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E. C. MAJIAXOB

MPSAMAS 3ATTAYA JIJISI HECTAIITMOHAPHBIX KOJIEBAHUM CUCTEMBI TPEX CTPYH

HccenenyroTes HecTalHOHAPHBIC KOJNEOAHHs CHCTEMBI TPEX CTPYH, BBI3BAHHBIC BO3ACHCTBUEM COCPEAOTOUCHHOM HArpy3KH. [BIDKEHHS CTPYH OMHCBHI-
BAIOTCS. OAHOMEPHBIMH HEOAHOPOIHBIMU BOTHOBBIMHU ypaBHEHUSAMH. ONpEneNsaioTcs 3aBUCUMOCTH KOHTAKTHBIX CHJI, BO3HUKAIOIINX MEXKIY CTpyHa-
MH, ¢ IpUMEHeHneM Metoza peryispusaimu A. H. TuxoHoBa n KkBagpaTypHbIX (hopmyi. [IpuBesieH mprMep YMCICHHOTO pacyera, B KOTOPOM MolTyde-
HBI 3aBHCHMOCTH KOHTAKTHBIX CHJI ¥ IIEPEeMEIICHHI Ka)KI0U U3 CTPYH.

KiroueBble cj10Ba: cucteMa CTpyH, HECTAllMOHAPHAs HATPY3Ka, BOJIHOBOE YPaBHEHHUE, METO PEryIIPH3alMy, HHTErpaabHOe ypaBHeHHE Bomb-

Teppa.

BBenenne. CoBpeMeHHOE O0MIECTBO CI0KHO MPEACTAaBUTH Oe3 MexaHu3MoB. [lIupokoe pacrnpocTpaHeHHE TOTyqH-
JIU 3JIEMEHTHI KOHCTPYKIIMH MEXaHU3MOB, B KOTOPBIX HCIIOJIB3YIOTCS KaHATHl (METAUIMYECKHE U HEMETAJUIMYECKHe), ’
OHM B MEXAHHUKE MOJCIUPYIOTCA CTpyHaMu. Mozenu CTpyH Tak ’K€ MO>KHO MCIIOJIb30BaTh JUIsl pacueTa AMHAMUYECKUX
Harpy30K Ha JIMHUSX 3JeKTpornepenad. Kax mpaBuio, B ’KU3HMA BCTPEUAIOTCS HE OJIHA, & HECKOJIBKO CTPYH, MPUMEpaMH
KOTOPBIX SBJISAIOTCS TaKHe 0OBEKTH KaK KaHATHAsA JOPOra, KOHTAKTHAs CETh TPOJUIeHOyca, pa3IudHbIe MPOJOIbHBIEC pac-
TSOKKH U Tak gajee. B ciyyae HECTallMOHApHBIX HAarpy30K CHCTEM CTPYH HEOOXOAMMO YYWTHIBATh BOJIHOBOH XapakTep
UX Harpy’keHus mpu pacueTax. /laHHas paboTa MOCBSIIEHA MOCTPOSCHUIO MAaTEMAaTHUECKOM MOJENHN AJIsT CUCTEMBI Tpex
CTPYH HOJI JEHCTBMEM HECTALMOHAPHOTO HArpy>KE€HUs, NPUJIOKEHHOTro K OAHOM u3 cTpyH. IIpenmosaraercst ydectb
BIIMSTHAE B3aUMOJICHCTBHUS KOJICOMIOIINUXCS CTPYH ICWCTBHEM IOMOIHUTEIBHBIX CHJI, PAaBHBI KOHTAKTHBIM pPEaKIUsIM,
MPWJIOKEHHBIM K cTpyHaM. C UCHOJIb30BaHUEM MNPEJIOKEHHOIO B CTAThE MOJXO0/a MOXHO PACCUHUTHIBATH NapaMeTpbl
JUISL CUCTEM CTPYH MPU UX UMIYJIbCHOM Harpys>K€HUH.

