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[lepeamoBa

HaBuanbHO-MEeTOOUYHMI TOCIOHUK OXOTUTIOE JIBA PO3MiIY KypCy BHUIINOI MaTte-
MAaTHUKH JJIsI CTYJICHTIB TEXHIYHUX CIIeIiaIbHOCTeH, a came « DyHKIIIT JEKUIBKOX 3M1H-
HUX» 1 Temy «CkassipHi mosish» 3 po3ainy «Teopis mossy. OCHOBHOIO METOIO MOCIOHUKA
€ 3aCBOEHHS CTYyICHTaMU CUCTEMHU (QyHIAaMEHTAIBHUX YSIBIEHb PO3ALUTIB Kypcy «Buina
MaTeMaTHKa» Ha PIBHI, JOCTAaTHROMY JJISI 3aCBOEHHS TEXHIYHUX AUCIUILIIH B CIIEKTPI
eNeKTpoTeXHIYHUX cnenianbHocTel 1 cnemianboctet HHI MIT HTY «XI1I».

[ToCIOHMK MICTUTh TEOPETHUYHY YAaCTUHY KypCcy Ta JOCTAaTHIO KUIBKICTh
PO3B’s3aHUX NMPAKTUIHUX 3aBJIaHb, SIKUW BXKE KUIbKA POKIB BUKIIAIAE€THCSA CTYJACHTAM
kadeaporo Buioi mateMatuku HTY «XIII». 3micT mociOHMKa MOBHICTIO BiJIIOBIIA€
Po6ouiit mporpami HaB4YaIbHOT AUCIIUILTIHK «Buina matematuka. YactuHa 2». ABTOpH
MOETHAITH 111 JIB1 TEMH HE BUITAIKOBO, 00 BBXXAIOTH 11€ IOLLJIBHUM, OCKUIBKHU € TIPSIMUMA
3B’SI30K M1 MPAKTUYHUM 3aCTOCYBaHHSAM LIMX ABOX TeM. MoBa iijie mpo 3a1a4l 3Haxo-
JUKEHHS! HAMMEHILIOTo Ta HalOUIBIIOro 3HaYeHHsl (yHKILIM B 3aMKHEH1 00J1acTi 1 Bi-
JIOMOTO 1TepalliHOTrO aIrOPUTMY — METOJIy TPAIIEHTHOTO CITYCKY.

TeopeTnyHa yacTrHA OCIOHWKA BUKJIAJICHA B YITKIH JOTIYHIM IMOCIITOBHOCTI,
HABOJIATHCS OCHOBHI O3HAUCHHS, TEOPEMH Ta METOIM JOCIIDKCHHS K (PYHKIIH JBOX
3MIHHHX, TaK 1 QyHKIIH JEKIJIbKOX 3MIHHHX.

Jlo KO’XKHOT YaCTHMHU HaBYaJbHO-METOJUYHOTO IMOCIOHHWKA IPOIOHYIOTHCS 3a-
BJIaHHS IBOX PIBHEM CKJIQJHOCTI JJI1 CAMOCTIMHOI poOOTH, Ha SIKI HAIAtOThCS BIAMO-
Bijil. Taka popma BuKiIamy Marepiaiay J03BOJISIE€ CTYAEHTaM BUKOPUCTOBYBATHU MOCIO-
HUK B Cy4aCHUX YMOBax HaBYaHHSI.

Oco0IMBICTIO IIOI0 HABYAJILHO-METOIMYHOI0 NOCIOHUKA € HOTr0 HAOJMKEHICTh
70 €JICKTPOHHOTO HABYAIBHOTO BUAAHHS 13 CHCTEMATH30BAaHUM BHKJIQJOM HaBYajlb-
HOTO MaTepially, 10 BIAMOBIAA€ MEBHIN OCBITHIN MporpamMi, MiCTUTh 00'€KTH Pi3HUX
dbopmaTiB Ta 3a0e3Meuye IHTEPAaKTUBHY B3a€MOJIIO.

[TociOHMK Ma€e aKTUBHUU 3MICT 3 HaBITaIll€l0, 10 A€ MOXKJIUBICTh POOUTH Tie-
pexoau 10 OyJib-sIKOi TeMu 3 4-X Horo yacTuH. HanpukiHil KOXKHOT YaCTHHU € MOCH-
JaHHS ISl 3pYYHOTO MEepexoAy Ha MOoYaToK 1€l yaCTMHHU ab0 Ha MeBHMH ii 3MicT. B
TEKCT1 € aKTHBHI TTOCHJIAHHS JIJISl TIEPEXOy J0 TEOPEM, O3HAUYEHb TOIIO, IO CIPUSE

aKTHUBI3allii mporiecy ON-line HaB4aHHSI.



YacTmnHa 1

Tema: OYHKLU|T AEKiNbKOX 3MIHHUX. [€OMETPUYHUN 3MICT YaCTUHHUKX Noxia-
me¢yHKuﬁz::f(x,y)

1.1. OyHKUiT ABOX 3MIHHMX

1.1.1. NoHATTA PYHKLIi ABOX 3MIHHMX

Po3srnssHeMo A0BUTbHY MHOXKUHY D TO4YOK, 110 JexaTh B KOOPAWMHATHIN ILITO-

mmai OXY.
\

/ O3nauennsa. JSIKI0 KOXKHIA TOYIN P(x; y)eD MOCTaBUTH Yy BIiJIMOBII-

HICTh OJIHE NIIMCHE YUCIO Z, TO, K KaXyTh, HA MHOXWHI D 3am1aHo @yukyiro

z=f(x,y) abo z = f(P).

3MIHHI X,) Ha3UBAIOTLCS apaymeHmamu ab0 He3aNeHCHUMU 3MIHHUMU,

MHOXMHA Ha3uBa€Tbes D oOacmio BU3HAYCHHS QYHKITIT. /

A

1

Jax—y?

Po3z6’azanns. 3agana GyHKIs MICTUTh KOPiHB MAPHOTO CTETEHIO, IO CTOITh y

IMpukaaa 1.1. 3naiiTu 001acTh BUSHAYCHHS PYHKINT Z =

3HAMEHHUKY Jpo0y. 3HaiieMo 001acTh BU3HAYEHHS i€l PYHKIIT 3 CUCTEMU HEPIBHO-
CTEN:
2x—y% >0,
2x — y? £0.
OO0’ eaHyr0YN OOMIBI YMOBH B OJIHY, OJICPKUMO: 2X > y2, abo
1

> y2. (1.1)

X>

. 1, .
Mexa o0sacTi BU3HAYEHHS — Iapabosa X=§y , SIKa MOJUIs€ KOOPAUHATHY

IJIOMMHY Ha /Bl yacTuHU. OQ4YeBUIHO, Mapadosia He HAIEKUTh 00JIacTi BU3HAYCHHS.

4



YactmHa 1

s toro, mo0 BU3HAYMTHU B SIKIH 3 YAaCTUH IUIOIIMHA BHKOHYETHCS HEPIBHICTH

2 . . .
X> E Y, BI3bMEMO 6y,Z[I>-$IKy TOUYKY INIOIIWHHA, IITO HC HAJIC)KUTH MCIK1 O6JIaCT1, HallpH-

1
KJIaJl, TOUKY (1;0), i miacTaBuMo 11 KoopaMHATH y HepiBHicTh (1.1): 1> E . 02, 1>0.

OTpumanu BipHY HEPIBHICTb. 3 I[bOI'O BUXO/UTD, 1110 OOpaHa HAaMU TOYKa (1;0) Ta BCl

1HII TOYKH, IO 3HAXOIATHCSA y Tiil )K€ caMiif YaCTHHI KOOPAMHATHOI IUIOIIMHH, 1 €
IIyKaHOO 00J1acTIO BUBHAYCHHS.

OTxe, 007aCTIO BU3HAYEHHS 33J]aHO1 (DYHKIIIT € YaCTHHA IUIOIIMHH, 1110 3HaXO-
o 1,
JTUTHCSI MK TUIKaMU Mapadoian X = > y“ (puc. 1.1).

Jlinia napa®oau nMo3HavYeHa MyHKTHPOM, OCKUIBKM BOHA HE HAJIEXKUTh 00JaCTI

BHU3HA4YCHHAI.

1,
Y X=—
2y

D
e
/

1Y/

Pucynox 1.1

: 1
Mpuxnan 1.2. 3HaiiTn 0061acTh BU3HAYCHHS QYHKINT Z = (/X + Y + NEEE
y—oX

Po36’si3anns. 3anana GyHKINS CKIIAIa€ThCs 3 ABOX JOJAAHKIB, KOXKEH 3 IKMX Ma€
CBOI0 00JlacTh BU3HAueHHs. B Takux Bumaakax o00J1acTb BHU3HAYEHHS (YHKIII

z="f (X, y) 3HAXOJUTHCS 3 CHCTEMHU HEPIBHOCTEH, SK1 3a/1af0Th 00J1aCTh BU3HAUCHHS

KO’KHOTI'O 3 JIOJAHKIB:



YactmHa 1

X+Yy>0,
X+Yy=>0,
y—3x2>0, abo
y —3x>0,
y—3x#0,
TOOTO, 00JIaCTh BU3HAYCHHS 3a7aHO01 (DYHKIIIT 3a/1a€ThCSI HACTYITHUM YHUHOM:
> =X,
{y (L2)
y > 3X.

OTxe, ME&XaMH IIYKaHOI 00J1acTi BU3BHAUEHHA € MpsAMi y =—X (HaJeXHUTh 00-
nacti) Ta y =3x (He HanexuThb obnacTi). Bl mpsAMi MOAUISIIOTE KOOPAUHATHY IUIO-

IMUHY Ha YOTUPHU YaCTHUHHU.

J1st Toro, o0 BU3HAYMTH B SIKIM 3 YACTUH IJIOIWHA BUKOHYIOTbCS YMOBH (1.2),

BI3bMEMO, HANPUKIIAT, TOUYKY (0;1) IUIOIIMHY, IO HE HANCKHUTh MEXKI 00JIacTi, 1
MiJICTAaBUMO 11 KOOPJIMHATH y cucTeMy HepiBHOCTeH (1.2):
1> -0, 1>0,
{1>3-Q {1>0.
OOuIB1 yMOBU BUKOHYIOTHCS, 1€ O3HAYa€, M0 OJHA 3 YOTUPHOX YACTHH ILIO-

IIUHU, B SAKIA 3HAXOAUTHCS OOpaHa TOYKa (O;l), € 00JIacTIO BU3HAYEHHS 3aIaHOI

¢ynkuii (puc. 1.2). B iHIIMX TppOX YacTHHAX IUIOUIMHU a00 HE BUKOHYETHCA OJIHA 3

yMOB (1.2), abo o6uaBi.

Ay
LT

/y:3x

Pucynok 1.2



YactmHa 1

hﬂx—y).

Po36’s3annsa. B nanomy BUIIaJIKy MOTPIOHO BpaxyBaTH HACTYITHI OOMEKEHHS:

Mpukaan 1.3. 3HaiiTu 001aCTh BUSHAUYCHHS PYHKIIT Z =

X—y>0, 0
X—y>0,
y—x*+1>0, abo { y2
y—x*+120 y=x"+1>0
3BIJIKM MA€EMO
y <X,
{y vt (1.3)

. . 2
Meskamu 1rykaHoi 001acTi BUBHAUCHHS € MpsAMa y = X Ta nmapadosa y = X" —1.
OOwuB1 JiHIT HE HAJIEKATh 00J1aCTl BU3HAUECHHS.

Jnst Toro, 11100 BUBHAUUTH B SIKiH 3 YACTUH IUIOUIMHUA BUKOHYIOThCS yMOBH (1.3),

: 1 . .
BI3bMEMO, HAIPUKIAJ, TOUYKY (E;O IUIOLMHHU, IO HE HAJIEXKUTh MEXI 00JaCTI.

Maewmo:
0< —, O0< i’
9 abo
3
0> (lj -1, 0>——
2
A
OOuIB1 yMOBU BUKOHYIOThCS, 1€ O3HA- y Y.
gae, 110 OJIHA 3 YOTUPHOX YACTHH TUIONTUHH, \ / .
B SKil 3HAXOJIUTHCSA OOpaHa TOYKa (1;0) € \ /
2 y= X% - 1\ 1 A /
00JacTi0 BU3HAUEHHS 3a7aHoi GyHKIIT (puc. \ | 0l
= >
1.3). B iHmmMx 4acTUHAX IJIOIIMHYU a00 HE BU- -1 / % l.l. X
: Nt
KOHY€TbhCsI 0j1Ha 3 yMoB (1.3), abo oOuBi. y=x / 1
Pucynok 1.3



YactmHa 1

Ipuxnan 1.4. 3xaiitu 061acTh BU3HAYECHHS (DYHKIIIT

7= 2 +arccos(x+y—2).

Ix-1
Po3zé’azanns. Obnacte BU3HAYCHHS 3aMaHOi (PYHKIN 3aMa€ThCS CHCTEMOIO

BIJITOBITHUX HEPIBHOCTEH:

Xx—-1+0, x#1,
abo <X+y—-2<1,
Ix+y-2|<1,
-1<x+y-2,
3B1OKH
X #1,
y <3-X, (1.4)
y>1-x.

Mexxamu 1rykaHoi 00J1acTi BHU3HAYEHHS € TapajieibHl mpsMi y=3—x Ta
y=1—x, 110 NOJISAIOTh KOOPJAUHATHY TUIOIIMHY HA TPU YACTHHH.

J1st Toro, o0 BU3HAYUTH B SIKIM 3 YACTUH IJIOIUHA BUKOHYIOTbCS YMOBH (1.4),

Bi3bMeMo, Hanpukiaz, Touky (0;2). Maemo:

0=1,
2<3,
2>1.
YmoBu (1.4) BUKOHYIOThCS, 11€ O3Ha-

yae, M0 CMyra MK MapajeIbHUMU Tps-

MHUMH, JI€ 3HAXOIUThCSI 0OpaHa Touka, € 00-

X JIacTIO BU3HAYeHHs 3aAaHoi PyHkiii. Kpim

TOTO, 31 CMyT'M BUJIJIieHI TOYKH, 1110 HaJje-

*ath npsmii x =1 (puc. 1.4). B iHmux ya-

CTHHAax IIJIOIMWHHA a0bo He BHUKOHY€ETHCA OHA

3 ymoB (1.4), abo yci.

Pucynok 1.4

Bubepemo cuctemy koopamnat y mpoctopi OXYZ 1 posrisiHeMO (GyHKIO

z=f(X,y), BusHaueHy Ha MHOxuHi D.



| YactmHa 1

e

O3nauenna. MHoXHHA BCIX TOYOK M (x; y;z), JI€ KOOpJAUHATH X,Y TO-
qyok M (x; y;z) 3HAXOIATHCA B 00JacTi D BH3HAYEHHSA (PYHKIII z = f (x, y),

Ha3WBA€ETLCA NOBEPXHEID.

ToMy piBHSHHSA z = f (x, y) HA3UBAETHCS PIGHAHHAM NOBEPXHI.

A J

1.1.2. OYyHKUiT AEKINbKOX 3MIHHUX

Touxowo mpusumipno2o npocmopy Ha3UBAETHCS BIOPSIAKOBAaHA Tpiilka yucen

(X,y,Z). MHO}KI/IHa YCiX MOXIINBHUX BHOpSIIIKOBaHI/IX CyKYHHOCTGI}JI N 4ucen
X1,X2, ...,Xn Ha3uBaeThbCa N -6MMipHMM KoopduHamHuM npocmopom 1 IIO3HAYA€ETHCA
n .
R . KO}KHa BIIOPAJAKOBAHA CYKVIIHICTH y Xoy ooy X Ha3uBA€TbBCA moOu4YKOorO IbOI'O
2 n

IPOCTOPY 1 MO3HAYAETHCSA TAKUM YMHOM: M (xl;xz; ...;xn). Yucna X, X,, ..., X, Ha3u-

BaIOThCS KOOpOuHamamu mouxu M .

