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O JIBUKEHUU BPAILIIAIOIIET OCSI IIIAPA TIEPEMEHHOM
MACCBHI

Po3B’ 13aHO pIBHSAHHS HaIiHHS OJHOPIIHOrO Mapy 3MIHHOTO pajiyca 3 BEpTHKAIBHOIO BiCCIO 00epTaHHs
0e3 ypaxyBaHHS OIOPY 30BHIIIHBOTO CEPEOBHIIA. 3a JHIHHOrO 3aKOHY 3MiHM pajiyca B 4aci mepiii
IHTerpaiy piBHSIHHS PyXy BHPa)XKEHI B €JIeMEHTApHUX (YHKIISIX, a APYTi, AT HOYaTKOBOIO €TaIy Pyxy,
3BeJieHi 1o iHTerpaiiB dpenens.

The equations of fall of a homogeneous sphere with variable radius and a vertical axis of rotation
without the account of resistance of external environment are solved. At the linear law of change of
radius in time the first integrals of the equation of motion are expressed in elementary functions, and
second, for theinitial stage of movement, are shown to Fresnel’ sintegrals.

IIpobsiema m kpaTkmii aHaJu3 myOJuKanuii mo Hei. J[BmxeHue Tten
MEPEMEHHON MacChl, KpOME pAaKeTOJMHAMMKM, HMEET MECTO B Pa3JIMYHBIX
TEXHOJIOTHYECKUX Mpoleccax. ITO MONET CroparoIiuX YaCTHIl )KUAKUX U TBEPABIX
tormB  [1,2], fABWKEHHE ~— WCHAPSIFOUIMXCS — Kamelb  JUCIHEePrHPOBAHHBIX
OTHETYIIANIMX BellecTB [3], majieHue Koaryaupyrommx (yKpyIHSIIOMMXCS) YaCTUI]
B armocdepe [4,5]. Ilosromy wu3yueHne OANTUCTHUECKUX CBONCTB YaCTHIL,
KOTOpPbIE YMEHBIIAIOT WM YBEIHMUUBAIOT CBOM Pa3sMEpbl M Maccy IpH IMOJETE,
SIBIISIETCS aKTyaJlbHOW 3ajadeld, Ha 4To B CBOE BpeMs oOpaTwin BHuMaHue U.B.
Mernepckuii [6]. Bparienue Ten npu nonére Ux B ra3oBOi Cpesie COMPOBOKAACTCSI
neicTBUeM cuiibl MarHyca [7]. DTa cuiia UCKPUBISET TPACKTOPHIO JBIIKCHHS.
[MosTomMy Bpamaromascst 4acTHlla HE MOXET B OOIIEM Cilydae JBUTaThCs
MPSIMOJIMHEMHO axe NpU MaJeHUH €€ B rpaBUTallMOHHOM 1one. OT neicTBUS cui
Marnyca 3aBUCHT CKOpOCTh JABIKeHHMs. E€ BiusHMe Ha mnpouecc mnonéra
HCCIIEIOBAHO B OCHOBHOM /IS TNl MOCTOSIHHBIX pa3MepoB U Maccel [8]. Menee
H3Y4EHHBIM OCTA€TCsl BIMSHUE HA3BAHHOW CUJIBI HA JBM)KEHUE TENl NMEPEMEHHBIX
pa3MepoB, UeM MOTUBUPOBAHA LIEJIb ATOTO UCCIEAOBAHMUS.

Henblo craTtbm sABISETCA MCCIEJOBAHUE BIUSIHUA CUIbl MarHyca Ha
KMHEMAaTHYECKUE XapaKTEPUCTHKU MOJIETa OMHOPOAHON CPEpPHYECKOW YaCTHIIBI
MIEPEMEHHOr0 pajinyca BO BPEMEHHU.

