5.1. Circle of radius 4 centered at the point z=2—1;
5.2. Line segment between the points z, =1 and z, =1+1;

5.3. Line segment between the points Z, =0 and z, =1+1;
5.4. Line segment between the points z, =1+1 and z, =2+2i;

5.5. The arc of the circle of radius 3 centered at the point z = 0 situated in
the first quadrant of the complex plain;

6. Let Z, and Z, be two fixed points in the complex plain.
6.1. Remember, that ellipse is a curve in the plane such that for all points
on the curve the sum of the two distances to the two fixed points (foci) is a

constant 2a. The complex equation of the ellipse is then
1 :
|Z -7, | + |Z - 22| =2a, wherea > 5|Z2 - 21| . Write down the complex

2 2

y

equation of the ellipse —+-—=1;
25 9

6.2. Which set of points Z in the complex plain is described by the inequal-
ity [2-z|-|z-2,]|=2a,a>0.

7. Find min|3 +2i—z

,if |z <1.
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. Write down the trigonometric and exponential representations of the given

SAMPLE VARIANTS OF FINAL TEST

complex number.

. Find |Z| and argz of the complex number.

3. Do the computations. Write the result of computations in the algebraic
form.
4. Find all values of the root.
5. Solve the equation.
6. Plot the set of points in the complex plain which satisfy the algebraic rela-
tions.
Variant 1 Variant 2
~1-iv/3. L —V3-i.
z=4e72. 2. 7=¢%.
(—l—i 3)e'3 (—\/g—l)e'6
3.
cos%+|sm% cos <F +1sin <
. 64 4. 364 .
. X2 —8x+25=0. 5. X° +8X+25=0.
a)Imz+2>Re(z+3); a)Im(z-3i)-2>Rez;
. 6.
b)z-7 =1Im(22). b) z-7 =Re(42).
Variant 3 Variant 4
-3 +1. 1. —1+i3.
2. 7=¢7. 2. z=e"
(—\/§+i)e'2 ( 1+|\/_) e
3. 3. .
COS%HSIH% cos 2 +isin 7
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4. ﬁ 4. Y270
5. X2 +4x+5=0. 5. X° —2X+4=0.
a)Im(z—-i)<2Rez+5; ] a)ImZ >2-Re(z+3);
' b)|z|+Imz =4. ' b)|z|+Rez =2.
Variant 5 Variant 6
1 N3-i. NG
7 z=3e7 2. z=5e.
(\/g—i)eig (l—iﬁ)eizf
B o
cos £ +isinZ cos% +isin?
4. N-27. 4. 8.
5 X°—4X+5=0. 5. X2 +2X+4=0.
) a)Imz <Re(Z7-1)+2; ) a)l-Im(z+2i)>Rez;
" b)fz|-Imz=1. " b)|z|-Rez=1.

[E—

Variant 7
1+i\/§.
z=5¢%

(1— iﬁ)eizf

T iicinZ
cos6+|sm6

125 .

x> +2x+3=0.
a)l-Im(z-2i)>Rez;
b)|z|-Rez=2.

Variant 8

B -3

7=T7e 2

(1+i\/§)ei§

T icinZ
cos6+|sm6

J-8i.

x2 —2X+5=0.

a) 1-Im(z+3i)>Rez;
b) |z|-Re(22) =1.
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Variant 9 Variant 10
1. 3+i3. 1. 2-2i3.

. Z =—2e‘i. 2. z:4e‘2i.
(\/g—i\/g)eiZ (l—i\/g)eig

. . 3. .
cos%+isin% cos%+isin%

. 125i. 4. —64i .

. X2 +2x+2=0. 5. x2—2x+2=0.
a)2—Im(Z+3i)2ReZ; ; a)l—Im(Z+5i)2Re(2Z);

" b)|z-1|+Rez=1. " b)|z+i|-Imz=1.

Variant 11 Variant 12
1. 2-2i. 1. 2+2i.
Lz=-3¢", 2. 787
N\ iz 4z
(\/g—')elz (l—i\/§)6|3

) T 4isinZ 3. 3% L icin 3T
COS%5 + 18N cos>F +isin ¢

. =270 4. 35

2 . )

. X7 +4ix+1=0. 5. X2 +2ix+4=0.
a)Imz<Re(Z-2)+1; ] a)2-Im(z-i)>Rez;
b) |z|-2Imz =2. " b)|z|-2Rez=1.

Variant 13 Variant 14

. —2—2i-. 1. _\/g_i\/g.

.z=5¢e" 5 77020
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(—1+\/§)ei§

i27w

(\/§+i)e'3

3. 57 L iindm ) ToiicinZ
cos °F +isin 5 cos 5 +isin %

4. 31251, . i

5. x> +3x+9=0. . x> —4ix—1=0.

. a)l-Im(z—i)>2Rez; | a)1-Im(z-3i)>3Rez;
b)|z+2|-Rez=2. b)|z+3|-Rez=3.

Variant 15 Variant 16

1. —4+4i. . 4-4i.

2.7=8¢e74. - 2l

L (e (1+i)e*

. COSzTﬂ“SinzT”. ' cos%+isin§.

4. 2161 . . 3216,

5. X2 +4x+16=0. X2 _4x+6=0.

o 2-Im(z+50)22Rez, a) 1+Im(z - 3i) > Re(32);

b)|z-2|+Rez=2.

" b)|z+2i|-Imz=2.
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EXAMPLE OF SOLUTION OF TEST VARIANT

Task 1. Write down the trigonometric and exponential representations of the

given complex number
—1-iv3.

