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MATHEMATICAL MODEL OF COLOR OPTOELECTRONIC MEASUREMENT

The work is devoted to the analysis of methods of mathematical modeling, one of the most important in human life — the organ of vision, which accounts
for more than 90% of all incoming information about the external world. The human eye is a unique (natural) natural apparatus. Therefore, the principles
of his work have long attracted the attention of scientists. At the heart of the tasks posed in this paper were questions closely related to the theory of
human perception of color.
Still 1.Newton the ground for creation of linear model of color vision was prepared. For the first time one of such models was suggested by T. Young.
But T. Young was interested not so much in the psychophysical side of the phenomenon as in the physiological aspect, therefore, from the point of view
of psychophysics, his results look like an episode. The most consistent continuation of Newton's ideas was Maxwell, who attempted to experimentally
determine a specific kind of weight functions that characterize the sensitivity of the eye to radiation with different wavelengths, called spectral sensitivity
functions of the eye. The first attempt to create an axiomatic theory of the eye was undertaken by Grassmann. Relying on Newton's results and his idea
of a "null-organ”, he formulated the laws of color vision — the law of additivity, the law of three-dimensionality, the law of continuity. Starting from
these laws, Schrddinger attempted to derive Newton's transformations from them in a purely formal way. However, the imperfection of the mathematical
algorithm used by him and the formulation of the laws of vision did not allow him to do this correctly enough. But on the whole, Schroedinger's research
should be seen as an essential step in the development of the theory of vision.
Based the analysis of existing mathematical methods of vision research, the present work accepts the interpretation of input signals in the form of Hilbert
spaces. The main reason for this is as follows. As studies of sensory systems show, the description of the work of sense organs leads us to linear
functionals whose general form is known in Hilbert spaces or in spaces of type Lp.
The authors on of the paper propose a method and an apparatus for colorimetric measurements. The main element of the color tone recognition device
is a sensor (color sensor) in which to increase the sensitivity and reliability of measurements, as well as simplify the tuning process, not three, but more
(number) photodetectors are used.
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10. €. XOPOIILIAHJIO, C. A. EOHMEHKO, I. K. CE30HOBA
MATEMATHUYHA MOJIEJIb KOJIOPUMETPII

Pobota npucBsiueHa aHailizy METOAIB MaTEMaTHYHOTO MOZCIIOBAHHS OZHIEI0 3 HAMOLIBII BaXIIMBUX B XKUTTE/ISUIBHOCTI JIOJMHY - OPraHy 30py, Ha
4acTKy SIKOro npumaznae nonazg 90% Bciel mo HaaxoauTh iH(OpMaLii mpo 30BHIMHIN cBiT. JII0JChKE OKO € yHIKAIbHUHA (IPUPOAHUIA) TPUPOAHNUI
amapar. ToMy NPHHIMIN HOro poOOTH 3aBHA IPUBEPTAIM yBary BUYCHHX. B OCHOBI MOCTABICHUX B AaHii poOOTI 3aBiaHb JIC)KAIN [UTAHHS, TICHO
MOB'sI3aHi 3 TEOPI€I0 CIPUIHATTS KOJIBOPY JIFOJHHOIO.
I'pyHTYI0UHCH Ha aHANTI31 ICHYIOYHX MATEMATHYHNUX METOAIB IOCIIKEHHS 30py B JaHill poOOTi IpUitHATA IHTEpIPETallis BXiJHUX CHTHAIB Y BUTIISIAL
I'ine6epToBux mpoctopiB. OCHOBHA NPHYMHA IONIOHOTO B HACTYIHOMY. SIK ITOKa3yIOTh JOCIHIMKEHHS CEHCOPHHX CHUCTEM, OIUC POOOTH OpraHiB
MOYYTTIiB MPU3BOIUTH HAC [0 JTiHIHHUM (YHKI[IOHAIOM, 3aralbHUI BULJISAA SKHX Bimomuit B ['ip0epToBUX MpocTOopax abo B mpocTopax Tuity Lp.
ABTOpaMH CTATTi MPOMOHYETHCSI METOL 1 IPUCTPIii AT KOJOPUMETPHIHHX BUMIPIOBaHb. OCHOBHHM €IEMEHTOM MPUCTPOIO PO3Mi3HABAHHS KOMIPHUX
BIATIHKIB € IaTYMK (CEHCOp) KONBOpY, B SIKOMY I 30UIBINCHHS YyTJIMBOCTI 1 JOCTOBIPHOCTI BHMIpIOBaHb, @ TAaKOX CIIPOLICHHS INPOLECY
HAJIAIITYBaHHS, BAKOPUCTOBYETHCS HE TPH, & OUIBIIY KibKIiCTh (4uci0) hoTonpuitMadis.