AHanu3 my0JMKanuii. 33124 110 UCCIIeI0BAHUIO MOBEACHUS OJJHOM CTPYHBI OBLIM JABHO M XOPOIIO U3YYEHBI ellle
B Kypce KJaccH4eckoil Matemarnyeckoit pmsuku. B padote [1] moapoOHO M3T0KEH BBIBOA YpaBHEHUSI KOJICOAHHNA CTPY-
HBI, TO €CTh OJJHOMEPHOT0 BOJTHOBOT'O YPAaBHEHHMs, U METOJBI €r0 pemeHus. B kaure [2] U31105KeHbI pelIeHns psiaa 3a1ad
HeCTallMOHAPHOTO Je(hOPMHUPOBAHHUS HIEMEHTOB KOHCTPYKIMH B BHIE CTEpXKHEH, MeMOpaH, 0alok, IacTiH, 000I09eK
1 TaK jlajnee C MOAPOOHBIM OIMMCAHHEM METOJIUKHM WX PEIICHHS, M C aHAIOTMYHBIM MaTEMaTHYEeCKUM aIllapaTtoM, Hc-
NI0JIb30BAHHOMY B 3TO# pabore. BaxkHble CBelleHNs U3 ONEPAMOHHOTO HUCUUCIICHHSI IPUBOSTCS B [3], KOTOpOE sIBISIET-
csl yIOOHBIM MHCTPYMEHTOM MNP PELICHUHM CUCTEM JMHEHHBIX AU (depeHInanbHbIX ypaBHeHUil. B aToit pabore mzmno-
XKEeHbI IpsAMoe U oOpaTHoe npeobOpaszoBanue Jlamnaca, Onarogaps KOTOPBIM CHCTeMa B JaHHOH CTaTbe CBOJMIACH K
ypaBHeHMsM THuna BonbsTeppa 1-ro poma. B HacTodiiee BpeMsi MOKHO BCTPETHTh PaOOThI, MOCBAIICHHbBIE HETUHEHHOM
JMHAMUKE CTPYH [4]; paboTbl, B KOTOPBIX M3Yy4aeTcsi BIMSHUE Ha KOJEOAHUs CTPYH JOMOJHHUTEIBHBIX MAcc C BSI3KOYII-
pyrumu omnopamu [5, 6]. OTnenbHO yroMsiHeM paboty [7], B KOTOPOii onuckiBaeTcs MACHTH(OUKAIMS HEJIMHEWHOH BO3-
MYIIAOMIEH CHIIBI, IEHCTBYIONIEH Ha HATSHYTYIO0 CTpyHY. B Heil pemaercs mogobHas 3agada B Oosee CII0KHOM MOCTa-
HOBKE ISl OJTHOM CTPYHBI, @ B HACTOSIIIIEH paboTe JaHa yIpOIEHHAas IOCTAaHOBKA JUI CHCTEMbI CTPYH C UCTIOJIb30BAHH-
eM Oosiee COBEPIICHHBIX MATEMATHUECKUX MOAX0A0B (PEryJIsipU3UpPYIOUIUI aJITOPUTM).

Henab n nmocranoBka 3agavyu. PaccmaTpuBaeTcsl cucTeMa U3 TPeX 3aKPEIUICHHBIX CTPYH KOHEUYHBIX JUTUH, JIBE U3
KOTOPBIX MapajIeNIbHBL, a TPEThs MepeceKaeT WX, Kak IMoKa3aHO Ha puc. 1. BimsHue KOIeOmMONInXcs CTpyH 3aMeHIeM
JEHCTBUEM JTOTIOTHUTEIBHBIX CHII, PABHBIM KOHTAKTHBIM peaknusaM. Lenpro taHHOH paOoTHI SBISIETCS OMpEaesICHIe CHIT
KOHTAKTHOTO B3aMMOACUCTBHS MEXAY CTPYHAMH B 3TOW CIOKHOM cHCTeMe. 3HaHWE STHUX CHII MTO3BOJISCT OIPEHCIHTH
TIepEeMeIIeHNs B Pa3HbIX TOYKaX Kax1oi u3 cTpyH. K oqHO# U3 CTpyH MPHUII0KEHA COCPEOTOUCHHAS Harpy3Ka