Solution: the number zZ =—1-1+/3 is given in algebraic form. To find its
trigonometric representation we compute the modulus and argument of this

number:

Rez=x=-1, ImZ=y=—\/§,

1A

Fig 3.27.

=X +y? \/ +( = J1+3 =4 =2 (Fig. 3.20).
1. J3

Hence, cos@ = —E, sin@ = —7.

Since X=—-1<0,y= —x/§ <0, the point corresponding to the given complex

number Z lies in the 3-d quadrant of the complex plain and

y -1
=argZ=—rmw+agctg—=—r+arctge —— =
¢ =arg getg S
T 3+ 2
=T+ —=——=——7.

3 3 3
Then,
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2r.

The exponential representation is then z =2e 3 .

2w\ .. 27 27
Answer: z =2| cos _T +1sin _T ;2=2e 3 .

Task 2. Find |Z| and argz of the complex number z =4e 2.

Solution: the exponential representation of a complex number is Z = |z|e"”,

where @ =arg z.. The complex number z =4e ™ is written in the exponential
form, hence |z| =4, argz =-2.

Answer: |z|=4, argz =-2.

Task 3. Do the computations. Write the result of computations in the algebraic
form:

(-1-is3)e'

T . . T
COS— +1SIn —
4 4

Solution: denote

2r
. = 7T .. T
z,=—1-iV3,2,=¢€ %, Z,=cos—+Isin—.
4 4

Write the number Z, and Z,in the trigonometric form. The trigonometric

representation of the number Z, is computed in Task 1:

ool 2)on( 2)
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27 . . 2« T .. T
Z,=COS—+Isin—, Z, =cos— +Isin—.
4 4

When multiplying complex numbers written in the trigonometric form, we

multiply their modules and their arguments:

2 .. 2r 2r . . 2«
Z,-7,=2| cos| ——— |+Isin| ——— [ |[cOS— +1SIn— =
3 3 3 3
_ [ cos| = ZE + 22 ) 4isin _2_7z+2_7zj =2(cos(0)+isin(0)).
3 3 3 3

When dividing two complex numbers we divide their modules and subtract their

arguments:

2, 2(cos(0)+isin(0)) Z(COS(_%)+ i Sm(_%n _

Z3

Z

cosZ+isinZ
[I f] i3

(F1-iv3)e’

T .. T
cos— +isin —
4

=J2 +i/2.

Answer:

Tasl 4. Find all values of the root 3/64i .

Solution: First we write the given complex number in the exponential form:
ir

|64i |=64-|i|=64-1=64, arg(64i) = % 64i=64e.

Then by Moivre’s formula
1 |7Z' 2|7rk

Jo4i =643e6 3 k=0,1,2.
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k=0: z, = 4e6 :4(cos%+isin%)=4£§+l—j 2\/§+2|

siz
k=1:2=4e® 4(cos%+lsm%}=4£—?+|—]:—2\/§+2I

9ir 3ir

k=2:2,=4e6 =4e?2 =4(cos37”+isin37ﬁj:4(0—1-i):—4i.
Answer: z, =2~/3 +2i, z, =-2/3+2i, z, =—4i,

Task 5. Solve the equation x> —8X+25=0.
Solution: for the given quadratic equation we have
a=1,b=-8, c=25,
Compute the discriminant of the equation:

D=b*-4ac=(-8)"-4-1-25=64-100 =-36;

JD =/-36 = +6i;
—h+ i — 61
X, :b——*/ﬁ; x =SHO iy 870y s
’ 2

2a
Answer: 4+3i; 4-3l.

Task 6. Plot the set of points in the complex plain which satisfy the algebraic
relations:

I)Imz+2>Re(z+3);
2)z-7=Im(2z).
Solution:
1)Imz+2>Re(z+3). Substituting Z=X+1y in left- and right-hand sides
of the inequality we get
Imz+2=y+2;Re(z+3)=Re(X+iy+3)=x+3.

Then the inequality becomes Y +2>X+3, hence, y=>Xx+1.
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First let us plot the points in the complex plain satisfying the equality
y = X+1. The equality determines a line through the points (0,1),(—1,0). The

line divides the plane in two half-plains. The sign of the inequality is the same for
all points from a half-plane. In order to determine in which half-plain the inequal-

ity y > X+1 holds, we substitute the coordinates of a point which is not on the
line, into the inequality. We opt for the origin: X =0,y = 0. This point lies below

the straight line in the complex plain. Since the inequality 0> 0+1 is not true, the

point (0,0) is not in the required domain. Thus, we conclude, that the required
domain consists of the upper (with respect to the line y = X+ 1) half-plain of the
complex plain and the line itself.

2)z-7=Im(2z). We substitute Z=X+1Y in the equality:

-7 =(x+iy)(x—iy)= x> +y?, Im(2z)=Im(2x+2iy) =2y,
to get X* + y* = 2Yy. We rearrange the terms in the equality to separate the perfect
square in Y:

X2 +y =2y=0; X’ +y* =2y+1=1; X’ +(y-1)>=1.

Thus, we arrive at the equation of the circle of radius R =1 centered at the point
Xx=0,y=1.
Answer: 1) The required domain consists of the upper with respect to the line

y = X +1 half-plain of the complex plain and the line itself (Fig. 3.21).

2) The required domain is the circle of radius R =1 centered at the point

X=0,y =1 (Fig. 3.22).

! S
7 .
//, // %
2 e
P

prd
= . ‘\\\ 0.f //
v ol R

Fig. 3.28. Fig. 3.29.
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