K11040Bi c10Ba: KOJIOPUMETPHS, CIPUHHSITTS KOJIBOPY, CEHCOPHI CHCTEMH, KOMIpHi KoOpauHaTH, GoTonpuiiMad, TaT4MK CBIiTIA.

0. E. XOPOIIIAHJIO, C. A. EOHMEHKO, H. K. CE30HOBA
MATEMATHYECKAA MOJEJIb KOJTOPUMETPUHN

Pa6oTa TmocBsIIeHa aHAIM3y METOIOB MAaTEMAaTHIECKOTO MOJIEIUPOBAHNS ONHOI M3 HanOojiee BaXKHBIX B JKH3HEACATEIHHOCTH YEIOBEKa — OpTraHy
3peHHs], Ha JOTI0 KOTOporo npuxoautcest 6onee 90% Beelt moctynaronieil HHGOpManuy O BHEIIHEM MHpe. YenoBeuecKuil I1a3 npeiCcTaBisieT co00H
YHUKaJbHBIH (IPUPOMHBIA) €CTECTBEHHBIH ammapar. [103TOMYy HPHHIMIBI ero paboThl M3[aBHA INPUBJIEKANTH BHHMAaHHE YYCHBIX. B ocHOBe
IIOCTaBJICHHBIX B TaHHOI paboTe 3a1ad Jiexany BOIPOCH], TECHO CBSI3aHHBIC C TEOPHEH BOCHIPHSATHS [[BETA YETIOBEKOM.
OCHOBBIBASICH HA aHAJIN3€E CYIIECTBYIONINX MAaTeMaTHIECKIX METOJIOB HCCIICIOBAHNS 3pSHUS B HACTOSIIEH paboTe MPUHATA HHTEPIPETalUs BXOTHBIX
CHTHAJIOB B BUJIC TMIILOEPTOBBIX MpocTpaHcTB. OCHOBHAS NPUYKHA TTOZOOHOTO B cieayiomeM. Kak Moka3pIBaloT HCCIIEOBAHHs CEHCOPHBIX CUCTEM,
oIricaHue paboTHl OPraHOB YyBCTB IPHBOAUT HAC K JIMHEHHBIM (YHKIIHOHATAM, OOIINH BHJ KOTOPBIX H3BECTEH B TMIILOEPTOBBIX IPOCTPAHCTBAX HITH
B IIPOCTpPaHCTBax TuIa Lp.
ABTOpaMH CTaThbM IPEAIAracTcss METOA U YCTPOMCTBO Ul KOJIOPHMETPUUYECKHUX H3MepeHHH. OCHOBHBIM 3JIEMEHTOM YCTpOIICTBA pacro3HaBaHHUs
I[BETOBBIX OTTEHKOB SBIICTCS NATYMK (CEHCOp) IBETa, B KOTOPOM IS YBEIUUCHWS TyBCTBUTEIHHOCTH M JIOCTOBEPHOCTH H3MEPEHHIl, a Takxke
YIIPOLIEHHU IpoIiecca HACTPOHKH, HCIIONIB3YeTCs He TpH, a GoJblIee KOIUIECTBO (IHCII0) (OTONPHEMHHIKOB.

Ku1i04eBble cJ10Ba: KOJOPUMETPHSI, BOCIIPUSTHE LIBETA, CCHCOPHbIE CHCTEMBI, [IBETOBbIE KOOPANHATHI, POTOMPHEMHHUK, JaATIHK CBETA.

The problems in criminalistics, astronomy, Still I. Newton the ground for creation of linear model

nondestructive test, psychophysis are linked to research of
sensor systems [1, 2, 3]. One of the most important studied
now system in human life is the organ of vision, which
accounts for more than 90% of all incoming information
about the external world. The human eye is a unique
natural apparatus. Therefore, the principles of his work
have long attracted the attention of scientists. At the heart
of the tasks posed in this paper were questions closely
related to the theory of human perception of color.

of color vision was prepared. For the first time one of such
models was suggested by T. Young. He has noted
coordinates in the form of following integrals:
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Uy = [b(A)K,(2)d2

S

U, = [b(AK,(D)dA

N

Ug= [b(A)K,(A)dA

>

1)
here b\— emission spectrum;

Kix, K2, K3A - some weight functions
characterizing sensitivity of an eye to emissions with
various wave lengths;

A1, A2 — the minimum and maximum light emissions
wave length, visible an eye.