Fy(x,t)=P()d(x—x,), 0(x) — nenbra dyHukims Jupaka, x, — TOYKa HIPUIOKEHUS HATPY3KH,
KOTOpasi BEI3bIBAET HECTAIMOHAPHBIE KOJIeOaHUs UCCIEAYEMON CUCTEMBI.
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Puc. 1 — Uccnenyemas cucrema CTpyH.
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Bnauane paccMoTpuM Gosiee TpOCTOH ciydail, KOTZa Ha OJHY CTPYHY IEHCTBYET COCpEIOTOUYCHHAs Harpys3ka
F(x,t). B aTom ciydae, KoineGaHHUsS OHOW CTPYHBI MOTYT OBITH ONIMCAHBI OJHOMEPHBIM BOJHOBBIM ypaBHEHHEM [1]:

2 2
,0u Jdu 1
S =~ F(x), ()
ox o p
Ile U — UCKOMBIE MEepEeMELIeHUs, M; 0 — JIMHEHHas MIOTHOCTb CTPYHBI, M/KT; F(x,!) — IJIOTHOCTh pacHpeneIeHus
BHemHux cui, H/m; a =+/T/ p — ckopocTs pacnpocTpaHeHus BOJHBI (T — HaTSKEHUE CTPYHBI), M/C;

B citydae Tpex CTpyH MOKHO 3alucaTh CICAYIONIYI0 CHCTEMY YPaBHCHHUI:
’u, ' 1 1 ’u, 9 1 o’u, 9* 1 1
alz b;l = L;I ——F(x,)+—R3; azz—uzzz Léz +—R a32—u23= L? +—R;+—R;,, 2)
ox ot P Pl ox ot P> ox ot P Ps

rae R; — cuima KOHTaKTa CTpYH [ ¥ j . JlaHHas CHCTeMa JOTOIHSCTCS TPAaHHYHBIMH YCIOBHSIMH, KOTOPBIC MPECTaBIIs-

10T cO0O0H paBEHCTBO HYJIIO NIEPEMEIICHHUH B TOUKaX 3aKPEIVICHNS CTPYH (Ha KOHIIaX OTPE3Ka):

w (0,0) = u; (1, 1) = 0; uy(0,0) =1y (ly, 1) = 0; u3(0, 1) =uy(ly, 1) =0, (3)
rue li — JJIMHA [ CTPYHBI, IIPU HYJIEBBIX HAYAJIbHBIX YCIOBMSIX:
du, (x,0) du, (x,0) du;(x,0)
w (x,0) = —222 = 0wy (x,0) = —22 = 0; uq(x,0)=——2"2 =0, 4
1 (x,0) ” ,(x,0) " 3(x,0) " “4)

HpeﬂHOHaFaCTCﬂ, YTO B TOYKE KOHTAKTa ABYX CTPYH HUX NCPEMCHICHUA COBHAAANOT, TO C€CThb BBIIIOJHAIOTCA CJIC-
AYIONE KUHEMATHYCCKUEC YCIIOBUA:
U (xc137 1 =u, (xc13» 1); Uy (X.03, 1= u3(xc23» 1, )

TAC X.3 — KOOpJAHMHAaTa KOHTAKTa IICPBOU U TPETHCHU CTPYHBI; X.,3 — KOOPJAHMHATa KOHTAKTA BTOPOH M TPCTbCH CTPYHBI.

U TaK ke BBIIOIHCHBI YCIOBHS aHTUCHMMETPUYHOCTH KOHTAKTHBIX CUI R; =—Rj; .

Pemenue 3agauu. Vcnons3yeMm memod @ypve s IOTYICHUS PEIICHUS BOJTHOBOTO ypaBHeHU (1). Pa3memnss me-
pEMEHHbIE B OJHOPOJHOM ypaBHEHMH, NoydaeM 3adayy [Lmypma-Jluyeunna 1uis onpeleNeHnuss COOCTBEHHBIX YHCEIl U
COOCTBEHHBIX (DYHKIMIA. Penienne HeoqHOPOAHOMW 3a/1a4u CTPOMIIOCH B BUJE PA3JIoKEHHs IIEPEMEICHUI B PsiJl TI0 CUHY-
cam:

- . [ whx
u(x,t)= Z uy, (t)sin (—j . (6)
k=1 !