O3nauenns. Hexaii ) — noBUIbHA MHOXKHHA # -BUMIPHOTO npocTtopy. Ka-

KyTb, O @yHukyia f eusnauacmvcs Ha muodcuni €, SKIIO KOXHIA TOYLI

(x,5X,5...3x, ) € Q mOCTaBNEHO y BiANOBIAHICTH AificHe dmcio W.

Mo3nauenns: W = f (xl,xz, ...,Xn), ae X, X,, ..., X, — HE3aJIeXKHI1 3MiHHI, € QY-

HkIero W.

Biocmannio mivie 06oma moukamu M, (x;x,; ..;x,) 1 M, (3 ,; -3 v, ) KOOp-
AMHATHOTO mpocropopy R" HasuBaerhes uncio d (Ml,M 2), 0 BU3HAYaeThCs (op-

MY/JIOIO:

d (M, M;) = (3= 5) +(7 =)+t (3 =5, )

MHOXHHA TOYOK {M d (M M O) < g} , ne € >0, Ha3sHBaETLCA & -OKOIOM MO-

uku M.



YactnHa 1
1.2. MpaHKUUA | HenepepBHICTb

KaxyTp, mo Touka P(X;y) HAOIUNCAEMBCL 00 MOYKU PO(XO;yO), SIKIIIO
sincrans d(P,P)) Mk toukamu P i P, HaGmwkaerTbcs A0 Hyms, TOOTO
d(P,PO)—>O 32 YMOBH P(X;y)—> PO(XO;yO). ITpu npomy, oueBHAHO, X —> X, 1
Yy — Y, BoJHOYAC.

Posrinsaemo ¢QyHkIito z = f(X,y), BU3HAYCHY B JICSIKOMY OKOJII TOYKH

P, (Xo; Yo )» 3a BuHsTKOM Xi6a 1m0 camoi Touku Py (X,; Y, )-

O3nauennsn. Yucno Ha3UBA€ThCS A HA3MBAETBCA cpaHuyero QyHKyii

z=f(x,y) mpu P—PF , skmo Ve>0 35=5(g) Take, mo 3 yMoBH
d(P,P,) <& cninye ymosa | f(P)- 4|<e.

CHMBOJIIYHO 11 TTHIIETHCS TaK: Im; f(P)=A.
PR

JUist GyHKIIT JBOX 3MIHHUX MAlOTh MICLE TEOPEMH 3 TEOpli TpaHuUllb, K1 OyiH
oTpuMaHi Jjis1 GyHKIIT OJHIET 3MIHHOI, 30KpeMa, TEOPEMH ITPO TPAHMITIO CYMH, H00Y-

TKY, YaCTKH 1 TEOPEMH PO TPAHUYHUIN TIepEXi]l B HEPIBHOCTSIX.

X3+ y°
Mpuxnanx 1.5. O6uucauTu rpanumo M ————.
=0 0sin(x+y)

Po3se’a3annus.

sina ~ a,
XC+y a0
0 sin ( x+y “si (x+ y) wo(x+ y)

2 2
C(x+Y)(C-xp+)) Xy
=I|m( )( ):“m—xy Y 0.

o5 ]

[Ipu po3kitaianHi YuceIbHUKA IPOOOBOTO BUPA3y HA MHOKHUKH CKOPUCTATIUCH

(popmymnoro cymu ky6is: a°+b° =(a+ b)(a2 —ab+b? ) :

10



| YactmHa 1

C )

Osnauenna. Dyukuis z = f(x,y) Ha3UBACTBCS HENEPEPEHOIO 8 MOUYI

B (%45, ), KILO BOHA BU3HAYCHA B ASAKOMY OKOJIi TOUKH F) i

9 lim #(P)=f(£) abo lim f(x,y) = f(x0,3,).

s

-
O3nauenns. Oyvkiis z = f (x, y) HA3WBAETLCSI HENepepeHoI0 HA OesKil

MHOXMCUHI D, SIKIITO BOHA HETIepepBHA B KOXKHIM TOUIII 111€1 MHOKUHHU.

Jlns HemepepBHUX (YHKINN JBOX 3MIHHHUX, K 1 I (QyHKII OJHIET 3MIHHOT,

MaroTh MICIE HACTYIIHI TEOPEMHU:

-

u(x,y) I v(x,y) HenepepeHi 6 mouyi F(’)(xo;yo), mooi  pyukyii

\

Teopema 1.1 (HenmepepBHiCTb CyMHU, 100yTKY, YaCTKM). Hexatl ¢hynkyii

u(x,y)
v(x,y)

u(x,y) + v(x,y), u(x,y) - v(x,y) ma , MAKOXC € HENnepepeHUMU 8 MOYYi

£ (xo;yo), a 4acmika Henepepena 3a ymMosu v(xo ’y(’) ad

- /

Teopema 1.2 (HemepepBHicTh ckiaaaHoi ¢yHkuii). Hexai @yuxyii

u(x,y) I v(x,y) € HenepepsHumu 6 mouyi F (xo;yo), a yuxyisa z = f(u,v) He-

nepepena 6  mouyi Qo(u(xﬂ, yo);v(xo, yo)), mooi  cKknaoHa  yHKYis

5= f[u(x,y),v(x,y)] maxkooic € nenepeperoto 6 mouyi Fy(xy;, )-

/

11



YactmHa 1

Teopema 1.3 (B1acTuBOCTI HenmepepBHUX QYHKIIA B 00MeKeHiH 3a-

MKHeHil o0uacrti). Hexaii ¢ynkyia z = f (x, y) 0y0e HenepepsHolo 8 0OMe-
orceniii 3amkHeniti obnacmi D, mooi:

1) pyukyis z= f (x, y) o6medicena 6 obnacmi D

2) pynryin z = f(x,y) npuiimae coi natimenuie i HATOINbWE 3HAUEHHS.
6 o6nacmi D;

3) mexau m — naumenwe, a M — Hatbinbwe 3HaueHHs GYHKYID

z=f(x,y) ¢ obnacmi D . Tooi ons 0y0b-s1Kk020 ¢, m<c< M, icHye mouka

PeD, 6 saxiii f (P) =c, moomo f (x, y) nputimae 6yob-saKe NPoOMIdNCHe 3HA-

yenns 6 oonacmi D .

1.3. YacTuHHI noxiaHi GyHKL,ii ABOX 3MIHHUX

Posrisaemo ¢yukmiro z = f (X, y) JIBOX 3MIHHHUX. JlaMo mpupicT oHIET 31 3MiH-
HUX IJIAXOM (piKcallii 1HII0T 3MIHHOT, 1 PO3TJITHEMO HACTYIHI BUPA3U:
f(x+Ax,y)-f(xy)=A72;
f(x,y+ay)-f(xy)=Az;
f(x+Ax,y+Ay)-f(xy)=Az
Bennunnn A,z, A Z Ha3UBAIOTBCS YACMUHHUMU RPUPICMAMU 33 3MIHHUMH X 1

Y, BIJIMOBIAHO, @ BUpa3 AZ HA3UBAETHCS HOBHUM NPUPICOM.

C N

. Az
O3nauenns. I'panunis (K110 BOHA ICHY€) —— 3a ymoBU Ax — 0, Ha3uBa-

€TBCS YACMUHHOI NOXIOHOW QYHKYIT z = | (x, y) 3a 3MIHHOIO X 1 IM03HAYA€EThCS

. Oz
OJHHUM 3 CHMBOJIIB: > f! (x, y), zL.

A i /

12



YactmHa 1

Takum duHOM,

oz . S(x+Any)- f(xy)
ax Ax—0 Ax

AHaJI0T1YHO, YaCTHHHA MOX1JHA 32 3MIHHOIO Y :

oz . fny+Ay)-f(x,y)

Ipukaaag 1.6. 3HaiiTH YaCTUHHI MOX1AHI PYHKIIT Z = X3 — 3y2 +5Xy.

Po3z6’azanns. 3actocyeMo npaBuiia TUQEPEHIIIIOBaHHS CyMU (YHKIIIA Ta BH-

. o - . .. OL .
pas3iB, IO MAKOTh ITOCTIMH1 MHOXHHUKH. qaCTHHHy IMOX1aAHY (bYHKI_Ill 5— 3HanuACMO 3a
X

YMOBOIO, 1110 Y = const. Toni

oz '

—:( 3 _3y? +5xy) =3x?—0+5y-1=3x* +5y.

OX X

AHAJIOTIYHO J1€EMO MPH 3HAXOJKEHH1 YaCTUHHOI MOX1THOT a—, aje Tenep BBa-
4

JKaeMo, 0 x = const .

82_ 3 2 ! . .

5_( ~3y +5xy)y—0—3-2y+5x-1——6y+5x.
3y—x
x+5y

Mpukaaax 1.7. 3naiiTu YacTUHHI MOX1AH1 QYHKIIT Z =

Po3ze’sizanns.
Buxopucraemo npaBuiio qudepeHiitoBaHHs YaCTKU (QYHKIIIH.

@ :(By_xj’ R Ll =|ly = const| =
X X (x+5y)°

xX+5y

_(=1)-(x+5y)-(3y-x)-1_—x-5y-3y+x__ By
(x+5y)2 (x+5y)2 (x+5y)2

13
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AHaJoriyHo:

@—[‘”_’CJ’ _(3y—x)’y-(x+5y)—(3y—x)-(x+5y),

oy \x+5y ’ (x+5y)2

3-(x+5y)—(3y—x)-5_3x+16y-15y+5x 8«
(x+5y)2 (x+5y)2 (x+5y)2'

L — ||x = const” =

y
0z X 01 -
Hpuxaan 1.8. JloBectu, 110 & +—+—=0, gkmo z=¢ X,

y

Po36’s3anns. 3HaiineMo 4acTUHHI TOX11HI 3a/1aHO1 (DYHKITIT:

L (] (L)
8x_£e J =|y=const|=e » X—e (-») z)=ze
X

A y Ty oy
@:(e X) :||x:const||:e X-(—X] =e X-(—lj-lz—l-e X,
oy x), X X

y

[TimcTaBUMO 3HAMIEH] MTOX1/IHI Y 33J]JaHy PIBHICTb:

’.X ':y._zx 1e_l 1_% 1._X_

PiBHICTEH MOBENEHO.

1.4. FeOMETPUYHMIA 3MICT YaCTUHHMX noxiaHux GyHKuii Z = f (X, y)

Bimomo, mo rpadik PyHKIi zZ = f(X,y) SBJISIE COOOI0 TEBHY IOBEPXHIO

(puc. 1.5).

PosrnsHemo Ha mommni OXY noBinbHY TOUky P, (XO; yo) 1 BIAMIOBIAHY TOYKY
MO(XO; yo;zo) Ha noBepxHi. [IpoBegemo miomuHy y =y, yepe3 Touky M. ¥V nepe-

pi3i 3 moBepxHeto orpuMyemo JiHito L, . Toxi

—| =toda.
o, o (15)
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Pucynok 1.5

AHaJOrYHUM 4YMHOM NpU NOOYI0BI IUIOIIMHU X = X, B II€pPEPI31 3 MOBEPXHEIO

oTpumMyemo niHito L, 1

oz

= tgB. 1.6
> gp (1.6)

f

Mpukaan 1.9. Axuii KyT yTBOPIOE 3 1O0JATHUM HAIIPSIMOM OC1 OpJIUHAT

w202
NOTUYHA A0 JIiHIT {Z_ L+x"+y", B TOYIII Mo(lil;\/é)?

x=1
) 0z .
Poss’sizannsa.  3a  dopmynoro  (1.6) wmaemo: tgP = Y OCK1TbKH
Ylp,

0z y y 1 1 T
— = T0 th:— = = , TOOTO ﬂ:—_

2 2 2 2
N Jl+xi+y VI+XE+y? | J1+1+41 B 6

15
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1.5. AndepeHnuian GyHKLUiM ABOX 3MIHHMX

Hexaii pynkiis z = f (X, y) BH3HAUYCHA B JICSIKOMY O -OKOJI1 TOUKH P(X; y).

\

/ Osnauennn. ®yukuis z = f(x,)) Ha3UBAETBCS OuhepenyitiogHoro 6 mo-
uyi P(x; y), SKIIO 11 MOBHUM MPUPICT MOXKE OYTH MPEACTaBICHUI B HACTYITHOMY

BUTJISIL:
Az = AAx + BAy +o(p), (1.7)

Kne p= \/ (Ax)" +(Ay)’, 4 i B Bemuummm, sKi He 3aneKath B Ax, Ay. /

[Ipupict AZ ckmamaeThecss 3 JBOX YaCTHH: OCHOBHAa YacTHHA IPUPOCTY

AAX + BAy, niHiiiHA 10 BITHOIIIEHHIO 10 AX, Ay, 1 HEJIiHIHA YacTUHA O(p) — HECKIH-
YEHHO MaJla OUIbII BUILIOTO MOPSJIKY, HIXK P .
OcHoBHa yacTuHA TpUPOCTy AAX + BAY Ha3UBa€ThCA NOBHUM OughepeHyiaiom

@ynryii 7= f(X,y) i mosnadaerscst cumosom dz . To6ro,

dz = AAX+ BAy. (1.8)
Takum ynHOM, Y BUNTAJIKY TUdepeHIIHoBHOT (QyHKIIIT MaeMO:
Az =dz+0(p).
/ Teopema 1.4 (nocTaTHs1 yMOBa iCHYBAHHSI YACTHHHUX MOXiAHMX). [ -\

xau ¢pynxyin z= f (x, y) ougpepenyitiosana 6 mouyi P(x; y). Tooi 6 3adaniti mo-

.. ) .. .0z 0z _,
yyi ICHYIOMb YACMUHHI NOXIOHI E i a—,6mbm moeo.
X vy

oz _ oz
- e Y,
Takum ynHOM, 3anucyemo Bupas (1.8) y Burisui

dz :@Ax+@Ay.

OX oy

Sk iy Bumaaky QyHKIii omgHiel 3MiHHOT, Tix qudepenmiatamu dX, dy Hesamex-

HUX 3MIHHUX PO3YMIIOTh JOBUIbHI pupocTu AX, Ay. Takum yuHOM,

16
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dz=a—zdx+%dy. (1.9)
ox

oy

oz , . oL :
Bupasu 8_dx i —dy Ha3WBarOTBCA wacmuHHuMU Oughepenyiaramu QyHKyii
X

Z= f(x, y) 3a sminHuMu X i y BIINOBiAHO i Mo3Ha4yatoThes d Z i dyz.

AHaJIOT14HO, OJugepenyian gynxyii U= f(xl,xz,...,xn) BUTJISIJIA€ HACTYITHUM

YUHOM:
du :idx1 +ﬂdx2 +...+idxn.
OX, oX, OX

n

Teopema 1.5 (noctatHsa ymoBa gudepenuiiiopanocri ¢pynkuii). Hexau

Qyuxyis z= f (x, y) Ma€ YacmuHHi NOXiOHI 8 0eAKOM) OKOJIL MOYKU P(x; y), He-

nepepeti 8 camiii mouyi P(x; y), mooi 60Ha Ougpepenyitiosana 6 3a0aHitl Mmouyi.

3

. . . X
Ipuxnan 1.10. 3naiTi OBHMI qudepeHtian GyHKIT Z = —.

Po3zs’sz3anns. [lopauit nudepeniian pyHkiii 3HaiaeMo 3a popmyJioro (1.9). Ya-

CTUHHI NTOXI/IHI 3a/1aHO1 (PYHKIIII:

3Y 2
%:[%J :||y=const||=i2-3x2 :3i.
X Yo,

y
: oz [ x° _ 2x°
AHaJIOTIYHO, — =| — =||x =const|| =x°. -2y =2
ay 2 3
y
Toni noBHui qudepeHian 3agaHoi PyHKI[T Ma€e BUTIISAL:
3x? 2x°
dz =—-dx——-dy.
y y
Mpukaan 1.11. 3uaiitu yactuHHI qudepentiang pyHkuii Z =In X
X
, ) ) . oz
Po36’sa3anna. YactunHi qudepeHuiany 3Haiaemo 3a Gopmymnamu: d z = 8—dx,
X

17



YactmHa 1

0z )
dyz:a—dy. [TonepenHbo cnpocTUMO 3afaHy (YHKIIIO, BUKOPUCTOBYIOUM BIia-

. a .
CTHBICTB JIorapudmy: In b =Ina—Inb. Toxi

0z y ' ' 1 1
&:(In;jx:(Iny—lnx)x:||y:const||:0—;:—;,
0z ' 1 1
—=(Iny—Inx) =|x=const|=—-0==.