MocTranoBka 3agauyu Komm. PenmiM 3a1auy B yrpoIEHHOM MOCTaHOBKE, 03
yuéTa CUJI CONPOTUBIICHUS BHEIIHEH cpenpl. Takod MOAXOJ MO3BOISET HalTh
AQHAIUTHUYECKOE pEeIIeHHe, KOTOpOE C NPUEMIIEMON TOUYHOCTBIO MOJAEIHUPYET
JIBIDKEHHE OBICTPOBpAIIAIONIMXCS TEI B HENOABIKHOW Ta30BOM cpelne Ha
HaYyaJIbHOM JTalle Noiera.
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Ocp BpamieHuss C(HEPUYECKOrO Tejla CYUTAEM BEPTUKAIBHOU, T.e.

HaHpaBJ’IeHHOﬁ IpOTUB OCH 0z KOOpI[PIHaTHOﬁ CHUCTCMBI, MOKa3aHHOM Ha puc. 1.
1

Z

\
Pucynok 1 — Pacuérnas cxema

HpI/I yKa3aHHOI>i OpUCHTAIIUU OCHU BpAUICHUA TMPOCKIUU CHJIIbI MarHyca Ha
OCH KOOPJAUHAT MOKHO BBIYUCIIUTD I10 (bopMynaM

:%drw; Fry = - &Ddr3vvi( F., =0, (1)

B KOTOpbIX O - IJIOTHOCTH I'a30BOW Cpeabl; W - yFJ'IOBaH CKOPOCTb BpAILEHUS
mapa paauyca r:r(t); t - Bpems; X ¥ - npoekiuu JMHEHHOHW CKOPOCTH
JIBIDKEHUS LIEHTpa Macc I1apa Ha OCH OX ¥ OY COOTBETCTBEHHO.

bes leéTa COIMPOTUBJICHUA CpC€Abl, B OJHOPOAHOM IIOJIC TIpaBUTAllUH,
JBHXKCHHC TECJIa Maccol M OMUCKHIBACTCS YpaBHCHUAMUA

mié=F.; mi=F,; mi=mg, (2)
rne g - YCKOpEHHE CBO6OI[HOFO NnageHus, TOYKa HaJd CUMBOJIOM O3HA4acT
MIPOU3BOJHYIO MO BpeMeHH t .

4
Ecnu ImIoTHOCTh OJHOPOJHOrO Inapa paBHa I, TO ngpr r® u ¢ yaérom

(1) cucrema ypaBHeHuii (2) HpI/IHI/IMaeT BI/I):[
wxy; §i=- —fo( é=g. 3

HavansHbIMH YCJIOBUAMU K HeH 6epeM

i((O):uocosj ; &(O):uosinj ; ﬁ(O):ﬁO, x(O):y(O):z(O):O. 4
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1
31ech UO - MpoCeKHusA CTApTOBOU JIMHCUHOMW CKOPOCTH HECHTpAa MACC Ha
TOPU30OHTAJIBHYIO IIJIOCKOCTh XOY , a j - yroi, KOTOpBIﬁ 06pa3yeT 9Ta NMPOCKIUs C
OCbIO OX.

Tperbe ypaBHeHue B cucreme (3) He CBS3aHO C OCTalbHBIMHU. [lpu
BBIOpAaHHBIX HaYaJIbHBIX YCIIOBUSIX €ro PEIICHHEM €CTh

1
Bt)= o+ ot; )=t +—at®, (5)
YTO SIBISIETCS TAKUM, KaK U TIPH MAJICHUH Tea MOCTOSHHON MacChl.

Pemiennss mepBoro W BTOporo ypaBHeHus B (3) 3aBucAT OT W :W(t) .
IlosToMy HyXHO CcHavajma HalWTH W . OTy 3aBHCUMOCTb ONpENENIUM M3 3aKOHa
COXpaHEHHs KHHETHYECKOro MOMEHTa OTHAESIbHO Ui [Iapa, YOBIBAIOUIEro |
BO3PACTAIOIIETO PaJIIYCOB.