But T. Young was interested not so much in the
psychophysical side of the phenomenon as in the
physiological aspect, therefore, from the point of view of
psychophysics, his results look like an episode. The most
consistent continuation of Newton's ideas was Maxwell,
who attempted to experimentally determine a specific kind
of weight functions K1, K2, K3, called spectral sensitivity
functions of the eye. The first attempt to create an
axiomatic theory of the eye was undertaken by Grassmann.
Relying on Newton's results, he formulated the laws of
color vision. Let's result one of these statements.

The law of additivity. The sum of pairwise equal
colors also an essence equal colors.

The law of three-dimensionality. Any four colors are
linearly dependent, however there are triples of linearly
independent colors.

The law of continuity. To the continuous change of
emission correspond the continuous change of color.

Starting from these laws, Schrodinger attempted to
derive transformations (1) from them in a purely formal
way. However, the imperfection of the mathematical
algorithm used by him and the formulation of the laws of
vision did not allow him to do this correctly enough. But
on the whole, Schroedinger's research should be seen as an
essential step in the development of the theory of vision.
They have shown a possibility of successful objective
study of subjective states of the person and have closely
brought his continuers to mathematical description of
perceptions [4].

For the first time J.E.Shabanov-Kushnarenko had
been gave on the basis of some other ideas the true proof
of Schrédinger’s assumption [1, 2]. He had been proposed
the new definition of Grassman’s laws in which concepts
of addition of colors and multiplication of color to constant
number are not used. As a result is shown, that the
mathematical model of color vision can be deduced in the
form of conclusion from the new definition of Grassman’s
laws. For the first time the mathematical description of
input and output signals of vision organ for a case of visual
pictures of any kind (nonstationary and nonuniform) has
been given and the task of mathematical modeling of vision
of the person is formulated. The transformation of signals
underlying in base of vision spectral sensitivity is
established. It described by following formulas:

%
a,(x,y,t) = zjlb’l(x’ y.t)e, (1)d4

A
a, (X, y,t)=ﬂjjb/1(x,y,t)el(/1)d/1

A
az(xy,t)= ﬁjlb/l(x,y,t)el(/l)dﬂ

S(x,y,t) = F[B(x,y,1)] ®)

This is generalization of triple-component vision
known model.

All this has opened a way for deep penetration of
mathematical methods into research of diverse functions of
vision such as inertia and irradiation, static and dynamic
adaptation, the phenomena of edge contrast, etc. Thus it
was found out, that for the description of all these
properties it is necessary to use integrated operators of
more special kind. They are operators of convolution,
operators with factorial kernels, the sums of integrated
operators, etc.

Based on the analysis of existing mathematical
methods of vision research, the present work accepts the
interpretation of input signals in the form of Hilbert spaces.
The main reason for this is as follows. As studies of sensory
systems show, the description of the work of sense organs
leads us to linear functionals whose general form is known
in Hilbert spaces or in spaces of type Lp.

The big attention recently is given for studying of
recognition process by the person of color shades and
construction of devices for classification of subjects under
their color characteristics [7, 8, 9, 10]. However
mathematical models of spectral sensitivity of visual
system had some blanks in rigidity of argumentation till the
present time.

The authors of the paper have some the developed
methods and devices realizing them for colorimetric
measurements [7, 8]. These methods have been based on
studying of the materials presented in [11, 12, 13]. The
Basic element of color shades recognition devices is the
sensor of color which to each emission assigns three
signals, proportional to color coordinates. For
transformation of light energy in electric it is usually used
three photodetectors. It’s spectral characteristics should be
in the field of a visible section of a spectrum and reproduce
one of curves of color addition. As it is difficult to select
photodetectors with such performances so before them
usually install the light filters which have been selected so
that resultant performance of a photodetector and a light
filter f(A) coincided with one of addition curves.
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Fig. 1 — Principle of operation of the color sensor

For this purpose it is necessary to realize individual
adjustment of a spectral characteristic of a light filter that
is rather labor-intensive and diligent operation. For this
reason regard color sensors in which uses not three, and
more quantity of photodetectors that gives the possibility
to reproduce the given curve of color addition by
systematic transformations of signals and to simplify
tuning process essentially, and also to raise high-speed
performance and accuracy of measuring. The schematic
illustration of such color sensor (fig. 1) and process of its
experimental tuning [3] is observed in paper. However,
practical implementation of this process calls some
difficulties and occupies a lot of time. It can be sped up and
simplified essentially by computer calculation of
approximating coefficients. We’ll consider this problem in
more details. Principle of operation of the color sensor
(fig. 1). Emission b(X) moves on an entry of
photodetectors @1, @2, ... ®n. Electrical signals from
these photodetectors arrive through adjusting resistors R1,
R2, R3 on operational amplifiers U1, U2, U3, after which
— on the analogue-digital converter, and further, through
the data register and the interface — on the computer. Signal
can be given on an entry of each of channels with the
various transmission factor determined from expression