2 ~(ny=inxy, =f=cons =202

YacTtunH1 audepeniriang 3a1aHoi PyHKIT MatoTh BUTIISL;

d .z =—%, dyz :d_y'
X Y

1.6. 3acTocyBaHHA NOBHOro audepeHLjiana Ao HabanKeHmx obuncaeHb

Posrisinemo audepenuiiiopry ¢yrkuito z = f(X,y). HoBruii ii npupict Az
BUPAXKAETHCS (HOPMYIIOIO
Az=dz+o(p).
[Ipu noctatHbo Mamux AX,Ay
Az ~dz. (1.10)

3anummmo piBHAHHS (1.10) B pO3ropHyTOMY BUTJIISII:

Z(X+AX, Y +AY)-2Z(X,y)= 8z(a>;, y)Ax+ az(ayx’y)Ay,

3B1IKHA

oz(xy) . 22(x.y) Ay (1.11)
ox dy

z(x +Ay,y + Ay) ~ z(x,y) +

®opmyna (1.11) moxe OyTH BUKOpUCTaHA ISl alpOKCUMAIIi1 3HaYeHHsI PYHKIIIT

1BOX 3MiHHUX B Touui P (X+ AX;y + Ay), gocratsbo 6nmsskiit 1o Touku P(X;y).

IMpukaan 1.12. O6unciuT HAOMMKEHO 3HAYCHHS BUPa3y

18
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. X 1 .
Pose’azanns. Posrnanemo Qynkuiro Z=—-. Bubepemo x=9, y=—, Tom
Ax =0,03, Ay =-0,01. HaGnuxeHe 3Ha4€HHS 3a/1aHOTO BUPaA3y 3HalAeMO 3a (hopmy-

nomo (1.11).

YacTuHHI NOX1IHI PYHKIIII:

a2 (Vx) 1 1 a (W) N
L8]t 48] -

y v
009HMCIMMO TX 3HAYCHHS ITPH BIIOMUX 3HAUCHHSAX X Ta V-
@ 11| 112
ox[=S  y? 24/x e (1}2 29 3’
J’:E y:E —
2
oz 2 __2@__48
ovl=y Y= (1Y '
yzi y:E E
3HadeHHs PYHKITIT: Z‘ :ﬂ V9

y=

N[~ ©
<

N

T
N[ ©
7~/ N\
N[
N

Toni HaOMMKeHE 3HAYCHHS 33JIaHOTO BUPA3y:

\/9,03 2

- ~12+%.0,03-48-(-0,01)=12+0,02+0,48=12,5.
(0,49) 3

Jlo pedi, 3HAaYEHHS BUPaA3y, 110 OOYHCIICHO 3a JOTIOMOTO0 KaIbKYyJISITOpa:

J9.03

(0,49

12,5156011.
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3aBAaHHA ANA CaMOCTiMHOI poboTH

PiBeHb 1
y .. In(2-x)
1. 3naiiTi 065acTh BU3HAYCHHS PYHKII] Z = ———.
y—X
. sin2xy
2. O6uucnuTy rpasuio lim :
x—0 y
y—0

2
3. 3HaifTH YaCTHHHI MOXiAHI MepIIOro mopsaKy byHKii z = X° + y? +5./xy.

4, SIxuii KyT yTBOPIOE 3 JOJIATHUM HAIPSIMKOM OCI OpJIMHAT JOTHUYHA JI0 JIHiil

z=4-x>—y?,

: 117
Touml My| ——;—;— |.
et Y 0( 2'2 2)
2
oz oz 1
5. Hosectn, mo X—+ y— =0, skmo z =eX.
OX oy
6. 3uaiiTi noBHHIA Iudepenmian GyHKii Z=——— B Touni Py(-11).
X +Yy
PiBeHb 2
. 2 1
7. 3HaiiTh 001acTh BU3HAYEHHS (PYHKIIT Z = \/ In(y —3X+ 7) — .
X=y
y
8. O6uncnuTu rpasHuiro lim (1+ X2y2)><y2+><3 .
x—0
y—2
9. 3HaliTH YaCTUHHI MOX1JAHI NepIIOro NOPAAKY QyHKIIIT
z=c0s(3x—y)+In3x* - y*.
10. Axwuif KyT yTBOPIOE 3 NOJATHUM HANPSIMKOM OCi abCIUC JOTWYHA 70 JIiHIi
7= X2 + y2
4 ' BToumi M0(2;4;5)?
y=4

20
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11 JoBecTun 101(0) i(gf + 1lla 2 —SCOSZ(X2 + y2) AKIIO
' ’ x2\ox) y?loy ’
z :sin(x2 + yz).

12. 3uaiitu mnoBHMM audepeHiian  QyHKIIT u:COS(Xy+yZ) B TOYIl

M, (z;l;zj.
6 6

Bignosiai

1. Yactuna miomuan OXY, 110 3HaXOAUTHCS BUIIE IIPSMOI Y = X Ta 3J1iBa B1JI IIpsi-

Mol x=2.2.0.3, Z=gy2 2. [Y Y 5 IT 4 1350 6 g7 =dx.
OX 2 \x oy 3 2\vy Ro

7. Yactuna mwiomman OXY, mo 3HaXOQUThCs 30BHI mapaGomn Y2 =3(x—2), 6e3

TOYOK, B IKUX X = ). To4yku napaboiu HajiexkaTh 00sacTi Bu3HaueHHs. 8. 1.

0z i 12X oz . 1 2y
9. —=-3sin(3x—-y)+=- ; —=sIn(3x-y)——-
OX ( y) 3 X2_y2 ( y) 3 XZ_y

N

12. du|N|0 = —7(dx + %dy + dz}

10. 45°,

5

(. ITepeittu no mouatky Yactunum 1 i
t [Tepetitu 1o 3micty i
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Tema: [IndepeHuitoBaHHA CKNAAHOI Ta HEABHO 3aAaHOl QYHKUIii. PiBHAHHA
AOTMYHOI Ta HOPMani A0 NOBEPXHi. YaCTUHHI NOXiaHi | AndepeHuianm BULLUX

nopALaKiB
2.1. AndepeHujitoBaHHA CKNagHOi PyHKLT

1. PosrnssHemMo ¢yHKIIIO Z = f(X,y) B JIesKii Bimkputiii obmacti D. Hexaii
3MiHHI  X,Y € (¢yHKOissMH 3MiHHOI t B JedKOMy  IHTepBajl, TOOTO
z=f(xy), x=x(t), y=y(t)ram, ne a<t<b.

[TincTaBnsitoun 3HAYEHHS (X( ) y Bupa3 GyHKUI Z = f(x y) OoTpUMa-

emo cknandy QyHnkuiro z = f [X t), y(t)].

/ Teopema 2.1. Hexau ¢pyuxyia z = f (x, y) mae 6 obnacmi D Henepepemx
dy

YacmuHHi NOXIOHI z.. i z;, i ICHYIOMb NOXIOHI ;, ; Ha [a,b], moaoi iCHY€E no-
[ 1

XiOHa ;j CKIAOHOI (DyHKYIT Ha [a,b], oouuciena 3a hopmynoio

d_oz dv Oz db .

= + :
k dt Ox dt 0Oy dt /

X2+y
)

Hpuxnan 2.1. 3HaiiTH NOXiAHY %, SIKIIIO Z =€ =t? y =C0S2t.

Po3z6’si3anns. 3acrocoByroun Gpopmyiy (2.1), orpumyemo:
dz
dt

_ et4+0082t ‘ 2t2 Ot 4 et4+0052t . (—ZSin 2t) _ Zet4+c052t (2t3 —sin 2t) .

= Lox- 2t 4 L (—2sin2t)=

22



YacTuHa 2
2. Posrsiemo dyskuiro z= f (X, y), 3a ymosu, mo y=y(X), i o6uncmimo
d—z, 3acTOCOBYIOUH popmyy (2.1):
X

dz oz dx oz dy

+
dx  ox dx oy dx’

&0 0= dy
dx ax dy dx’ (2.2)

Mpuxaax 2.2. 3HalTH TOXiaHY % AKIO Z =X +2Xy* +cosy,y =2x* +e*.
X

3B1IKHA

Pos3é si3anns. 3actocyemo dopmyiry (2.2):

% =3x" +2y" +(8xy° —siny)(4x+e*)=

=3x% + 2(2X2 +ex)4 + (8)6(2)62 +ex)3 —Sin(sz + e"))(4x+ ex).

3. Po3riisHeMo BUIIAIOK, KO X, Y 3ajeKaTh HE BiJ OAHIET 3MiHHOI t, a Bix Ae-

KUTBKOX, HAIPUKJIAT X = X(U,V), y= y(u,v). Cxknanna ¢yHKIsS HaOyBa€ BUTIISTY

z=f[x(uv),y(uv)].
. 0L o0z

YacTrHHI TOX1JIHI = v 0OUYHCITIOIOTHCS 32 TAKUMHU (POpMyJIaMu:
u Vv

ou ox ou ay ou v ox av ay v

[8_2 0z Ox 82 oy 0z 0z ax 0z oy ] (2.3)

Mpuknax 2.3. 3HaliTH YacTHHHI MOXiqHI Z—Z, @, skIwo Z =sin(2x —3y),
u

=u?-v2 y=uv

Po36’szanns. 3acrocyemo dpopmyau (2.3):

S—lzj =cos(2x—3y)-2-2u+cos(2x—3y)-(-3)-v=cos(2x—3y)- (4u—3v);
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0z
—_— = _3 ¢ 4 3 .
COS(ZX y) ( V + U)

PosrisHemo cknanHy GyHKITIO
z=f[x(uv),y(uv)] (2.4)
1 IpUIyCTUMO, 110 YaCTHHHI MOXiAHI Z, Zg,, X, X, Vi, Yy € HemlepepBHUMU. Bimomo,

mo audepeHmian QyHKIT Z = f(X,y), e X,Y He3aleKHI 3MIHHI, MAa€ BHIJIS]

yA yA . .
dz :2—dx+6—dy. MoskHa AoBecTH, 1m0 audepeHmian ckimaaHoi ¢yHkuii (2.4) mae
X

TakKy x (Gopmy, TOOTO 1 B JaHOMY BHMAAKy 0z = %dx + Qdy.
X

2.2. udepeHLitoBaHHA QYHKLiN, LLO 3a4aHi HEABHO

Hessna ¢pynxyis 060x 3minHux 3aJa€ThCS PIBHSIHHIM
F(X’ Y Z) =0, (25)

110 3B'A3Y€ TPU 3MIHHUX.

/ Teopema 2.2 (icnyBanHs HesiBHOT QpyHkuii). Hexaiu ¢ynxyin F(x, y,z)\

HenepepeHa paszom 3 ii 4acCMUHHUMU NOXIOHUMU 6 OeAKOMY OKOMI MOUKU
c o o _ ! ..

M (x4 0320), T F(x0,¥4.2,) =0, a F/(x,,5.2,) #0, mooi pienanna (2.5) mae

€ounutli poss'azox z=z(x,y), HenepepsHuii 6 okoni mouxu F,(x,;y,), maxuii,

wo z(x,,y,) = z,. binbw mozo, ¢hynkyisn z =z(x,y) mae HenepepeHi YacMUHHI

Qoxiém’. /

!

y

3HaiiZIeMO YaCTUHHI TOXIiIHI Z, 1 Z

SIkuro migcraButk Z = Z(X,Y) B piBHaHHS (2.5) 3aMicTh Z, OTPMMAEMO TOTOXK-
HICTh
F[x,y,2(x,y)]=0.
O6uncnumo audepeHiian JiBoi 1 mpaBoi YaCTHH:

dF = Fdx+ Fydy + F,dz =0,
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3BIIKA
' F !
dz=—F—X’dx——3fdy. (2.6)
I:Z I:Z
Ane, 3 iHITIOTO OOKY,
dz:gdx+@dy. (2.7)
OX oy

[TopisHtorOum piBHSIHHS (2.6) 1 (2.7), OTpUMY€EMO:

—__r (2.8)

-

kiii f(x,y)=0 oaHi€l 3MIHHOT, OTPUMYEMO:

3aysarcenna. Po3risinaioun OKpeMH BUTIAJOK SISl HESIBHO 3a/1aHOi (PyH-

D__L 29)

=

(&

dy

Mpuxnanx 2.4. 3HaiiTH TOX1AHY d— byHKI y(x), 110 33J1aHa HEeSBHO PIBHSIH-
X

HAM XY + In(x — y) =5.

Po3zs’sazanns. OyHKITIS y=y (x) 3aJaHa HESABHO PIBHSIHHSIM
dy
dx
3Haiinemo yactuHHi noxigui pyukuii f(X,y):

f(x,y)=xy+In(x—y)-5. Hoxixny —= 3Haiinemo 3a popmyuoo (2.9):

fx’=(x2y+ln(x—y)—5)'X =Hy:constH=2x-y+i-(x—y)'x—0:2xy+i,

X—y X—y
f’=(x2y+ln(x—y)—5)' :”x:const”:xZ.1+i-(x—y), _0=x-—1
g y X—y ! X—y

Toxi moxiJiHa HESIBHO 3a/1aHO1 (PYHKIIII:
1
d_y:_zxy+x—y:_2xy-(x—y)+1
dx 1 X2 (x—y)-1
X—-y
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. . .07 .0z
Hpuxaan 2.5. 3HaiTH OX1/IHI & 1 5 (byHKuu 7= Z(X, y) , 1110 3a1aHa HESIBHO

piBHSHHAM X° + y? —2° +3xyz +1=0.
Po36’sa3annsa. Oynkiig 3a1aHa HESIBHO PIBHAHHSAM
F(xy,z)=x*+y>—z*+3xyz +1.
.. . 0L
[ToxigHi % 1 a 3HaieMo 3a popmyiamu (2.8):
o_ Koo K
ox Fo F

Yactuusi noxiaui ¢pynkuii F(X,y,z):
= :(x2 +y? — 2% +3xyz +1)'x =||y,z =const| = 2x +3yz,
F/ = (x2 +y? — 7% +3xyz +1)'y =%,z =const||= 2y + 3xz,
F = (x2 +y?— 2% +3xyz +1)'Z =||x, y = const||=—2z + 3xy.

Toxi moxiJiHI HESIBHO 3a1aHO1 (PYHKIIII:
0z 2X+3yz _ 2x+3yz 0z 2y+3xz _2y+3xz

Ox  —2z+3xy 2z-3xy' dy —2z+3xy 2z-3xy

2.3. PiBHAHHA AOTMYHOI Ta HOPMaAi A0 NOBEPXHi

Hexaii noBepxHs S 3amaeThes piBHsHHIM F(X,Y,2)=0.

A

yA
/Mo(xo’J’o’Zo)
%\.\\
0 / / ! \ >
~
X
Q
Pucynok 2.1
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4 )

Osuauenna. /lomuyna niowuna 10 NoBepxHi S B Touri M (x,;V,:z,) €

IUIOLMHOIO, IO IPOXOIMUTH 4Yepe3 TouKy M, (X,;¥,;Z,) 1 MICTUTh BCl JOTHYHI

OpsiMi 10 KPUBHUX, WO HPOXOIATh 4Yepe3 TOUKy M, 1 JeKaTb HA IOBEPXHI

K(pmc. 2.1). D

Teopema 2.3. Hexati ¢pynxyia F(x,y,z) oupepenyitiosana 6 mouyi M i

NPUHAUMHI OOHA 3 1T YACMUHHUX NOXIOHUX 8 YIll mouyi He dopieHIoe Hynto. ToOi

PI6HAHHA OOMUYHOT NIOWUHU MAE 8U2TA0

F'Mo(x—xo)+F;M0(y—y0)+Fz'

X

MO(Z—ZO)=0. (2.10)

(&

3’scyeMo, SIK BUTTISIAA€ PIBHSHHS TOTHYHOI IJIONIUHY JJIsl BUTIAKY, KOJIU ITOBE-
PXHS 3aJlaHa PIBHSIHHIM
z=1(xy). (2.11)
[lepenumemo piBHsHHS (2.11) HACTYMHUM YHHOM:
F(xyz)=z—f(xy)=0.
3imku F/=—f/, F/=—f/, F/=1.Toni 3 pisusanns (2.10), orpumyemo:

X

[ z—zo=f;|PO(x—x0)+fJ:|P0(y—J’o)- ] (2.12)

O3nauenns. HpﬂMa, IO MpoxXoAruThb 9€PE3 TOUYKY AOTUKY, IICPIICHAUKYIIA-

PHO JOTUYHIN TUIOLIKHI, HA3UBAETHCA HOPMAJLIIO 10 TIOBEPXHI.