[oncraBnsiem 3710 pasnoxenue B (1), mOcCie 3TOr0 KCIOIB3yeM CBOWCTBO OPTOTOHAIBHOCTH: YMHOXAaeM Ha
sin(zk,x/1) u unrerpupyem B npenenax ot 0 1o /. brarogaps 3ToMy BMECTO CyMMBI IIOJIy4aeM MHOXKECTBO OOBIKHO-
BCHHBIX TG (EpeHINATbHbIX YpaBHEHHI BTOPOTO MOPSAKA OTHOCHUTENIBHO HEH3BECTHBIX KOI(QQHUIMEHTOB i, (f) cie-

AYIOmIero Byujaa:

d*u, (t kx,
u—k()+a2-ﬂk2-uk(t)=i-sin KXy -P(1), (7
dr* Ip l
rne A, =ak/l; P(tf) — U3MCHCHHE COCPCIOTOUYCHHOH Harpysku, F(x,1)=P(t)d(x—x,). Beenem obo3nauecHue

Cor =2/1p-sin(rrkx, /1) . J1ns onpenenenust HensBecTHhIX GyHKUUH u, (f) moiyuaeM cieayomyo saoavy Kowu:
du () du(x,0)
—5—+a —=
dt dt
OGo3HauaeM @), =a- A, , ¥ IPH TIOMOIIHU IPSIMOT0 HHTEIPAIBHOTO MpeobpasoBanne Jlamiaca noxyvaem:

s u () + @, uy (s) = Cpy - P(1)

A2 u, (1) = Cyp - P(1); u(x,0) = 0. (8)

OTKY/JIa CBA3BIBAEM M300paxeHus paBeHCTBOM i, (s) = Cy, - P(s) /(s2 + wkz) .

Brmonasem oOpatHoe mpeoOpasoBanue Jlammaca, MCTIONB3ys CTaHAAPTHBIC TAONWIIBI ATOTO MPEoOpa3oBaHUS U
meopemy o ceepmre [8]. [Ipuxonum K ciaenyromniei 3aBUCUMOCTH:

C t
u (1) == [ P(@)sin(@ (t—7))d7 9)
[oacrasnss (9) B (6), mostydaeM BbIpayKe€HUE JUIsl IEPEMEIICHUN:
o C t
u(x, 1=y —%. jP(r) sin(@, (t —7))d7 -sin(4, - x). (10)
=1 D

AHAJOTUYHO PEmIeHUI0 sl oHOM cTpyHBI (10), OBUTH MOSyYEHBI YpaBHEHUS I TPEX CTPYH, KOTOPHIE TIPEICTaB-
JICHBI Pa3JIOKCHHUAMH B Psiibl Dyphbe 4epe3 HeM3BECTHBIC KOHTAKTHBIC CUIIBL R;; 1 cuity P(1) :
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u(x,1) = Z[ka .[ng(r)sm(a)lk(t T)dT+dy, - JP(T)sm(a)lk(t—z'))d‘:J sin( A - x);

k=1

Uy (X, 1) = Z[COZ L j Ry3 (7)sin(ey, (- T))dr} sin( Ay, -x);

k=1

Uy (x, 1) = z[cw [ (R (2)+ Ry (1) ) sin(ay, (t—r))dz‘]-sin(ﬂ,}k -x), (11)

k=1 0
rzie ObUTH BBEIICHBI CIICAYIOIINE 0003HAUYCHUS:

k
C - 5 d = i . . =—, = . )
0Lk = L Sm(’%k c13) 0k Ly, Sm(/llk xo) A I Oy = ay - Ay
Coo = -sin(Ay - %03), Ao —_’ Oy =ay Aoy
lz P20y
Cos _l (sm(;llk 013)+Sin(22k 'xczz)) Ay ==, Oy =ay Ay
3035 Ly

HeunsBecTHble KOHTAKTHBIE CHIIBI ONPENEISIINCH U3 KHHEMATHYECKUX YCIOBHH (5) M yCIOBUS aHTUCHMMETPUYHO-
CTH KOHTAKTHBIX CHJI, KOTOpbIe MOACTaBIUINACH B (11). Takum obpa3oM, moiaydaeM CIEAYIONIYI0 CHCTEMY JBYX HHTE-
IPaJbHBIX YPAaBHEHUI:

Z[Cm,k [ Ry @sin(ay (¢ =) +dy - [ P@)sin(ay, (z—r))dr] ssin( Ay - x5 ) =
0

k=1 0

o

= Z(Coz k _[R23(7) sin(@sy (f_T))dTJ’Sin(ﬂak X3 )
k=1

Z{COZk _[R23(7)Sm(w2k(f_7))d7J sin Ay, - X,03) =

k=1

= Z(ka j l3(1)+R23(T))s1n(a)3k(t—r))drj sin( Ay - x,05)- (12)

k=1
Bgenewm cienyromue 0003HaueHHS:

K3, (1) =Z(C01,k sin(@y, -1)-sin (A 'xc13))§ Ky3(1) = Z(Coz,k -sin(@y 'l))'Sin(ﬂzk X3 );

k=1 k=1

Ky;3(1) =Z(C02,k -sin(@y,, 'f))'Sin(ﬂzk X3 ) Kyp()= _Z(COS,k -sin(@s; "))'Sin(/lzk X3);
k=1 k=1

=

Koy () =Y (dog -sin(@ty -0)-sin (A x5 ), 1y () ==[ P(2)Kyy (1= 2)d.
0

k=1
[Tocne ynpoieHnii ¢ y4eToM BbIIIE HAITUCAHHBIX COOTHOLIEHHH cuctema (12) cBenack K ABYM ypaguenusam Boab-
meppa 1-ro pozia (13) OTHOCHTENBEHO HEM3BECTHBIX QyHKUMI R (1)

{j Ry (K5, (t =0T = [ Ry (D)K 5 (t = 7)d7 = 1ty (1); [ R (D) Ky (t = D)dT+ [ Rya(7) (Ko (1= 7) = K3 (1 =) d7 =0, (13)
0 0 0 0

rae Kj;(t—7) — HeCUMMETPUYHBIC S/Ipa, ONPCACISIONINE JCHCTBUE | — Oif CTPYHBI Ha ] —YIO; U (f) — HepeMeILCHHS

NIEpPBOM CTPYHBI 1O JEHCTBUEM NPUIIOKEHHON HArpy3KU.
3ammmrem cuctemy (13) B MaTpuaHOii hopme:
A-R=u (14
WIH B Pa3BEPHYTOM BHJIE:

[y (t-v)dz ~[Ks(t-v)dz

(An A12]_(R13]: 0 0 (RB(T)J:(%I(U]'
Ay Ap) Ry ‘ t Ry;(7) 0

[Kyp(t-n)de [(Kyy(t-7)-Ky(t-1))dT
0

Brauaie HCIOJIb3YyEM KOHCYHOMCEPHYIO AlllIPOKCUMAIIUIO 3JICMCHTOB MATPHUIILI A , TO €CTh, 3aMCHACM HHTCrPaJIbl
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COOTBETCTBYIOIIMMH MHTETPAIbHBIMH CyMaMH. PellleHne NaHHOH CHCTEMBbI MOKHO HalTH C TOMOILBIO 0000WenHo20
memooa Kpamepa R; = A -A;, HO OHO He OyZeT yCTOHUYMBBIM B CHIy HEKKOPEKTHOCTH 3ajgaud. [l momayueHus yc-

TOWYHBOTO PEIICHHs MHTErPANbHBIX YpaBHEHHH BoibpTepa MCIONB3YIOT pa3siuYHbBIC PEryISIPU3UPYIOIINE aITOPUTMEI,
n3joxkeHHsle B padore [8]. Oxuum u3 HanbOosee 3PpQEeKTUBHBIX KIACCHYECKUX METOIOB, MCIIOJIb30BaHHBIH B JAHHOU
cTaThe, SABJISCTCS Memoo pezyaapuzayuu akademuxa A.H. Tuxonosa [9]. Takum o0pa3om, pu peieHUN HAXOAUM HEU3-
BECTHBIC KOHTAKTHBIE CHJIBI B CIIEAYIONIEH opme:

-1 -1
R;;=(AA" AA+a-C) -AAT A, ug: Ry =—(AAT AA+a-C) AT A, ., (15)

rae AA - ompenenutens 0J0OYHOM MaTpUIsl A ; & — mapamerp peryispusanun; C — CHMMETpUYHAS TPEXIUArOHAIb-
Has MaTpHUIIa, BUJ KOTOPOH MpuBeIeH B [2].