1. JIBmxkenne cepuyeckoro Tesa yobipaomero paguyca. CuuraeMm, 4to
OTHOCHTENBHAs CKOPOCTh OTOPACHIBAEMBIX YACTHI[ PABHACTCS HYIIO (J4aCTHIBI
OTJEISIOTCS OT Bpallaromerocst texa 6e3 ymapos). I Takoro ciydas HYKHO
MPUHATH IIPU OTCYTCTBUM MOMEHTOB BHEITHUX cu [9]:

w =w, =const . (6)

Uckmouns B (3) memssectuoie ¥, 8, ¢ yuérom (6) nomyuaem nuueiinoe
muddepeHnmansHOe ypaBHEHHE

i +b%h =0, @)
B KoTopom b = 2dwqr ~t.
Oouuiee penieHre ypaBHeHus (7) HAXOAUM B 3IEMEHTapPHBIX () YHKIIUSIX
h = &(t) = ¢, sin(bt) + ¢, cos(bt) (8)
C TOYHOCTBIO JI0 MPOU3BOJIBHBIX MOCTOSIHHBIX Cj, Cy.
W3 nepsoro ypaBuenus B (3), ¢ yuérom (8), monyuaem
¥(t) = ¢, cos(bt) - c,sin(ot).
Koncrantel C; W C, ompeeiseM, ¢ MNOMOIIbI0 (4), YTO MPUBOTUT K
PEILIEHHIO IS CKOpoCTeit

%(t) =ugcos(ot - j ),
9)

Y(t)=uysin( - bt).

[Mpounterpuporas (9) ¢ yuétom (4), nomydaem

u . . ..
x(t):FO(sm(bt-j )+sin( ),

(10)
_Ug A .
Y(t)—F(COS(J - bt)- cosj ).
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BCJ'IeI[CTBI/Ie NPUHATBIX  BBIIIEC prOmeHHﬁ, HE3aBUCMUMO OT 3aKOHa
HU3MCHCHUA r(t), map ABUIKETCA 1O TOM kKe TPACKTOPHUHU, YTO U TCJIO MOCTOSIHHOI'O

paauyca. DTO BUHTOBAs JIMHUS pajuyca uob'1 C BO3pacTalolM BO BPEMEHU

miarom  BuTkoB. 3aBucumoctd (10) Obuim  panee monydeHsl B [8] mpwm
pPacCMOTPEHUH JBHXKEHUSI LIapa MOCTOSHHOTO panyca.

2. JIBm:kenue cepuveckoro Tejaa Bo3pacraiomero paamyca. Cunraem,
YTO paguyc lapa yBeIHMIUBACTCS BCICACTBUE OCeNaHMs Ha Hero (MpUITHMAHUs) C
yiaapamu (MMITYJIbCAMH) YaCTHI[ BHEIIHEW HEMOJBIKHON cpelbl. [Ipu Takom
VBEIMYCHUH MAacChl, NPH OTCYTCTBUM MOMEHTOB BHEIIHHX CHJI, U3 3aKOHA
COXpaHEHHs] KHHETHYECKOTO MOMEHTA ClieayeT, uto [9]

5
Wolg .

0

st onpenenenus W(t) HY)XHO 3371aTh QYHKLUIO r(t) . [lanee orpaHn4nMcs

Wolg =wr® b wit)= (11)

ciyJyaeMm JIMHEHHON 3aBUCMOCTH
rt)=ro+d, (12)
B KoTOpoii g >0 - xapakTepu3yeT CKOPOCTh yBEIHUYCHHS pajnyca mapa.
Uckmouns B (3) meussectuwie ¥, 8, ¢ yuérom (11) u (12), monmydaem
oJIHOpOHOE JubhepeHIHaTbHOE YPABHEHHE C IEPEMEHHBIMHU KO3 HUIIMeHTAMU
dh ,5dn b® 1
o T g2 rio
B KoTopoM b = 2dwrer 1 h = k.
Ipeobpasyem (13) B ypaBHEeHHUE ¢ MOCTOSHHBIMU Kod(duituenTamu. C 310

—h =0, (13)

LIEJIbI0 BBEAEM HOBYIO IIEPEMEHHYIO X = r'*. Torxa

dh _ 4dnh dh _20dn 16d2h

o P d a? P ax 0
u BMecto (12) monyyaem ypaBHEHUE CBOOOIHBIX KoneOaHuUit
dh , b’
—+——h =0. (14)
dx? 169°

B pesynbrare Haxoaum obuiee perieHue ypaBHeHus (13) B aeMEHTapHBIX

G yHKIUIX
h=%r)= clsmg— +czcos§—_ (15)