OueBHIHO, 1110 HOPMAJIBHUN BEKTOpP AOTHYHOI IJIOIIUHY € HAIPSIMHUM BEKTO-

POM HOpMaJIi, TOMY PIGHAHHS HOPMAJL TIPUIIME BUTIISA

x_x():y_yo Z— 2y (213)

r r = r
xIm, Fy

M, =My

V 8UNAOKY Hes18HO 3A0aHOT PYHKYIL, 1
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X=Xy Y=V _Z27%

R (2.14)

yPo

Fy

— y pasi il 161020 3a80aHH.

IMpukaan 2.6. Ckiacty piBHSIHHS TOTUYHOI IJIOMIWHA Ta HOPMaJTi 10 MIOBEPXHi
Z :(X+3)3 +(2y—l)3 —4 y Touri PO(—2;1).

Po3é’sizanns. TloBepxHs 3amaHa sBHO piBHAHHAM Z = f(X,Y), TOMy mis ckia-
JaHHS PIBHSHB TOTHYHOI IUIONIMHHA Ta HOPMaJli CKOpHCTAEMOCh (hopmynamu (2.12) i
(2.14).

3Hal1IeMo YaCTUHHI MOX1H1 B/ 3a4aHO01 QYHKIII:

1= (0003 + (29-1)"~4) [y = consr|=3(x+3)"

!

f, :((X+3)3 +(2y—1)3 —4) T Hx:constH 23-(2)/—1)2 2= 6(2y—1)2.
3HAYEHHS YaCTUHHUX MOXIJHUX y Toull P!

X

£(P)=3(x+3)]

2
=3(-2+3)" =3,

=6(2-1-1)" =6.

y=l

f/(P,)=6(2y 1)

OOuncIMMO KOOpAMHATY Z, TOYKH JOTHKY Ha 3aJaH1i IIOBEPXHI:
2y =(%+3) +(2, -1) —4=(-2+3)" +(2-1-1) —4=-2.
Toni 3 piBasHHS (2.12) Maemo:
z—(-2)=3-(x—(-2))+6-(y—1),a60 3x+6y—z—-2=0
— PIBHSIHHS JOTMYHO1 TUTOIITUHY, a 3 piBHSAHHA (2.14)

X+2 y-1 z+2
3 6 -1

— PIBHSIHHS HOPMaJTi.

Hpukaang 2.7. CknacTy piBHSIHHS JOTUYHOI IJIOLIMHU 1 HOpMaJi 10 MOBEPXHI
X°+2y? —z°+1=0 B Touwi M;(-2;2;1).

Posé’sizannsi. Ockinbku ¢yHkiis z = f(X,y) 3amaHa HESIBHO, CKOPHUCTAEMOCH
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. o . . . ’ _ 2 .
dopmynamu (2.10) 1 (2.13). 3nHailneMo YaCTUHHI TOXIJHI: FX|MO =3x"| =12,

Ff

y

My

o =M, =8, Fl, =-22|, =-2

[TincraBnstoun B piBHAHHSA (2.10), oTpuMyemO:

12(x+2)+8(y—2)—2(z-1) =0, 6x+4y—-z+5=0

: : : : X+2 y-2 z-1
BianosigHO, piBHAHHSA HOpMaJl Ma€ BUTIISAL: 5 = 2 = 1

3aysarcennsa. [lpuxnazn 2.6. Texx MOKHA OyJI0 PO3B’sA3yBaTH, BUKOPUCTO-

Bylo9l (GOpMYyNIH Ui BUNAQJAKY HESBHOTO 3aBIaHHs NOBepxHi. Jlns 1poro
piBHAHHA TOBepXHI z= f(x,V)

JOCTaTHBO  TEpeNucaTd y  BUIIIAII

\F (x, y,z) = f(x,y)—z, anotiM ckopucrtatuch popmynamu (2.10) 1 (2.13).

/

2.4. YacTuHHI noxigHi i gudepeHLianm BULWMX NOPAAKIB

2.4.1. YacTUHHI NOXigHi BULWMX NOPALAKIB

. . : .. 0L oL .. o :
Hexait ¢pynkmisn z = f (X, y) Ma€ 4acTUHHI noxiaHl — , —. L1 moxiaH1, cami

1o co01, € QyHKIAMHU X, Y, TAKOK MOXKYTh MaTH YaCTHHHI MOX1H1, K1 Ha3UBAIOTHCS

YACMUHHUMU NOXIOHUMU OpY2020 nopsaoky GyHkmii z = f (X, y).

CHUMBOJIIYHI TO3HAUYECHHS:
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AHaJNOTIYHO BU3HAYAIOTHCS YAaCTHHHI MOX1AHI TPEThOTO, YETBEPTOrO 1 T.J. TO-
PAIKIB.
YacTuHHI MOX1{H1 BUILIOTO MOPSIKY, B35TI 3 PI3HUMHU 3MIHHUMH, Ha3UBAIOThCS
MIUAHUMU YACTMUHHUMU NOXIOHUMU, HATIPUKJIIA],
o’z 8%z %2
oy oyox oxley

Ipuxnan 2.8. 3HaiiTn YaCTUHHI MOX1HI APYTOTO MOPSIKY QYHKIIT
2=3x" +5y* ~10x\[y +7.

Po3z6’si3anns. CriouaTky 3HaAHAEMO TTOX1IHI MEPIIIOTO MOPSIKY:

Z;:(3x2+5y4_10x y+7),x=||y=const||=6x—10 v,

Z'y:(3x2+5y4—10x y+7)' =||x:const||=20y3—5—x
y

VY
[ToximHi Apyroro MOpsAKy 3HAXOJUMO SIK TIOXIJHI BiJl TOXITHUX TEPIIOTO MO-

PAIKY 32 BIANOBIIHOIO 3MIHHOIO:

Z = (6x —10\/;)' =y = const| =8,

Z;y:(Gx—lo\/;) =||x=const||:—1o.iz_i

: 2y Y
SX , 5
2" =20y —==| =|ly=const|=-——,
o) e,

"o 3 5x ' e _ 2 1 _g _ 2 5Xx
Zy, =| 20y" ——= —||x-c0nst||—20-3y —5x- —Ey =60y° +
y

Jy 2Jy°

Mpukaan 2.9. ns gpyrxuii z =In\/4x -3y nepesipurty, mo z;, =], .

Pozé’azanns. CnouaTky cnpocTUMO 3ajaHy (YHKIIO, BUKOPHCTABIIH

HACTyIHy BiacTuBicTs torapudmis: Ina® =blna. Maemo

1
In/4x -3y =In(4x—3y)2 :%In(4x—3y).

3HaleMOo TTOX1/IH1 IEPIIOro MOPSJIKY:
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1

7' = (%In(4x —3y)} - |y =const| = % Ix_3y (4x-3y) | =
1 2
_ 4= ,
2-(4x-3y) 4x -3y
2 ~(n(ar-ay)| —fomcomi] -3 e -
y 2 . 2 4X—3y g

1 -3

——(3) = ———.
2-(4x—3y) (-3) 2-(4x—3y)
Toni MilIaHi MOXiIHI APYTroro NOPsAAKY MarOTh BUTJISAI;

Zzy=( 2 j =||x=const||:2-((4x—3y)_1) =
y
y

4x -3y

-1 ' -2 6
zz.m-(4x—3y)y:(4x_—3y)2-(—3)=m,

" _ _3 ' _ _ ___E‘ . —1' _
Z”‘(m]j”y‘“”“”‘ 7 (42" -

:_§._—12.(4X_3y)'x: 3 A= 6

2 (4x-3y) 2-(4x—3y)2 (4x—3y)2'

baunmo, 1110 3HalIEH1 MillIaH1 TOX1HI PiBHI, B 4OMY i TOTpiOHO OyJI0 MepecBiI-

YUTHUCH.

Teopema 2.4 (1po piBHicTh Mimanux noxixuux). Axuwo ¢ mouyi P(x;y)
o’z . 9’z

Gy o

iCHYIOMb | HenepepeHi MiUaHi NOXIOHI , MO 8OHU PiBHI MidC 00010,

AHaJIoT14Ha TeopeMa CIpaBe/jIuBa JIJIsl MIIIAHUX MOX1THUX OY/Ib-SIKOTO MOPSIKY.

31



YacTtmHa 2
2.4.2. AndepeHuianu BMLWMX NOPAAKIB
Posrisaemo dyHKIi0 Z = f(X, y). Skmo X,y HesanexHi 3MiHHI, To dX, dy €
: : 0z oz
KOHCTaHTaMH, ToAi Audepeniian dz = 8_dx + Edy dyukuii z = f (X, y) Gyne pyHk-
X

€10 3MIHHUX X, Y. ToMy moorcna cosopumu npo oughepenyian ougepenyiany gymk-

yii, axull Hazueaemuvcs ougepenyianom QyHKYii opy2020 nopsaoxy.
AHaNIOr1YHUM YHHOM BU3HAYAIOTHCA Jugepenyianu euujux nopsaoxie. CUMBOJII-

YHO BOHH II03HAYAIOTHCS HACTYIIHMM YHHOM:
d(dz)=d’z, d(d’z)=d’z.., d(d“'z)=d*z
Hexait Qyrkuis z = f (X, y) HemepepBHa pa3oM 3i CBOIMH YaCTHHHHMH MOXil-
HUMH 710 TopsaKy K BkimowHo. SIKmo X,y HesanexHi 3MmiHHi, To dX,dy KOoHCTaHTH,
OTXKE
d*’x=d*x=...=d"x =0,
d’y=d’y=..=d"y=0.

Takum ynHOM,

2, ’ i _ ’ ’ ' ' ! ’ _
dz=d (zxdx + zydy) = (zxdx + zydy) ) dx + (zxdx + zydy) , dy = (2.15)
=z, dx* + 2/ dxdy + 2/, dxdy + 27 dy® =z dx* + 22/, dxdy + 2, dy”.
HeBaxxko nmokaszatu, 110

3 m 3 m 2 m 2 m 3
d°z =z7 dx*+3z dx“dy + 3z dxdy” +z] dy".

Mpukaag 2.10. 3HaiiTi NOBHUN AMQEpeHIian Ipyroro Mopaaky QyHKIil
z =sin(ax+by).

Pozé’azanns. TloBHuit mudepeHiial Japyroro MOPSAKY 3amaHoi  QYyHKITI
3HaiaeMo 3a popmyroro (2.15).

[ToxiaH1 IEepIIoro MOpsIAKY:
»=(sin(ax + by))'x =|a,b,y = const|| = acos(ax + by),
z, =(sin(ax+ by))'y = |la,b, x = const| =bcos(ax +by).

[ToxigH1 Apyroro mopsaKy:
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!

acos(ax+by)) =|a,b,y=const|=-a?-sin(ax+by),

X

!

=|la,b, x = const|| = —ab - sin(ax + by),

y

4

=
z! (acos ax+by))
y))

=|a,b, y = const||=—ab-sin(ax +by),

v, =(bcos(ax +by)

X

n

v, =(bcos(ax+ by))'y = |la,b, x = const|| = —b” - sin (ax + by).

Toni noBHUi qudepeHian Ipyroro NOpAIKy 3a4aHoi (PYHKIIT Ma€ BUTIISL:
d’z =—-a”-sin(ax+by)dx* — 2ab-sin(ax + by )dxdy — b* - sin(ax + by )dy* =
= —sin(ax + by)-(a’dx” + 2abdxdy + b°dy*).

3aBAaHHA ANA CaMOCTiIMHOI poboTH

PiBeHb 1

1. 3HaiiTH NOXiAHY % byHKIil Z=4x-¢e", skmo Yy = tg3X.
X

0z . 0z ) Xty

2. 3HalTH 1TOX1IH1 8_ 1 6_ byHKIil Z =u® +2v, sxmmo u=e*"’, v=3Xx-4y.
X 0oy

3. 3HaiiTH MOXiAHI % i % yHKuii X° + y? =sin(x—2z).
X

4. Ckyactd pIBHSAHHS JOTUYHOI TUIOHMIMHM Ta HOpMaji JO MOBEpPXHIi
x? +3y2 —4z+5xy+9=0 y Tourmi Mo(l;—2;3) .

5. 3Ha#Ti moXifHi Apyroro mopaaky gyskmii z =3x" +2y* —8xp* 1.
PiBeHb 2

6. 3HailTh mNOXiAHY % byHkIii Z= (X2 +y? ) . arctgl, SKIIO X =COS2t,
X

y=sin2t.
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. . . o7 . 0t
7. 3HaliTH TOXI1AHI 6_ 1 5 byHKIIil z=U>-coS2v, SKmo U=e
X

x+y
v=3x-4y.
. ..oz .0z i [2 2 -
8. 3HaiiTy moxinui . o dyHKwii /X* — y* =sin(2x +3z).
X
9. Ckmactu piBHSHHS JOTHYHOI TIUIOIIMHMA Ta HOpPMali JO TMOBEPXHI

5—ZJr—:—3yT0qulM(12 —4).
y z x

e o . "o on
10. Jns dyHkuii z = arCCOS(X + y) MEPEBIPUTH, WO Z;, =Z] .

Bionosiai
1. 4et93X(1+ 3 j 2. g0 g 2 _gi _g.
cos” 3x ox oy
3. @ = 1 — X L7 _ — y . 4. PIBHSIHHST JOTHYHOI IJIOIINHU:

ox 2 cos(x-2z) dy  cos(x-2z)

8X+7y+4z—-6=0; piBHIHHSI HOpMaTi: X_]': y+2 _ 2_3_

7 4
5. 71, =6; 2/, =7/ =-16y; 7] =24y*—16x. 6. 2.
0z :
7. 2= =3e%) 6x—-8y)-2- 6x—-8y));
o - (cos(6x—8y)—2-sin(6x—8y))

% _ ) -(3(:05(6x —8y)+8sin(6x —8y)) :

g 0z X=2yX"-y’-cos(2x+3z) oz y

ox 3\/x2—y2-cos(2x+3z) Ly 3\/x2—y2-cos(2x+32)'

9. PiBugaHs gotuuHoi IwIommHM: 4x+z=0; piBHIHHA  HOpMai:

x=1 y-2 z+4
4 0 1

(. Ilepeiitu 1o movyatky Yactuuu 2 D
‘ [lepeittu 1o 3micty i
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Tema: EKcTpemym ¢yHKUIT ABOX 3MiHHUX. Haibinblwe Ta HaMMeHLWe 3Ha-

YeHHA QYHKLT ABOX 3MIHHUX B 3aMKHEHi 061acCTi

OaHUM 3 OCHOBHHUX 3aCTOCYBaHb JU(EpPEHIIaJIbHOTO YMCICHHS € 3ajiaya Jio-
cinipkeHHsT QyHKINT Ha ekcTpeMyM. O3Ha4YeHHs eKCcTpeMyMy QyHKIii Z = f (P) JIBOX

3MIHHHX B TO4Ll Py (xo; yo) BIJINIOBIJIa€ O3HAYEHHIO EKCTpEMYMY (DYHKIIIT OJTHI€T 3MIH-
Hoi. KpiM Toro, 3 03HaueHHs BUTIKa€, Mo TouKa Py (Xy;),) € BHYTPILIHBOK TOYKOKO

00J1aCTl BU3BHAYEHHS (PYHKIIII.

3.1. EKcTpemym yHKLU,ii ABOX 3MiHHUX

IMosHauumo & -okin Touku P, wepes O(PR,,d).