4 (4)

where U; — output signal of i-th photodetector (i=1, ..., n).
aji — output signal of j-th operational amplifier (j=1,

ji2
1=k fb(A)f (2)d2
p
1 )
where fi{4) — a resultant spectral characteristic of i-th
photodetector and a light filter;

Aiy Mz — emissions waves lengths correspond to
the beginning and the ending of a transmission range of i-
th light filter;
k — coefficient of proportionality.
Then voltage on output of each photodetector will be

equal
AiZ
u, = IiRH_ :kRH_ jb(/l)fi(/t)d/i
i i il
1 (6)
where Ra; — a load resistance in the circuit of i-th
photodetector.

As signals move simultaneously on input of the
operational amplifier from all photodetectors, so its output
voltage will be determined according to the formula

Aj
Uoj = Xy 8ijUi =X kR . ;Lfb(x)fi ()=
'
A
—kRyy kﬁa(x)[zp:laijfi (k)jdx
I (7)

where 41,4z — waves lengths of the lower and upper
boundary lines of a light band.

From last expression it is visible, that the spectral
characteristic of each of three signals transiting channels is
determined from a relationship

3,(A) = XL a; f,(2) @

n
Thus, we have: functions system {fi (/1)} i=l js given

on segment [ﬂl’ﬂ?]. It is required to discover such values of

. g;(i=1...n) : -
coefficients in expression (5), defining
adjustments of the resistors (fig. 1), that differences

&(4)

between — human eye spectral response addition

curves and J(A:(0=123) were minimal.
The mean-square deviation should be taken as the
degree of polynomial (5) deviation from given function

&(4) in sense of the metric of this space if we observe these

2,3)
_Rﬂ — I-th resistor resistance on input of j-th  functions as elements of Hilbert space L[4 2]

operational amplifier; 2

Rai _ feedback resistor resistance of y-th operational 5= (31)-¢ (/1))2 dAa
amplifier. /11

The current appearing in the circuit of each ©
photodiode by reason of emission b(X) can be determined
from expression
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For mean-square deviation definition we’ll observe

51, f,()

a linear combination for which

)
(o3, L@} G=0m=L..n

A (10)

Its existence follows from single valued coefficients
i solving from system of the linear equations

2

HA)'—_'I\?)

1

‘ % |
(eju)_zp: af (z)) = | (ej(/l)—zi”:la". f()+ 30 (8- )f (,1)) di-

N a3 Af(f.( )f (i)dl):?(e.(ﬁ)f (/1)d/1)
I:1ij/11 i m ’11| m

(11)

n
System matrix is Gram matrix for set { f' (i)} |':1
of linearly independent functions so its determinant is not
equal to null. It is possible to show, that expression (9)
attains the minimum on this linear combination.
For this purpose we take any another linear

no
combination >1=1% fi(’l). Expression (9) taking into
account (10) is for it

2

& ? N 2
=/{l(ej(z)_znlaji fi(/l)) dA+30_4((a -a;) (D) z/{l(ej(;t)—z{‘laji fi(/l)j da

Our statement follows from the obtained inequality.
We approximate integrals of system (11) on any point set

(A Agsews oy 20) €[ Ay 2

Then

%
LGNGO S EGIACLE

! (12)
Let us call
Zrk]Zlfl(ﬂk)fm(ﬂk):(flffm) (13)
Then system (11) can be written over
ajl(fl, f1)+...+ajn(fn, f) =(ej, f)
a;(f, f,)+..+a,(f,f,)=(e,f,)
a,(f, f)+.+a,(f, f,)=(, f,) ”

In that case minimum value ¢ in expression (9) will
determined from a relationship

P n 2
5:zk:1(2izlaii fi (ﬂk)—ej(ﬂk)) (15)

— a;; .
Considering, that ~J' — the solution of system (14),
we’ll get finally

1.

(f £ (o, £y, 1)
(fl’ fn)"'(fn' fn)(ejl fn)

CE f)(ej £)e; e,
T (f B )

)

(), ) (16)

The solution of system (14) can be easily
implemented on the computer.

Conclusions. Authors have carried out the analysis of
existing theoretical and experimental designs in the field of
vision modeling. The practical concept of an applied
colorimetry has been proposed. The structure is developed
and the measurer of color performances of the reflected
light is made. It supplies automation, digital processing of
the colorimetric measuring and covered by patents of
Ukraine.
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