C TOYHOCTBIO JI0 [IPOM3BOJIBHBIX TIOCTOSHHBIX Cj,Cy.
U3 nepBoro ypaBHenus B (3), ¢ yuérom (15), monyuaem
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¥(r)=-c,co b 0 . nEh 2
=" G §_47

S§4§f I’} g g
KoHCTauTel C; U C, OmpenensieM, ¢ moMOIIBIO (4), 4TO NPUBOIUT K

PELIEHUIO
é,. & o u
i((r):uocoséi‘?%- i‘l:-j a:
§Ugn o 4
(16)
epeer 190 U
&(r):—uosingig—‘l- —--iu.
g9 5

U3 (16) cnenyer, uto

[%(r )P +[9(r ) =u.
T.e. HECMOTpPSI Ha TMEPEMEHHOCTh MapaMeTpoB Ilapa W YIJIOBOM CKOPOCTH €ro
BpAIlEHHs, MOJYJIb MPOEKIUN JTUHEHHON CKOPOCTU JBUXKEHUS LIEHTpa Macc Tela
Ha TOPHU3OHTAIBHYIO IJIOCKOCTh, MEPHEHAUKYISIPHYIO OCH BpALEHUS, SBISETCS
MOCTOSSHHOH BEJIMYMHOM.
Ha navaibsHOM 3Tare IBUKCHUS, KOTJa COOJFOIaeTCS HEPaBEHCTBO

g <1, an
f'o
C MaJIOH MOrPENIHOCTBI0 MOYKHO TTOJIOKHT
o)
b & 9—- i4 »at® +bt (18)
aggry 1ty

rae a= - 5d\Nog(r ro)'1
Torna, na ocHoBanuu (16) u (18)
u(t) » uocos(at2 +ht-j ); ¥(t)» - uosin(at2 +bt - | ) (19)
KoopauHaTh! meHTpa Mace mapa Ha TPAeKTOPUH €O JIBIKEHHUS OIpeIesieM
HUHTETPUPOBAHUEM

-

t

x(t) = i(t)at; y(t) = ¥t (20

0

o

YIIOBJIETBOPSIsL yCIOBUSIM (4).
B obmem cnydae kBagpatypsl (20) He BBIpaXKalOTCs dYepe3 H3BECTHBIC
¢bynkuun. Ho npu cobmonennu HepaBencTBa (17) moacranoska (19) B (20) naér
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Jp i € a@at+bd @ b é apat+h6 @ b of
X(t) » U= cosq&C 3- Co———m+sing & 3- 1
“Vaai e &Nz 5 e @ 6 &2 b E2ap iy
(21)
Jpi. €a@a+bd @b & é xat+b6 2 b il
y(t) » up—sinqe&C - Cg———1- c0sq & T-
Vot 6 &2 5 ez A 6 &2 5 ez i
4aj +b? ‘L .20 2@ 20
B3nrece q=——; Clz)= —t“dt; Sz )=ginc=t=dt -
m RO US Se)=onE,

unrerpansl ®penens. Onu 3atabyiaupoBanbl B [10,11] u mpyrux H3JaHHAX MO
CHeUaIbHBIM (QYHKIHSM.

Eciu g® 0, To a® 0 u B pemiennu (21) BO3HHKAET HEOMPEACTIEHHOCTb.
Packpei e€, npuxoaum k (10).
UYUucneHnble pe3yabTaThl. J[BibKeHHME Tella ¢ yOBIBAromeld Maccoi.
IIpoBenéM pacdérsl OpU CIEAYOIMX HCXOIAHBIX JAHHBIX! [o = 2X0 3y
=-103c™; r =1000 kr/m% d =1,36 xr/m® j =45%; uy =5 wmlc; Z, =10 mlc
U Pa3IYIHBIX W .