-

€TbCS TOUKA F), SIKIO iICHY€ &-OKUI TOUKU F, B IKOMY BUKOHY€ETBCS (KpiM ca-

O3nauenns. Touxoro maxcumymy (Minimymy) yuryii z = f (P) HaBI/IBa-\

MO1 TOYKH ) HEPIBHICTh
f(P)<f(R) (f(P)>f(R)) VPeO(R3).

Touku MakCUMyMYy 1 MIHIMyMYy Ha3UBAIOTbCS moukamu ekcmpemymy Qy-
anui'i. /

3.1.1. HeobxigHi ymosw icHyBaHHA ekcTpemymy GYHKLT ABOX 3MiHHUX

/ Teopema 3.1. Hexati ¢pynxyin z=f (x, y) ougepenyitiosana 8 moqzﬂ\

/& (xo; yo) i Mae ekcmpemyMm 6 yiil mouyi, mooi

a_z Y
ax%

3 3.1
ol (3.1)

\_ it Y,
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O3nauenns. Touku, B IKMX YaCTHHHI MOX1IHI QYHKIIT z = f (x, y) JIOpPiB-

HIOKOTb HYJIIO, HA3UBAIOTLCA KpuUmudHUMU abo cmauiOHapHuMu modixKkamu.

Opnak OyBarOTh BUMIAAKH, KOJIM B JIETKUX TOUKAX SIKHMXOCh YACTUHHUX MOX1THUX
(GYHKIIT AEKIIbKOX 3MIHHUX HE 1ICHYE, a peIITa IOPIBHIOIOTH HYIO. | B TAKMX TOYKax

(TIopsiz 31 cTaliOHAPHUMH ) MOKJIMBUIN €KCTPEMYM.

3.1.2. loctaTHi yMOBM iCHYBaHHA eKcTpeMyMy PyHKLT ABOX 3MiHHMX

PosrnsHemo ¢yHkmito z = f (X, y), 10 Ma€ HeTepepBHI YaCTUHHI MOXIJIHI Mep-
LIOTO 1 IPYroro MOpPsIKIB B I€IKOMY OKOJI1 CTal[lOHapHOI TOUKHU P, (XO; Yo ) Brenemo
NO3HAYEHHS:
0’z 0’z 0’z
— B -

A——2 y = y C— 2 .
x|, oxey|, oy*|,

\

Teopema 3.2. fkwo 6 cmayionapuiu mouyi PO(xO; yo) BUKOHYEMbCSL He-

-

pisnicmy AC — B> >0, mo ¢ mouyi R)(xo;yo) QyHryisn z=f(x,y) Mae excm-

pemym. Ilpuvomy, skwo A <0 —maxcumym, a sakuwo A >0 — minimym.
Axwo AC—B* <0 — excmpemymy mnemae. Axwo AC— B> =0 mooce
\6ymu excmpemym, Modice i He Oymu. /

Mpukaaa 3.1. Jocnigutu GyHKIIO HA EKCTPEMYM: Z = X% + y2 —4x+8y+17.

Po36é’sa3anns. 3HaiinieMo TOYKM, B SKHX BHKOHYEThCS HEOOXiJHa YMOBa
ICHyBaHHS eKCTpeMyMYy (CTaiioHapHi Touku). JIJist ibOro 3HAMAEMO YaCTUHHI TTOXITHI

3a/1aHo1 (PyHKIIII:

=2x—-4,

Z. =(X2+y2—4x+8y+7)

Z'y:(X2+y2—4x+8y+7) =2y+8.
y

CktazieMo Ta po3B’sKEMO CUCTEMY:
36



YactmHa 3

2 =0, 2x—4=0, (2x=4, x=2,
2!, =0, 2y+8=0, 2y =-8, y=-4,

OTxe, TOUuka PO(Z;—4) — cramioHapHa. IlepeBipuMO BUKOHAHHS JOCTaTHIX
YMOB ICHYBaHHSI €KCTpeMyMy B Hii. [[7s 1iporo 3Haiimemo npyri moximHi 3aaaHoi
byHKI:

A:Z;x:(Zx—4) =2, B=Z;y=(2x—4)

N y=0, C=Z;y=(2y+8)x:2.
O6uncmumo BenunHy A: A= AC-B*>=2.2-0=4.
Ockinpku A >0, To poOMMO BHCHOBOK, IIO0 €KCTpeMyM Yy Touli £, (2;—4)

icaye. Bemuunna 4 =2>0, Tomy 1eil ekcTpeMyM — MiHIMYM. 3HaA4eHHA (QYHKIII y
3HaAWCHINA TOYIll MIHIMyMY:

=22 +(-4)*—4.-2+8-(-4)+7=-13.

P

Zmin :Z(PO):(X2+y2 —4x+8y+7)

Mpukaaa 3.2. Jocniautu GyHKINIO HA EKCTPEMYM:

z=x° +4y2 —3xy—-8x+19y+2.
Po3¢’a3anns. 3HailieMO TOYKHM, B SIKUX BHUKOHYETHbCS HEOOXIJHAa YMOBa
2. =0,

ICHYBaHHS €KCTPEMYMY: {Zf 0
y - .

OCKIJIBKH

z;=(x2+4y2—3xy—8x+19y+2) =2x-3y-8,
Z, :(X2+4y2—3xy—8x+19y+2)y =8y —-3x+19,

TO
2x—-3y—-8=0, 2x—3y =8,
8y—-3x+19=0, -3x+8y =-19.

1

3BIJKM 3HAXOAUMO Y =—2,a X = % . (8+ 3y) = 5 (8+ 3- (—2)) =1. Orxe, TOUKa

P,(1;-2) — crauionapHa.
[lepeBiprMO BUKOHAHHA AOCTaTHIX YMOB ICHYBaHHSI €KCTPEMYMY B 3HalICHIN

TOYILIL:
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A=z :(Zx—3y—8)’x =2, B=z], =(2x—3y—8)'y =-3,
C=z], =(8y-3x+19) =8.
OO6uuciuMo BeMYUHY A :
A=AC—-B*=2-8—(-3)*=T.
Ockinbkn A >0, T0 po6UMO BUCHOBOK, 10 eKcTpeMyM y Touti Py (1;-2) icHye.

Benuuuna 4 =2>0, Tomy 11e MiHiMyM. O0UKCIMMO 3HAYEHHS (QYHKIIT y 3HAACHIH

TOYILI MIHIMyMY:

R

Zoin = 2(Py) = (X* + 4y° —3xy —8x +19y + 2)

=1°+4-(-2)*-3-1-(-2)-8-1+19-(-2) + 2=-21.
y
Mpukaan 3.3. Jocniautu QyHKIIO HA EKCTPpEMyM: Z = e? (6 —x*=2 y).

Po36’azanns. 3nalineMo cTalioHapHi TOYKU (QyHKIII:

'
Y

Z;—(e;(6—x2—2y)] zez-(G—xz—Zy)
Y
2

" (Wzy)j';(e

y y y 2 y 2
=e? -%-(6—x2—2y)+e2 (-2)=e? -[3—)(——)/—2j:e2 -[1—X——yj.

Y Y

—e?. (—2x) = —2xe?,

!
X

N[

' ) ’
(6-x%—-2 2.(6-x*=2y) =
j (6--20)+e (627 -2)
y
2 2
Po3B’spkeMo cucteMy piBHSHB:

Y

{z; -0, |2 =0, x=0,
z; =0,

Yy X2 360 )(2
2. 12 _ = —+y=1
e (l > yj =0, 5 y

y
OCKLJIBKH 32 BIIACTUBOCTSIMH MOKa3HUKOBOI pyHKIii e? > 0. Tomy

x=0,
y=1.

OTpuManu cTalioHapHy TOUYKY PO(O;l). [lepeBiprMO BUKOHAHHS JOCTATHIX

YMOB ICHYBaHHS €KCTPEMyMY Y 3HAHICHIM TOYIIL:
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O6YHCITUMO BEIUYUHY A :

A= AC — B?

_—2f( Je)-0" =2e.

Ockinbkn A >0, 1o ekcrpemym y touni P(0;1) icuye. Benuunna

A= —2\/2 <0, Tomy 11e MmakcumMyM. OOurCIIMO 3HaYeHHS (DYHKINT y 3HANACHIN TOYII

MAaKCUMYMY:

Zoax = 2(P)) = (;(6 X —Zy)j ;(6 0°—2-1)=44e.

P

-

TpeMyMy (YHKIII1 TBOX 3MIHHHX. SIKIIIO 111 yMOBH BUKOHYIOTHCS, TO

_oz
B ox

3ayesascenna 1. 3BepHiTh yBary Ha HeoOximaHi ymoBH (3.1) icHyBaHHS CKC-\

dz

& 4y
PD

i

JU1sl OyIb-SIKUX 3Ha4Y€Hb AU EpEHIIaTiB HE3IC)KHUX 3MIHHUX dX, dy.

/

KpiMm Toro, B JOCTaTHIX yMOBaX iCHyBaHHS eKcTpeMyMy QyHKIT Z = f (X, y)

IBOX  3MIHHUX  (irypyloTh 1  YacTMHHI  TOXIJHI  JAPYroro  MOPSAKY
o’z| o’z| 0oz
2 ! ! 2
OX P, oxoy P, oy°|,

, 00YMCIICH] B 3HAWICHINA CTAIllOHApHIN TOYIII Po(xo; yo). Lle
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MOB’sI3y€ JOCTaTHI YMOBHU ICHYBaHHS €KCTpeMyMmy OQYHKIUT Z = f(X,y) B TOYIl
P (xO ; yo) 3 ¢ epeHITiaioM JPYroro MopsaKy

0 o, 7
R OX° OXOY

2
dxdy + 6_3
oy

dy®.

B

d?z dx? +2

R B

3aysarxcenna 2. A sixio tpeda OyJie 3HalTH eKcTpeMyM (QyHKIIII TphoX abo
JOTUPHOX, 1 B3araji ACKUTbKOX 3MIHHHX? UM MOXIHMBO I1¢ 3pOOHTH 1 3a SIKUX

yMOB?

Posrisaemo ¢ynkiio U= f (Xl, X yeres X, ), sIKa BU3HAYCHA y JACIKOMY OKOJIl TO-

yku M, (xlo P XD ) O3HaueHHS eKCTPEMYMY TaKo1 (DYHKIII1 aHAJIOTIYHO O3HAYEHHIO

eKcTpeMyMy (PYHKIIT ABOX 3MIHHUX.

3.1.3. HeobxigHi ymosu eKcTpemymy GYHKLUIT AEKINBKOX 3MiHHUX

Heobxioni ymosu icnysanns excmpemymy yuxyii U = f(Xl,XZ,...,Xn) B TOWIII

0..0. .._0).
Mo(xl,xZ,...,x )

n

Oox,

M,

TOOTO, SAKIIO PYHKIIIS U = f(Xl,XZ,...,Xn) Ma€ eKCTpEeMyM B TOYIII Mo(xlo;xg;...;xo),

n
TO
_ou

ou
=—1| dx +..+—| dx =0
Mo Ox, & OX "

Mo n

dul

MO
a5t Oy Ib-SKMX 3HaYEeHb AU(EepeHIiaIiB He3aneKHuX 3MiHHUX dX, ...,dX .

Tenep, 1OAO0 JAOCTAaTHIX YMOB  ICHYBaHHS  €KCTpeMyMy  (pyHKIIil

u=f (X1 Xy yeens Xn) B TO4Ll M (xf;xg;...;x,?). PosrnsiHeMo Tak 3BaH1 KBagpaTH4Hi (o-

n
pMmu, SIKi MaoTh Takuit Ui Q (X, X, ..., Xn) = Z ;X X;, 1e a; — JesKi uucna, TaKi,

i,j=1
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wo a; =a;. Yucna a; Ha3UBAIOTBCS Koepiyicnmamu Keaopamuunoi gopmu, a nody-

A0BaHa 3 HUX CUMCTPUYIHA MAaTPHLIA

&; 8, - &,
e Ay Ay e Ay,
an1 a‘n2 a‘nn

HA3UBAETHCS Mampuyero keaopamuyroi popmu. BuzHauHUKH

&y &y - &y
all a12 a21 a22 aZn
Al=a,, A,= y e A=
Ay Al e
a‘nl an2 a‘nn

HA3UBAIOTHCS 20JI06HUMU (KYMOBUMU) MiHOpamu mampuyi A.

Keagparuuna Qopma Q(X,X,,...,X,) Ha3HBAETbCA O0OAMHO BUSHAUECHOIO

(810 ‘eMHO 6U3HaAUEH010), IKILIO BOHA IPUIAMAaE N0AaTHI (Bi1 €MHI) 3HaYEHHS IpU Oy 1b-

AKUX 3HAYEHHSX 3MIHHUX X;,X,,...,X,, IO OJHOYACHO HE JIOPIBHIOIOTh HyJt0. Oue-

BUJIHO, Q(0,0,...,O) =0.

Hpuxiaagu:

1) kBagpatuuHa opma Q(Xi, X2) =3% +4X,° N0JaTHO BU3HAUEHA;

2) xBagparuusa dopma Q(X, X2) = 3% — 2% X, —4X,* € 3HAKO3MiHHOIO, TOMY
10 BOHA IpUIMaE sIK J0JIaTHI, TaK 1 BiJI’€MHI 3HAYEHHS;

3) xBagpatuuHa Qopma Q(Xl, X,)= X° — 4% X, +4X,’ € KBa3i3sHAKO3MiHHOIO,
OCKUJIBKH Q(Xi, X, )=(%— 2X2)2 >0 mus BCIX X, X, ane Q(X,X,)=0 He Tinbku B

touni (0;0), a i, Hanpuknaz, B Touni (2;1).
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/ 3HaKOBU3HAYEHICTh KBAIPATUYHOI (POpMHU 3AIUCHIOETHCA 32 ,[[OHOMOFOh
kpumepiio Cunveecmpa:

1. Jlinst Toro, mo6 kBaxpatimana popma Q(X,X,,...,x,) Oyna 10gaTHO

BU3HAYEHOI0, HEOOXIJTHO 1 JOCTATHBO, 00 YC1 TOJOBHI MiHOpH ii MaTpuil A

Oymu nopatumu: A, >0, A, >0, ..., A >0.
2. Jlnst Toro, mo6 ksagpatnuna dopma O(x,,x,,...,x,) Oyna Bix’eMHO

BHU3HAYEHOI0, HEOOX1THO 1 JOCTATHHO, 1100 3HAKK T'OJIOBHUX MIHOPIB 11 MaTpHIIi
Q yepryBajucs HacTynHuM unHoM: A, <0, A, >0, A, <0, A,>0, .. j

IcHy€e neBHUI 3B'A30K MK KBaApaTUYHUMH (POpMaMU Ta TU(EepeHLIaNaMu Apy-
roro nopsAKy B rouui M, (xf;xg;...;x,?):

o%u

n

du

dx; dx;.
0
[leit BuUpa3 cBiAUUTH, MO Apyruil audepeHuian GyHKIli U = f(Xl,Xz,...,Xn) B
Touli M, (xlo ;xg ;...;x,? ) € KBaJI[paTUYHOIO popMoto Bif 3minHuX dX, dX,,..., dX , a ga-
2

OX.OX

i m

CTUHHI MOX1JH1 IPYTOro NopsaKy — KOe(IIEHTH 1€ KBaAPATUYHOI (popMHU.

0

3.1.4. locTaTHi YMOBM iCHYBaHHA eKcTpemMymy PYHKLIT AeKiIbKOX 3MiHHMX

/ Teopema 3.3. Hexaii hynyis u = f(x,,x,,...,x, ) ougpepenyiiiosana & ae-\

. 0 0 0 . o« o v 0 .

akomy oxoni mouku M, (xl ;x2;...;xn) i 08iui oughepenyitiogana 6 camii moyyi
0,..0 0 .