140.00
120.00
_ 100.00 }“\ ’r j’-
S MR
$ oo W 0 A A s Al A
é d f{“‘? ¥ V
20 00
0.00

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Bpema t

Puc. 2 — 3nadenns Moxyselt KOHTaKTHBIX CHIL.

YucyaeHHbIN 3KCMEPUMEHT. PacyeT cuil KOHTAaKTHOTO B3aUMOJECHCTBUS MPOBOJUICS CO CIAEAYIOUIMMHU MapaMeT-
pamu: [, =0.8 m; [, =0.85 M; [; =0.9 M; cBoiicTBa MaTepuajga IPUHUMAIKCh OJMHAKOBBIMU UL BCEX CTPYH, TO €CTb

pi = 6.126-107 kr/um; a; =180 m/c. Cuna P(t) , KOTOPYIO IPHIIOKHIM K IEPBON CTPYHE, M3MEHAETCS BO BPEMEHH KaK

@ynryusa Xeeucaiioa: P(t)=q, - H(t), rae g, =100 H — unTeHCcHBHOCTb Harpysku. Mcciemyercst IpoMexyToOK BpeMe-

Hu ¢t =0.08 c. BMecTo GECKOHEYHBIX CyMM B BBIpakeHHH (15) Opanock koHeuHoe uncino K =50 dieHoB pspa. Puc. 2
WITIOCTPUPYET U3MEHEHUSI KOHTAKTHBIX CUJI BO BPEMEHH.

ITo n3BeCTHBIM KOHTAKTHBIM CHJIaM IpH oMo (11) MoKHO onpeAenuTs NepeMeIeHNs B IPOU3BOIBHBIX TOUYKaX
cTpyH. Ha puc. 3 nzo0pakeHsl epeMelieHns Kaxx/ 101 CTPYHBI Ul UX CPEAHUX TOYEK.

WAL . o
=l [ Ilmf[

—ul g 0.02 J { l { 'JL —u2 g 0.04 Ih M h M 'ﬂ 'H )
; s T T
DAY WY SAVAVANANAVARIINAD
i VI R R RIRVRVAVEVIIVEY
Y AR R R

Puc. 3 — Ilepemerienust CTpyH HOA ACHCTBHEM COCPEJOTOUCHHON HArpy3Ku: a — cTpyHBI Ne 15 6 — ctpyHbI Ne 2.
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Puc. 3 — [lepemernienust CTpyH MoJi ASHCTBUEM COCPEAOTOUSCHHON HArpy3Ku: 6 — CTPyHbI Ne 3.

BriBoabl. B nanHO# cTaThe OblIa pelieHa 3a1ada Uil HeCTallMOHAPHBIX KOJIeOaHUI CHCTEMBI TpeX CTPYH 101 AeH-
CTBHEM COCPEJOTOYeHHOI Harpysku. Ilpm momomntn metoma perymspusamuu A. H. TuxoHOBa momydeHO ycTOWYHBOE
peuleHue, KOTOpOe OIPENEIsieT CUJIbI KOHTAKTHOI'O B3aUMOJCHCTBUS MEXKIY CTPYHaMU B 3aBUCHUMOCTH OT BPEMCEHH.
[IpoBeneH unCIIEHHBIN pacyeT 3TUX CHIIL, A TaK K€ 0 MU3BECTHBIM KOHTAKTHBIM CHJIaM BBIYHMCIIEHBI NEPEMEICHHS Kax-
JIOM CTPYHBI B TOUKE, OTBEUAIOILEH CEPEUHE KaXk 101 CTPYHBI.

[TpensosxeHHBIH MOX0/] MOXKET OBITh UCIIOJIL30BaH NP MPOSKTHPOBAHNHU PA3IMYHBIX MEXaHUUECKHX CHCTEM, KO-
TOpbIE MOJENUPYIOTCS CTpPyHaMH (KaHATHBIE KPaHbI, KOHTAKTHBIE CETH U TaK Jajee), U HaXOIATCS MOJ BO3ACHCTBHEM
HECTalMOHAPHBIX HATPY30K.
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