Pucynok 2 — TpaekTopuy 1mapa mpy pa3iIndIHBIX 3HAYSHUIX W

Ha pucynke 2 mudppamm 1,2,3 0003HAYEHBI KpPUBBIC, MOTYYCHHBIC JUIS
snauennit W =100;200;300 ¢*. C yBenuueHHeM 3HAYECHWS YIIOBOH CKOPOCTH

MIPOMCXOJIUT Pa3BOpAUYNBAHUE TPAEKTOPHH JABHKEHHUSI.
JBmxenue Tema ¢ Bo3pacramomed wmacco. IIpoBeném pacuérsl npu

CIIEAYIONMX HCXOIHBIX IaHHBIX: [ = 2>{I.O'3M; g =103 ¢t r =1000 KF/M3;
d =136 xr/m>; j = 459 Uy =5 m/c; 7y =10 m/c 1 pasnuuHbIX W .

W3yunmM, Kak BIUSAET YriioBas CKOPOCTh W Ha TPACKTOPHIO JBWKCHHS IIapa
BO3pacTaroulei Macchl.

185



1
3V 2

Pucynok 3 — TpaekTopuy mapa Mmpy pa3IHIHBIX 3HAYSHUIX W

Ha puc. 3 mudpamm 1,23 0003HaYeHB! KpUBBIE COOTBETCTBYIOLIHE
suaueHmsiv W = 100;200;300 ¢, s BO3PACTAIOIIEH MaCChl TPAEKTOPHU HUMEIOT
MaJyto KpUBH3HY.

[MpoBepuM TOYHOCTH MPHOTKEHHBIX (opmya (21) A7 BBIYHCICHHS
nepemenieHus cdepuueckoro Tena. [ 3TOro HCHONB3yeM YKa3aHHbIC BBIIIE
MCXO/HbIe JaHHbIe 1 W =200C .

Ha puc. 4 u 5 crnourHol nuHHeH 00O3HAYCHBI KPHBBIC, MOTYYCHHBIC C
MOMOIIBI0 YHCICHHOTO HHTErpupoBaHusi cucteMbl (3), a TYHKTHPHBIMH II0
dbopmynam (21).

&), m yitl M

144 #
ra
b
14 ”
f
v
124 -
F
114
034
i od
1 04
- : : : : : 1 0 : : '
1] il 1] na i ns 0 LG 1] ] 0l 3 04 3.5 s LE
Pucynok 4 — 3aBUCHMOCTH TIPOSKIINH Pucynok 5 - 3aBUCHMOCTH TIPOSKINI
nepeMEIEHAs X(t) OT BpeMeHH, TIepeMeIeHUS y(t) OT BpEMeEHH,
TIOTY4IEeHHbIE PAa3THIHBIME CIIOCO0aMU TIOTY4IEeHHbIE PAa3THIHBIME CIIOCO0aMHU
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U3 pesynbraToB Ha puc. 4 © 5 MOXHO CIeNlaTh BBIBOJ, YTO MPHOIMKEHHBIC

dopmynsr (21) mpu dirg 1<0,2 XOpOILO OMUCHIBAIOT HAYaJbHBIM dTal JABUKEHUS

ceprIecKoro Tejaa BO3pacTaromieil Macchl.

BoiBoasbl. [Ipu nuHeiHOM 3akOHE U3MEHEHHUsl pajauyca JIETAIIEro Iapa BO
BpPEMEHHM M BPAILIEHUH €ro BOKPYT BEPTUKAIBLHON OCH, 0€3 yuéTa peakTUBHOM CHIIBI
W CWIBl CONPOTUBIICHHS CpEIbl, IEpBbIE HHTETpalibl YpaBHEHHS JIBHOXKEHHS
BBIp@XAIOTCS 4Yepe3 JJIeMeHTapHble (yHKIUM, a BTOpHle, I Tena c
BO3pacTaroleil Maccoii — uepe3 nHTerpainsl Openens, a a1 Teja ¢ yObIBarouien
Maccol — B DJeMEHTapHBIX (QYHKOusIX. KuHemaTnueckue XapaKTepHCTHKU
JIBIDKEHUS IIapa yObIBarolleld MacChl C HYJIEBOH OTHOCHTEIBHOW CKOPOCTBIO
OT/IEJIEHUs] YaCTHI[ OCTAIOTCS TaKUMH, KaK M B IIape MOCTOsIHHOW Macchl. Cuia
MarHyca UCKpHBJISIET TPAEKTOPUIO TOJIETa B IPOCTPAHCTBEHHYIO JIMHUIO.
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