Mo(x1 ;xz;...;xn), npuvomy M, € cmayionapnoro moukoio @yukyii, mobmo

du| = 0. Tooi 6 yit mouyi ynxyis u= f (xl,xz,...,xn) Mae MiHIMymM (Maxcu-

2 SN
Mym), skwo d u| € 000amHo (8i0 €MHO) BUHAUEHOIO K8BAOPAMUYHOI (hOPMOIO

M,

Keid 3MiHHUX dx,, dx,, ..., dx,. l /
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/ t Axwo d’u \

€ 3HAKO3MIHHOIO K8AOPAMUYHOIO (OPMOIO, MO 8 mouyi

0

M, (xlO ;xg ;...;xo) @dyHKYis He Mae ekcmpemyMma.

n

€ K8a313HAKO3MIHHOIO K8AOPAMUYHOW ¢hop-

0

Axuwo du‘M =0, a d’u

, : 0.0 0
moto, mo Gyuyia u= f(x,%,,...,X,) Modrce mamu 6 mouyi Mo(xl;xz;...;xn)

chmpeMyM, a moofce 1 He Mamu 1Uo2o. /

Ipukaan 3.4. 3HaliTH TOYKH eKCTpeMyMy GYHKIIIT
U=X"+2y* +2° =Xy + 22 -Tx+2.
Po3é’s3anns. CxknageMo cUCTeMy PiBHSHB JIsl 3HAXO/DKEHHS CTAaIliOHAPHUX TO-

YOK (yHKIIIi:

u =2x-y-7=0, y=1,
u, =4y—-x=0, = x=4y, = T1.My(4L-1).
u' =2z+2=0. z=-1

z
JInst mepeBIpKHM AOCTAaTHIX YMOB ICHYBaHHSI €KCTpeMyMy (DYHKIIIT 004YHCINMO

YaCTUHHI NOXIJHI APYTroro MopsaKy:

" " rn rn " " rn " "
Ue =2, U, =u; =-1 u’ =4, u =u’ =0, ul=u; =0, u] =2

zy zz

Takum unsom, d?u| = 2dx® — 2dxdy + 4dy® + 2dz°. Marpuus miei KBagpaTHd-

Mo

Hoi (hopmu Bix 3miHHuX dX, dy, dz mae BurIISA:

2-10
A=|-1 4 0|.
0 02
O06YuCIMMO TOJOBHI MIHOPU MATPHIIi:
2-10
A =2>0, Azz‘j _j=7>o, A,=|-1 4 0|=14>0.
0 02
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3a kpurepiem CumbBecTpa MaeMo, 1mo d°u y

€ JO0AaTHO BHU3HA4YCHA KBaJpa-
0

tuuHa dopMma Bia 3minaux dX, dy, dz. I{e o3Hauae, mo B Toui M, 0(4;1;—1) GbyHKITis

Mae MiHiMyM, i U, =Uu(M,)=-13.

3aysarcennsn 3. 3 Teopemu 3.3 BUIUIMBA€E K 4aCTKOBUM BUIanoK Teo-

pema 3.2. JlificHo, HeXall dz

,, =0, 10670 TOuKa £ (X3, ) € CTanionapHoio Tou-

KO0 QYHKIT z = f (x, y).

0%z
' a22 - 2
. o

Toni 3 Teopemu 3.3 i kputepi CiibBecTpa BUIUIMBAIOTH HACTYITHI TBEPYKCHHS:

0z
ox?

Beenemo mnosHauenHs: A=a, = —a, = 0’z
' 1 2™ xdy

Py Py

2
1) sKmio AC—Bzza—f
ox

oz

2
O

B 0’z
n oxoy

>0, TO B TOHUIIl

£y

2

By (xy;v,) dyrkuis z= f(x,») Mae ekcTpeMyM (MakcHMyM IpH 6_2

<01
x2

Py

2

. . Z
MIHIMYM IIpH F
X

>0);

)

2) sxmo AC —B* <0, To B TouIli R,(xo;yo) byHKITIs z:f(x,y) HE
Ma€ eKCTPEMYyMY;
3) sxkmo AC—-B’=0, To B ToOHIi B (xy;v,) dbynkuis z=f(x,y)

MO’K€ MaTH EKCTPEMYyM, a MOKE€ 1 HE MaTH HOT0, 1110 MOBHICTIO CIIBMAJIA€ 31

smictoM Teopemu 3.2.
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3.2. Hanbinbwe i HanmeHwWwe 3Ha4YeHHA GYHKLT ABOX 3MiIHHMX B 3aMKHeHI obnacTi

Hexait ¢pynxiisn z = f (X, y) HeTepepBHA B JICIKIM 0OMexXeH1i 3aMKHEH11 00J1a-

cti D. Bigomo, o B o6nacti D HenmepepBHa ¢yHKIIS mpuitMae HaliMeHIIEe 1 HaitO1-
JIbIIE 3HAYEHHS.

Sxmio ¢yskiis z = f (X, y) npuiiMae HaiimeHIe (HaiO1IbIe) 3HaUeHHS Y BHY-
TpilIHIKA To4Ii obaacti D, To B Hill, 04eBUIHO, (QYHKIlISI Ma€ EKCTPEMYM — MIHIMyM
(MakcumyM). ToOTO, HAC IIKABIIATH TOYKH, B SIKHX MOMJIMBHHA €KCTPEMYM.

Onnak pynkmis z = f (X, y) TaKO0 MOYE JI0CSTaTh CBOro HaitMeHIoro (Hano1-
JIBIIIEr0) 3HaUYEHHs Ha Mexi oomacti D. Tomy, 11100 3HANTH Halimenwe (naubinvuie)

3HaueHHsa yukuii 6 o61acmi D, HeoOX1THO:

/

CTaIllOHApPHUX TOYKaX (DYyHKIIIT, sIKI HaJexXaTh oonacti D.

2

1. 3naiiTu 3HaueHHs (QyHKLII B TOUKaX, B SKUX MOXIIHUBUNA €KCTPEMYM —

2. 3HalTH HallMEHIIIe Ta HalO1IbIIe 3HaYeHHs (DYHKIIT Ha MexXi oomacti D.

3. I[lopiBHIOIOUM OTpUMaHIi pe3yIbTaTH, 3HANTH HaliMEHIIIe 1 HalOTbIIe 3Ha-

yeHHs1 QyHKINT B 0OMeXeH1i 3aMKHEeHii oonacti D.

A /

Mpuxnang 3.5. 3Haiftu  HaliMeHme 1 HaiiOUTeIe 3HaYeHHS QYHKINT
z=4xy—x’y—y’X B 3aMKHeHili o6macti D, 1m0 3amaHa HEPIBHOCTAMH
X>-1,y>3, y<6-—X.

Poss ’sizanns. Tlodyayemo 3aaany odaacts (puc. 3.1).

Ay

H\6 y=6-x

Pucynok 3.1
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3Haii1IeMo YaCTHHHI MOXI/IH1 1 CKJIaJIEMO CUCTEMY PiBHSHb:

{z =0, {4y2xyy2=0, {y(4—2x—y): ,
z

0
=0, 4x —x* —2xy =0, x(4—x-2y)=0.
3Binkn orpumyemo dotupu Touku: P, (0;0); P, (0;4); P,(4,0); P, (%gj

< S X ~

JIne Touka P, (0;4) € BHYTPIIIHBOIO TOUKOIO 00j1acTi (puc. 3.2).

N\

PucyHnok 3.2

3HaueHHs (QYHKIIT B LIA TOYLI Z(P2)=0. Po30epemo moBeniHKy (yHKIIT Ha
MexX1 00J1acTI.

Ha mpsimiit L@ y =3 ¢yHkuisa lez\L =3x—3x?, (—lSXSB).
Ha mpsmiit L, @ X=-1 dynkuis Z, = Z||_ =-5y+Yy?, (3S st).
Ha mpsamiit Ly y=6—X dynkuisa Z; = Z|L3 = 2x? —12x, (—1£ XS3).

VY KOXHOMY 3 IIUX BUIAJIKIB BUPIIIYETHCS 3a7a4a MONTYKY HalO1IbIIOro i Hai-
MEHIIIOT0 3HAaYeHHs (PYHKIIIT OJTHI€T 3MIHHOT Ha BIJMOBIIHUX BiApi3Kax.

3aCcTOCOBYIOUYH BIJOMUMN aITOPUTM, OTPUMAEMO:

Hampsmiii L: y=3: z, =17(33)=-18, 7, = Z(%;Sj = %
Hampsmiii L,: x=-1: z =12(-13)=-6, 7, =2(-17)=14.
Ha mpsimiit Ly: y=6-x: z,, =2(33)=-18, 7, =2(-17)=14.
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[TopiBHIOIOYM OTpUMaH1 pe3yIbTaTH, MAEMO
=17(33)=-18, 7., =2(-17)=14.

Haiib.

z

HaiM.

Ipuxnan 3.6. 3HaiiTu HaliMeHIIe Ta HalOUIbIIE 3HAYEHHS (QYHKIIT
Z=x>+ y2 + xy +5x—2y+ 3 B 3aMKHeHIi 00acTi 5, 110 ooMexeHa muiIMuA x =0,
x=2,y=0, y=3.

Po36’s13anns. 3anana 061acTh € MPSIMOKYTHUKOM, OOMEXEHUM BEPTUKAITHbHUMU
npsmMumMu x =0, x =2 1 ropu3oHTadbHuMH TpsmMumu y =0, y=3. [ocaimkyBaHa
byHKITsA Z(X, y) HerepepBHa B 1ii o0aacti (puc. 3.3).

3HaliiIeMo cTallioHapHI TOYKHW 3a7aHoi (PyHKIIi, AJig I[bOTO 3HaWIeMo ii ya-

CTHUHHI ITOXI1/IHI:

Z;:(X2+y2+xy+5x—2y+3), =2x+y+5,
Z;:(X2+y2+xy+5x—2y+3),y:2y+x—2.
Ay
y=3 A |B
2 A
D
1
y=0 0] IC >
-1 0 1 |2 3 X
o AN
I I
= x
Pucynok 3.3

3anuueMo Ta po3B’SHKEMO CUCTEMY:

{ ' =0, {2x+y+5:O, {2x+y:—5,
Z;:0, 2y+x—-2=0, xX+2y=2,

3BIIKK OTpUMYyeEMO x=-4, a 3 T[epumioro piBHAHHSI CHUCTEMH 3HAXOJIUMO
y=-2x-5=-2-(-4)-5=3.
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Orxe, P,(—4;3) — craiionapHa Touka 3agasoi pyHkiii. BoHa He HaneKuTb 3a-

JaHii 001acTi, a, 3HaYUTh, BUKJIIOYAEMO 11 3 TOJAAIBIIIOTO PO3TIISITY.
[IpoananizyeMo MOBEAIHKY 3a7aHoi (QYHKIIM Ha Mexi 00yacTi, IS LBOTO

PO3TIISTHEMO OKPEMO KOXKHY JIiHiI0 — cTopoHy npsimokyTHuKa OABC (puc. 3.3).

1) Ha mpsimiii L @ x =0 ¢yHkuis 21:Z|L =y? -2y +3, (OSySS).

[Moxigna (QyHKIi Zl’(y):(yz—2y+3) =2y-2, y=1. lle 3HaYeHHs Hale-
KUTb BIAPI3KY [0,3]. OTxe, oTpUMaau TOYKY PZ(O;l), 10 HaJIGKUTh CTOpoHI OA

IPSIMOKYTHHKA. 3HaueHHs 3a1aHoi QpyHKuii y Touni P,: z(P,)=1"-2-1+3=2.

2)  Hamnpswmiii L,: X=2 ¢ynkuis Z, = Z|L =y® +17, (OS y< 3). [i moxinna

Z,(y) :( ? +17)’ =2y. 3 yMOBU iCHyBaHHS CTallioHapHHMX Todok: 2y =0, 3Bigkn

y=0. CraimionapHa TouYKa P3(2;0) criBrnanae 3 BepmuHO0 C MPSIMOKYTHHKA

OABC.
Bianoinxe 3HaueHHS QyHKITT
Z(PS) = Z(C) =0%+17=17.
3) Ha mpsmiit L,: y=0 ¢yskuisa Z,= Z|L =Xx*+5x+3, (0<x<2). Ii

. ' 5 . )
noxigHa Z, (x) = (x2 +5x + 3) =2x+5x= —E. 3HaiiieHa CTallloHapHa TOYKa

P, (—E;O) HE HAJIEXKUTH 3amaHii oOnacti D, omke, TeX BUKIIOYAEMO 1i 3 MOJANIb-

LIOT0 PO3TJISIAY.

4) Ha mpawmiii L,: y=3 ¢ynkuis Z4:Z|L =X’ +8x +6, (0<x<2).

14
[loxinna Z, (x) = (x2 +8x + 6) =2x+8,x=—4. 3HaiiieHa cTallioHapHa TOYKa

P, (—4; 3) CIIBITAA€ 3 TOYKOO Pl(—4;3) , IKa He HaJIE)KUTH 3a1aHiil oomacti D, 1 Bxke

BHUKIIIOYCHA 3 MMOAAJIBIIOTO PO3IJIAAY.
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OO0uucIMMO TaKOX 3HAYCHHSI 331aH0T QYHKIT Z (x, y) y KYTOBHX TOYKax (mpsi-

MokyTHUKa OABC':
Z(O) ( ) (X2+y2+xy+5x—2y+3)‘023,

( ) ( 3)=(X +y* +xy+5x— 2y+3) +0+0-2-3+3=6,

z2( 3)=(x* + y* +xy +5x - 2y+3‘ =2243+2.3+5.2-2.3+3=26,

ZC) ( ) (x2+y2+xy+5x—2y+3)‘czl7.

JloroBHUMO pUCYHOK 3.3 yciMa 3HalICHUMH TOUYKamu (puc. 3.4)

7 3 2 10| 1 2 3 =

0

X
X

Pucynok 3.4

AHani3yrouu BCi 3HaleH] 3HaueHHs QYHKIII1, poOMMO BUCHOBOK, II10
Zowin. =2(P,) =2, 2,05, =2(B) = 26.

Mpukaan 3.7. 3HaiiTh HaWOUIBIIE Ta HaWMEHIE 3HaYeHHS (yHKIIT

z7=x*-2 y2 —4x+6y+1 B 3aMkHeHii oOnacti D, mo oOmexeHa JiHISIMU ) = X,

x+y=4, y=1.

Po3zé’azannsa. Ob0nacte D € TPUKYTHHUK, OOMEXKEHUN MNOXWIMMH NPIMUMHU

y=Xx 1Xx+ y =4 Ta TOpU3OHTAIIbLHOIO TIpsiMot0 y =1 (puc. 3.5).
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= N oo-b/
<

Pucynox 3.5

3agana (yHKIS HemepepBHa B 11 00yacTi. 3HaiiieMo cTallioHapHI TOYKHU

(GyHKUIT, U1 40T0 AOCAIAUMO ii MepIIl YaCTUHHI MOX1IHi:

:(x2—2y2 —4x+6y+1),x =2x-4,

!
X

=(X2—2y2—4x+6y+1) =-4y+6.

!
!
Y y
3anumeMo Ta Po3B’SKEMO CUCTEMY:
X
, {2x—4:0, {2x24,

—4y+6=0,

~2,

—4y=-6, y::—izg.

. 3 .=
CrauionapHa To4ka P{Z;E HaJIe)KuTh oOisacti D. O0unciamMo 3HAYEHHS

(GyHKUIi B 1K TOYII:

3 3

2
9 3
Z(Pl):(x2—2y2—4x+6y+l)Pl:22—2-(Ej —4:2+6-2+1=6-—=".

Tenep gocmigumo 3anany (QyHKIIII0 Ha MeXi 00acTi, TOOTO Ha Bipi3Kax Mpsi-

MUX, 1110 YTBOPIOIOTH TPUKYTHUK ABC. PO3riasiHeMo OKpeMO KOXKHUHN BIIPI30K.

1) Ha mpsimiii L @ y =x QyHKmis 21:Z|L =—X*+2x+1, (1<x<2).
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3HaiiieMo cTamioHapHi TOYKH i€l QyHKIT, 71 90T0 MOTPIOHO MOCHTIIUTH il

!’
nepiry MoxigHy: Zl'(x) = (—X2 +2X +1) =-2x+2, -2x+2=0, tom x=1 a
BIANOBIHE 3HaueHHA y =1. 3HaiineHa Touka P, (1;1) CITIBIAJIA€ 3 BEPIIUHOW A TpH-

KyTHUKA.
OO6uncuMo 3HaYeHHS QYHKIIIT B IiH TOYII:

Z,(P)=2Z,(A)=(-x"+2x+1) =-1"+2-1+1=2.

x=1

2) Hanpsmiii L, y=4—-x, dynknis Z, =2 =-x*+6x-7, (2<x<3).

!
Hocnimumo mnepury noximHy miei ¢yHKii: Z, (X) = (—X2 +6x — 7) =—-2x+6,
ToMy —2x+6=0, 1 x=3, a y =4—3=1. 3uHaiinena touka P,(3;1) cuiBnanae 3 Bep-
mmHOI0 C TPUKYTHUKA.
O6uncnuMo 3HaYeHHs QYHKIIT B IiH TOYII:

Z,(R)=2,(C)=(—x"+6x-7) =-3+6-3-7=2.

x=3

3) Hanpswmiii L,: y=1, dyHkuis Z3:Z|L = X* —4x+5, (1<x<3).

Jocmimkyemo mepmry noximHy wiei dynkuii: Z;(x)= (X2 —4x+ 5) =2x-4.
Toni 2x—4=0, x=2 npu y =1. 3naiinena rouka P, (2;1) HaJexuTh BiApi3ky AC.

OO6uncauMo 3HaYeHHs QYHKLIT B i TOYI:

Z,(P)=(x*~4x+5)| =2°-4.2+45=1

3aIHIIMIOCh 3HANTH 3Ha4eHHs (YHKUIT B KyTOBii Touwi B(2;2):

=2°-2-2-4-2+6-2+1=1.

B

Z(B):(x2 —2y° —4x+6y+1)

JIOTIOBHMMO Halll pUCYHOK BCiMa 3HAWAEHUMU Toukamu (puc. 3.6).
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Y‘y
AN+
X +
ECIRY
2 D. B
y ::1 1 .Fi (: ::F%
/\ = F%Z F%4

Pucynox 3.6

AHa3yloul OTpUMaHI Pe3yJbTaTH, POOMMO BHCHOBOK, III0 HAaWMEHIIUM Ta

HaWOUIBIINM 3HAYCHHSIMU (YHKIIT B 3a7aH1i obnacti D, BiAMoBinHO, € HACTYIHI:

Zwin. =2(Py)=2(B)=1, 7,.,5 =2(4)=z(C)=2.

Hailb.

Mpukaan 3.8. 3HaiiTh HaWOUIbIIE Ta HAWMEHIIE 3HAYEHHA (QYHKINT

2
2 . .= .. X
71=4-— (x +1) — y2 B 3aMKHEHIH oOsiacTi D, 110 oOMexeHa JIHICIO I + y2 =1.

Po3zeé’azanns. Mexero obnacti D € eninc 3 HEHTPOM y MOYATKy KOOPJMHAT Ta

niBocsimu a =2, b =1. IloOynyemo 3anany odsnacts (puc. 3.7).

2\ -1 oyz X

Pucynok 3.7

\\1

Sk 1 B mpuKJIaax BUILE, TOYHEMO 3 JTOCTKEHHS 3a7aH01 (PYHKIIIT HA ICHYBaHHS

CTaIllOHApPHUX TOYOK. YaCTUHHI MOX1HI i€l PyHKITIT:
2 !
7 =(4—(x+1) —y2) =—2-(x+1),
X
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z'y:(4—(x+1)2—y2)' —-2y.
y

3 He0oOX1JIHOT YMOBH ICHYBAaHHSI €KCTPEMYMIB 3alUIIEMO Ta PO3B’SHKEMO CH-

2! =0, —2-(x+1)=0, {x:—l,
Z;:O, —2)}:0’ y:0.

3HaiineHa cramionapsa touka Py(—1;0) nanexuts oGmacti D.

CTEMY:

O06unCcIMMO 3HaYEHHS 3a/1aHO1 (DYHKIIIT B I1H TOYIIL:

z(l31):(4—(x+1)2—y2)P —4-(-1+1)° -0 =4,

1

[Tepexoaumo 110 mociikeHHs QyHKIT Ha Mexi 00acTi, TOOTO 3a YMOBH, 110

2 2
X Xt .
~— +y*=1ab6o ) :1—7. IlizcTaBUMO Iie 3HAYEHHS Y 3a7aHy (QyHKIUIO Ta OTPH-

MaeMO (YHKLIIO OJHIET 3MIHHOI:

Zl(x):(4—(x+1)2 —yz)yzzl_)j =4—(x+1) —(1_%:

2 2
=4—(x2+2x+1)—1+x—:3—x2—2x—1+x—:2——x2—2x.
4 4 4

Z(X)= 2-332 x| =323, 2
4 4 2

Toni 3 ymoBu Zi(x) =0 BHUXOIMTB, IO

2 2
) 2 X 1 4 4 5 5 5
3BI1JIKH 3HAXO oy ' =1l-—=1-=--| —— =1-—=—, T00TO =%, [—=+—
BIJIKM 3HAXOJUMO V 1 4(3) 9 9TTy12 i 3
. . 4 5 4 5
OTxe, OTpUMaJId CTalllOHApHI TOYKH P, 33 i Py 373 Ha MEXI

obnacti D.
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OOuuncIMMo 3HAYeHHA 3a/1aH01 (PYHKIIIT B IIUX TOYKAX:

2
4 3 3 4 4
2(r)-2(R) - -3)-[2-3w-ax] 2= (4] -2 (-5)-
3
:2—§-E+—:2——+§=E
4 3 3

Pucynok 3.8

Cepen BcIX 3HaliJIeHUX BUIE 3HaYeHb (YHKIT obepeMo HailiMeHIe Ta

HaANOJIbIIE 3HAYCHHS:;

10
Zaiin. = Z(PZ):Z(PS)ZE’ Ziie. = Z(Pl):4'

3.3. YMOBHM eKCcTpemym

Hexaii Ha moonmai OXY 3amaHa QyHKIsA Z = f(X,y) i minig L piBHSHHIM
(p(x, y) =0. Ha ninii L motpibHO 3HaiiTH TOuKy P, (XO; Yo ), B sIKi{ 3HaUYCHHS (PYHKITIT

HaliMeHIe a00 HalOLIbIIe B TOPIBHSAHHI 31 3HAYEHHSAMU I11€1 PYHKIT B TOUKAX JIHIT

L, po3ramoBaHux B AesKOMY OKOJIi Touku P, (XO; Yo )- Taxi TOUKM HABUBAKOTHCS MOY-
Kkamu ymosno2o excmpemymy @yuxyii 7= f(X,y) na ainii L. OueBunHO, W0 TOUKH

3BHYAHHOTO EKCTPEMYMY TAKOXK € TOUKAMH YMOBHO20 ekcmpemymy QYHKIIT 7151 Oy b-

SIKOT JIIHI{, [0 MPOXOAUTH Yepe3 IO TOUKY.

54



YactmHa 3

IIpunycrumo, ¢yrkuis z= f(X,y) 3amana B obmacti D Ha mrommui OXY i

npsMa L 3amanHa B 111l 00,1aCT1 pIBHSIHHSM 3B'SI3KY
¢(x,y)=0. (3.2)

3.3.1. MeToA BUKNOYEHHA A0CNIAKEHHA QYHKLT Ha YMOBHUMN EKCTPEMYM

HatinpocTimmmM MeTo1oM JocaipkeHHs QyHKIT Z = f (X, y) Ha YMOBHUM €KCT-

PEMYM € MemoO GUKIIOUEHHA.

BupaszuBum 3 piguannsa 36'a3xy (p(X, y) =0 3MIHHY Y SBHO 4epe3 X, ToOTO,
y= y(x), i nigcrasuBum e B Bupa3 GpyHkuii z = f (X, y), OoTprMaeMo (PYHKIIIO OJI-
Hi€1 3MIHHOT

z=1[xy(x)]=®(x).

Jlami 3HaiieMo 3HAYeHHS X, TPU SKUX (PYHKITIS <D(X) JIOCSITa€ EKCTPEMYMY, 1,

BU3HAYMBIIM BiJMIOBIHE 3HAUYCHHS Y 3 PIBHSIHHS 3B'I3KYy, OTPUMAEMO IIYKAHY TOYKY

YMOBHOT'O €KCTPEMYMY.

Hpuxaan 3.9. 3maiitn exctpemyM ¢yHKmii Z=4x"+Yy’ 3a yMmoOBH, IO
X+y=2.
Po3z6’a3anns. 3naiinemMo Y 3 piBHSHHSA 3B'S3KY 1 MIJCTAaBUMO B BUpPa3 3aJaHOi
byHKITIT:
_ _ _ 2 2 2
y=2-X, (D(x)—z‘yzz_x =4x"+(2—-x) =5x"—4x+4.

3HailiemMo cTalioHapH1 TOYKA OTPUMAHOI (PYHKIIII:

CI>'(x)=10x—4,CD'(x)=O = xzé.
OGuncmnmo @"(x): CD”(x) =10 > 0, TaK\M YUHOM, B TOUIlI X = % QyHKLiT Mac

2 2 8
MiHIMyM. OOYHUCIUMO —|: —|=2—==—.
y y@ y[ j 5 5
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Taxkum unHOM, B TOUL! P, (%,%) dyHKIig Z = 4X° + y* Mae yMOBHHH MiHIMyM
. 2\ (8) 16
1 Z(I%)):: 4{:?;) +'(E§] ::-E;n

3ayeasrcenna 4. Cxema 3aCTOCYBaHHS [IbOTO METOIY OUEBHUAHA. AJiE 3aCTO-

CyBaTH Il METO]] Ha MPAKTHULI1, OCOOTIMBO AJIst PYHKIIIHN AEKITHKOX 3MIHHUX, B/Ia-

ETHCSA JTyKE PIIKO, 0COOIMBO Ha eTarll BUKIIOUCHHS 3MIHHHUX.

. 2
Mpukaag 3.10. 3HailTu ekcTpemMyM (QyHKIII Z =3x? +( y—l) —5 3a yMOBH
x—y=2.
Po36’sa3anns. 3acTocyeMo METOJ| BUKIIOUEHHS. Bupa3umMo 3 piBHAHHSA 3B’S3KYy

3MIHHY ) dYepe3 x: y=x—2. I[lincraBuMo #oro y BuUpa3 s 3a1aHoi (GyHKIIT

z=f(X,y), orpumaemo QyHKui0 oxHi€ei 3MIHHOI:

[0 y(0)]=0(x) = (3 +(r-1)°-5) =3+ (x-2-1)' -5~

y=x-2

:3X2+(x—3)2—5=3x2+x2—6x+9—5=4x2—6x+4.

3Hali1IeMo CTalllOHaApHI TOYKHU i€l QyHKIII:

cI)'(x):(4x2 —6x+4)' =8x—-6.

3 yMOBH, 11O CD'(X) =0, 3paxogumo: 8x—-6=0, X :g:%.
Tom y(%j = % —-2= —% . Otxe, P, (% : —%j — CTalllOHapHa TOYKa.

[TepeBipuMO BUKOHAHHS JOCTATHIX YMOB ICHYBaHHS €KCTPEMyMY Y Il TOYII.

JUst poro 3HaiaeMo apyry noxinny gpyHkuii ®(x): ©"(x)=(8x— 6)' =8>0. 3rigHo

56



YactmHa 3

Apyroi JOCTaTHBOI YMOBHU ICHYBaHHSI €KCTpeMyMy (yHKIII OfHI€] 3MiHHOT MaemMo

MiHIMYM y Toulli P,.
3, . .
Takum umHOM, TOuka P, Z il TOYKA YMOBHOTO MIHIMyMY 3aJaHOi

byHKITI.
3HadyeHHs QYHKIIIT B 1A TOYIT:

. = Z(PO):(3x2 +(y—1)2 —5) . :3(%j2 +(—%—1j2 —5=

27 (9)2_5 27 81 80_28 7

16 16 16 16 4

4

3.3.2. MeToA4 HEBU3HAYEHMX MHOXHMKIB JlarpaH»ka

He 3aBxnu Mo>kHa BUPA3UTH SIBHO Y 4epe3 X 3 pIBHSHHS 3B'SI3KY. Y HIBepcasb-

HUM 1 €(pEKTUBHUM METOJIOM JIOCHIKEHHS (PYHKI[Ii HA YMOBHUI €KCTPEMYM € METO/T

HEBU3HAUYCHUX MHOXKHHUKIB Jlarpanxa, abo mpocto memoo Jlaepansica.

VY Toukax yMOBHOTO €KCTpEMyMy CyMapHa MoXijHa (PyHKINT Z = f[x, y(x)]

JIOPIBHIOE HYJTIO, TOMY

dz dy
= f, f(x,y)-—=0. 3.3
dx )+ £ (x0y) dx (3:3)
3 piBHsHHA (3.2) 3B'A3Ky
d_y:_(P;(XaY). (34)
dx ¢} (xy)

[TincraBnstoun Bupas (3.4) B piBHsHHS (3.3), OTpUMYEMO:

fi(xy)-f,(xy) P (X y)—0.

oy (%)

Touku yMOBHOTO €KCTPEMyMY 3aJI0BOJIBHSIIOTH PIBHSIHHIO 3B'SI3Ky, TOMY MaEMO

CHUCTEMY 3 JIBOX PIBHSHB 3 JIBOMA HEBIJIOMUMHU:

£ 1. 9% _g
) (3.5)

o(x,y)=0
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3 nmepioro piBHIHHS cuctemu (3.5):

¢y Oy
TakuM 4MHOM, OTPUMYEMO CUCTEMY 3 TPHOX PIBHAHD 3 TPHOMA HEBIIOMUMH:
f,+ A9, =0,
£+ Ag), =0, (3.6)
o(x,y)=0.

I[JI?I TOIro H106 ITOJICTIIHUTH 3aHaM'5ITOBYBaHH5[ oux piBHSIHB, BBOJUTHCA AOIIO-

MIKHA QYHKIIS:
F(xy,4)=f(xy)+A0(xY). (3.7)

Toni cucrema (3.6) npuiimMe Takuil BU:

/

\

o,
ox
oF
oy (3.8)
o
L OA

- v

BumieBkazanuiit meros OyB 3anpornoHoBaHuii Jlarpanxem.

Hpuknan 3.11.  3naiitu  exctpemym  ¢yHknii zZ=x*+Yy> 3a yMmoBH
Xy¥ q- 0.
2 8
Po3ze’azanns. Ckiagemo nonomixHy (QyHKITiT0
F(X,y,4)=x"+y’ +l(§+%— j:O.

OO0YHCIMMO YaCTHHHI MOXIHI Ta 3aCTOCYeMO yMOBH (3.8):
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2x+—=0,
OX 2
oF 2y+£=0,
oy 8
oF _X X—l 0.
o1 2 8

3 mepuIoro i APyroro piBHSIHb CUCTEMH 3HAXOJUMO A :
A=—-4x, A=-16y.

[TopiBHIOIOUYH 111 BUPA3H, OTPUMYEMO:

4dx=16y = y:E.

4
[TigcTaBnsieMo pe3yJbTaT B TPETE PIBHSIHHS CUCTEMMU:
X, X120 = 17%x=32 = x=2 = ,-8
2 32 17 17
Mo peui, A =—-4x, Tomy A= —%

Takum ynHOM, TOuKa P (17 17) € CTalllOHAPHOIO TOYKOIO, SIKY JOCIIIUMO 3a

JOTIOMOT'O0 IOCTaTHIX YMOB iCHYBaHHS eKcTpeMyMmy. i bOro 3anuieMo pyHKIII0

Jlarpanxa F(X,y,4) npu 2——%

F(x,y,—%):(xz+y2+ﬂ(§+l— D
17 2 8 _

3HaiigeMo npyri moximgHi miel gyHkmii. s 1boro BUKOPUCTAEMO 3HAMJICHI

:x2+y2—@(l+l—l}
128 1712 8

BUIIE 3HAYEHHS MEPIINX MOXIIHUX TPU BIIOMOMY 3HAYEHH1 A = —%
64 16
F'=2x——, F/ =2y——.
) 17 7 4 17

Jani, nexai

A:F;:(Zx—%) =2, B=Fx"=(2x—%j =0, CzF”z(Zy—E) =2.
17, ’ 17 ), » 17,
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=2.2—-0%°=4>0. Po6iMO BHCHOBOK, IO YMOBHUM
PU

Toni A(P,)=(AC-B?)

eKCTpeMyM y Todml P (%,%) icHy€e. A OCKIJIbKM BEJIMYHHA A( PO):4>O, TO 1€

TOYKA YMOBHOTO MIHIMYMY.
_64
P AT

3HaueHHs (QyHKUII B IiM TOULI: Z . = Z(PO) = (X2 +y? )

Mpukaan 3.12. 3naiitu ekctpeMyM GyHKIIT Z = X3 + y3 3a YMOBH x° + y2 =8
(x>0,y>0).
Po36’a3anns. 3actocyeMo METO/I HEBU3HAYEHUX MHOXKHUKIB Jlarpanxa.
Ckmagemo ¢yskimito Jlarpamxka 3a dopmynoto (3.7), ne f (X, y) =x3+v3
p(x,y)= x% +y? -8, Tomi
F(xy,A)=x3+y° +ﬂ(x2 + 2 —8) =3+  + Ax? + 1y% -84
3HaiiieMo YaCTUHHI MOX1H1 Ii€1 (yHKIIIT 32 KOKHOIO 3 TPhOX 3MIHHHX:

F! :(x3 + Y3+ Ax? + Ay? —8/1); —3x2+2]x
F = (0 + Y2+ 2 + 4y —8/1)'y 32424y,
F; :(x3 + ¥+ Ax® + Ay —8/1)'1 = x2+)°-8.
3anuiiemMo HeoOXiAHY YMOBY ICHYBaHHSI €KCTpeMyMy (PYHKIIi y BUIJISII CH-

CTEMMU:
Fi=37+24x=0,  [x(3x+24)=0,
Fy=3y"+21y=0, 1{y(3y+21)=0,

F=x?+)?-8=0, [x°+)°=8.

Ockinbku 3a ymoBoro X >0,y >0, To mepuie Ta Jpyre pIBHSHHS MOXKEMO

MOIUTMTHA HA MHOKHUKU X Ta Y, 110 HE MICTATh PO3B’S3KIB CUCTEMH. T ol
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21

X=——,

3x+24=0, 23/1

3y+21=0, = y:—?,
x2+y2:8, x2+y2=8.

[TincTaBUMO 3HaYEHHS X Ta Y 3 MEPIIUX JABOX PIBHSHB Y TPETE:

2 2 2
(—ﬁj +(—%) =8, 2(—%} =8, 1%=09, 3BigKxum Ao =13

. 24 .
Ockitbkn x=y=——>0, TO o0Oupaemo Bix’eMHe 3HaueHHI A. Orxe,

x=y=2.

TakuM YMHOM, OTPHMAIIM CTALliOHApHY TOUKY Py(2;2), Ky JOCIIIMMO 3a J10-
IIOMOTO0 JIOCTaTHIX YMOB iCHyBaHHsI eKcTpeMyMy. JIIs IbOro 3amumeMo (yHKIIO

Jlarparxa F(Xx,y,A) mpu A =-3:

F(x, y,—3)=<x3 + Y3+ A2+ y° —81)‘1_ . =x+1°-3x2-3y2+24.

3HaiinemMo napyri noxigHi mi€i ¢yHkmii. g 1boro BUKOPUCTAEMO 3HAiieHI
BUIIE 3HAYEHHS MEPIINX MOXITHUX MPU BIIOMOMY 3HA4eHHI A = -3

F/=3x*-6x, F,=3)°-6y.
Jlam, Hexai

A=F} = (3 —ex)'x =6x-6, B=F,, =(3x2—6x)'y =0,

=6y —0.
y

" 2
C=F) = (3y — Gy)
OOuMCIMMO 3HA4YEHHS LIUX BEJIMYMH Yy CTallloHapHii Touwi £ (2; 2) :

A(Py)=(6x—6) ,=6-2-6=6, B(P;)=0, C(P,)=(6y—6) ,=6-2-6=6.

x= y=
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—6-6—0?=36>0. Po6umo BHCHOBOK, III0 YMOB-

Toni A(Po)z(AC—BZ)P
0

HUW €KCTPEMYyM Yy TOYIII P0(2;2) ICHy€. A OCKUJIbKU BEJIMYHHA A(PO) =6>0, To 11E

TOYKA YMOBHOTO MIHIMYMY.

3HadyeHHs QYHKIIT B 11/ TOYIT:

Zoin =2(Po) = (x*+3°),_, = 2%+ 2°=16.
y=2
3aBaaHHA ANA camocTiMHOi poboTu
PiseHb 1
1. Nocniautu GyHKIT HA EKCTPEMYM:
a) Z=5x"+Yy*+2x—4y; 6)Z=6(x+y)—x2—y2.

2. 3HaiiTy HaiiMeHIIe i HAWGiNbIIE 3HAYeH s (YHKIIT B 3aMKHeHil o6macTi D :
a) z=x"—xy+y°, D:x>0,y>0,x+y<3;

6) z=x"+3y*—4x+6y-1, D:0<x<4,0<y<2

PiBeHb 2

3. Hocminutu GyHKIIT Ha €KCTPEMYM:
a) z=2x>+ xy? — 216x; 6)z:e5-(x+y2).

4. 3naiiTi HaltMeHIIIe 1 HalOIbIIIe 3HaUYCeHHS (PYHKINT B 3aMKHEH1 oomacti D :

a) z=x"—-Vy% D: xX*+y°<4,x>0,y>0;

6) z=sinx+siny+sin(x+y), D: OSXS%,OS ygg.
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Bignosiai

3.a) 7, =2(6,0)=-864, z,, =2(-6;0)=864; 6)z,, :z(—z;o):_%

( IlepeiiTi 10 moyaTky Yactuau 3 ’
l [lepetitu 10 3micTy ’

63



YacTnHa 4

Tema: CkanapHi nona. MNoxiaHa 3a HAaNPAMKOM. paaieHT

4.1. CkanapHi nons

O3nauenns. SIkuo B obnacti D TBOBUMIPHOTO a00 TPUBUMIPHOTO MPO-

cTopy BuU3HaueHa Jesika ckawsspa Qymxkuis  U(M)=U(x,y) abo
U (M ) =U (x, y,z), BIJIMTOBITHO, TO TOBOPSATH, IO 8 oOracmi D 3adano cka-
nsipre none U (M)

Axmo dyukmis U (M ) =U (x, y) BU3HAUYeHa B oOnacTi D ABOBUMIp-
HOTO TPOCTOPY, T nosie U (M ) HasuBaeTbest naackum. SIKio GyHKUis He 3a-

JICKUTH BIJI 4acy, TO CKaJisspHe moyie U (M ) Ha3uBaeTbes cmayionapuum. Cka-

JIPHE II0JIC, SIKC 3MIHIOETHCS 3 IIJIMHOM qacCy, Ha3NBA€ETHCA HecmauiOHapHuM

ITOJICM.

3acTocyeMO pO3TIISTHYTHH paHillle MaTeMaTUYHUN arapaT AudepeHIiIOBaHHS
(GyHKLIA AEKITBKOX 3MIHHUX JI0 CKaISpHUX MojiB. [Ipu npomy (hakTuuHO MOBa mizie
PO MIEBHY IHTEPIPETALLiIO orepalii rudepeHiitoBants. PeaabHi cKaltsipHi IoJid He 3a-
JeXKaTh BiJl BUOOPY CUCTEMHU KOOPJIUHAT Y TOMY PO3yMiHHI, IO MOJI€ € PYHKITIEIO TO-
YK MHOXKUHU (JT1H11, TOBEPXHI, 00JIaCTi Ha TUIONIMHI 200 Y MPOCTOPI) 1, MOKIIUBO, Yacy
(aecTarrionapHi mmosisi) 6e3 Oyb SIKUX MOCUJIaHb HA CUCTEMHU KOOPIMHAT.

OOMeXUMOCS PO3TIISIAOM TaKMX CKAJSIPHUX TOJIB, B SKUX (yHKis U (X, y)
a6o, BiamosinHo, U (X, Y, Z) € HEeTIEPEPBHOIO 1 Ma€ HETEePEepPBHI YACTUHHI MOX1/IHI 1O

BCI1X 3MIHHMX HEOOX1AHOTO MOPSIAKY.
MNpuKnagm ckanApHUX nNonis

1. ILaacki moJis.
[TnackuMu TOJISIMU BBaXKAKOTHCSI, HAPUKIIA/L, TIOJISI B METEOPOJIOTii: TeMIepary-

pHe 1mosie abo MmoJie TUCKY B JaHUI MOMEHT Yacy Ha MOBEPXHI 3eMJIi 1 TaK Jai.
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2. IloJae miijbHOCTI MaCH.

3. IMose minbHicTi 3apsany.

Yy TCOPCTUYHHUX OCHOBAX GHCKTpOTGXHiKI/I PO3TTAIAECTECA  CKAJIIPHE II0JIC

p( M ) 00'eMHOT HIUIBHOCTI V €IeKTPUYHOTO 3apsiy, 110 BU3HAYAETHCS B TOUKAX Ja-

HOT 06sacTi AV —V BiHOIICHHIM p( M ) = AI\i/moﬁ—\(;.

Hexaii ckansapue nose U (M )=U (X, Y, Z) 3a/1aHO B 00jacTi 2 TPUBUMIPHOTO

POCTOPY.

-

kuist U (x, v, z) npuiiMae OJHAKOB1 3HAYCHHSI, YTBOPIOE JISSAKY MOBEPXHIO, SIKa Ha-

O3nauenns. 'eomeTpuyuHe po3TanryBaHHs TOYOK o0jacTi (2, B ki ¢pyH-

3UBAETHCSL TTOBEPXHEIO PiBHS (200 €KBIMOTEHIIATHLHOIO MOBEPXHEI0) JAHOTO CKa-

JIIPHOTO ITOJIA. /

(¥

3BiJicH BUIUIMBAE, IO PIBHSAHHS MOBEPXHI piBHSA Mae Burisia U (X, Y, Z) =C, ne
C — KOHCTaHTa, 1 KO)KHOMY 3HAYCHHIO KOHCTAHTH BIIMOBIA€ CBOSI TTOBEPXHS PIiBHS.
Takum 4MHOM, Yepe3 KOXHY TOUKy M, (xo; yo;zo) naHoi objacti () TPOXOIUTH,
€lMHa NOBepxHs piBHA U (XO, Yo:Zo)=C, 3 BianoBigHuM 3HaueHHsM KoHCTaHTH Cj.

ToOTo yBech MpOCTip 3aMOBHEHHUI IUMH MTOBEPXHSIMH 1, 0OUYEBUHO, IOBEPXHI PIBHS HE
MEPETUHAIOTHCS.

V pa3i miackoro noJisg NOHATTS MOBEPXHI PIBHS 3aMIHIOETHCS IOHATTAM JiHii pi-
eHs. IlpuknanamMu Takux JIiHIM MOXKYTh OyTH BigoOpakeH1 1300apu (JIiHii piBHOTO TH-

CKy) Ta 130TepMu (JIiHIT pIBHUX TEMIIEPaTyD).

3ayeascennn 1. k1o npuIryCcTUTH, 110 JiHIT a00 MMOBEPXH1 PIBHS MEPETHU-
HAIOThCS, TO, HAIIPUKIIA]I, IEPETUHATIUCS OU 130T€PMU — JITHII PIBHUX TEMIIEPATyp.

Bunukae nutaHHs: ska TeMneparypa B TOULl NEPETHHY 130TepM?
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Mpuxiaan 4.1. 3uaiity ninii piBes ckassproro moist U (X,y)=3x— y.
Po3é’sazanna. Jlinii piBHS 3aJaHOTO CKaJsPHOTO TOJS BU3HAYUMO 3 YMOBH
U (x,y)=C (C=const). Tonmi 3Xx—y=C abo y=3x+C.

Hapnaroun C pi3HUX OIHCHUX 3HAYEHbB, OJIEPKUMO CIM 10 TTapaJieIbHUX MPSMUX.

Mpuxaan 4.2. 3uaitty nisii piBas ckamsproro moms U (X, y) = y* —4x.

Po36’a3annsa. 3a o3HayeHHSM, JIiHIT PIBHS 3a/IaHOTO CKaJSiPHOTO TOJI MalOTh

BUTJISIT
yz —4x=C abo y2 =4x+C (C:const).

Hanatoun C pi3HHX JIHCHUX 3HAYEHB, OJIEPKUMO CIM 10 TTapadoI1 3 BEPIIMHOIO
Ha ocl OX , TUJIKH SIKUX HANPSMIICHI BOPABO.

Mpuxnan 4.3. 3HaiiTu TiHIT piBHSI CKAISIPHOTO MOJIS
U(xy)= In(x2 +y? —2y).
Po36’sa3anns. 3a 03HaUEHHAM, JiHIT PIBHS 3aJJaHOTO CKAJSPHOIO IOJISI MalOTh

BUTIISI
In(X2 + % — 2y) =C (C = const),
. 2
3Bigku X°+ y°—2y=e%, X*+1y*—2y+1-1=¢€°, X +(y—1) =e® +1.
Hanaroun C pi3HUX AIMCHUX 3HAYCHB, OJCPKUMO CIM IO KOHIICHTPUYIHUX K1 3

IIEHTPOM Y TOYII (0;1) Ta pagiycom R=+/e® +1.

Ipukaan 4.4. 3HaiiTi NOBEPXHI PIBHS CKAISIPHOTO MOJIS
U(x,y,z)=2x—3y+5z.
Po3z6’a3anns. TloBepxHi piBHS 331aHOTO CKAJISPHOTO TIOJISI BUSHAYMMO 3 YMOBH
U (X, Y, Z) =C (C = const). Toni 2Xx—-3y+5z=C.
Hanaroun C pi3zHUX IIMCHUX 3HAYEHb, OJICPKUMO CIM 10 TTapaieIbHUX TIOIIMH

3 BeKTOpoM Hopmaui fi =(2;-3;5).

Mpukaan 4.5. 3HaiiTH TOBEPXHI PIBHS CKAISIPHOTO MOJIS
2 2

X 2
U(x, y,z)=—+y—+(z +1)°.
4 9
Po36’szanns. IToBepxHi piBHS 3aJaHOTO CKAJISAPHOTO MOJIS MAlOTh BUTJISI:

66



YactmHa 4

2 2

X 2
—+y—+(Z +1) =C (Czconst).
4 9
Axmo C >0, To moaiMBIIK 0OUIBI YaCTUHU piBHOCTI HA C, 0JICP)KUMO
2 2 2
X z+1
+ y + ( ) =1
4C 9C C
Hanaroun C pi3zHUX J10AaTHUX JIMCHUX 3HAYEHB, OJIEPKUMO CIM 10 EJIITICOIIIB 3

nentpom y Touni (0;0;-1) 3 miocsimu a=+/4C =2C,, b=+/9C =3C,, c=+/C =C,
(C,>0).

Skmo C =0, oxepxyemo touky (0;0;—1). IIpu C <0 3amaHa cKaspHE mOJe

U(X,Y,z) ne icuye.

4.2. NoxigHa 3a HANPAMOM

Hexait 3amano ckamspae mone U (M )=U (x,y,z). Yactuusi noxiai Bupaxa-

I0Th MIBUAKICTh 3MIHM TOJIsl B HaNpsMax BIAMOBIAHUX ocel koopauHaT. Hanmpukian,

icHye mBuakicTs 3MiHM o U (X, Y,Z) y Hanpsamy oci OX : U'.Ilependavaerses, 1110
y y pAaMy o 11ep

TOYKA PYXA€ThCS TUIBKU TI0 MPSMIi, 10 mapajnenbHa i oci. Tum gacom y 6aratbox
(13MYHUX TUTAHHSIX BUHUKAE THTEPEC 0 MIBUIKICTh 3MIHU MOJIS 1 Y THIIMX HampsiMax.

Beenemo monsATTs moxigHoi dyHkIii U (X, y,Z) B Oyab-SKOMY 3aJaHOMY Ha-
npsmy. PosrisHemo ckamsiphe nosne U =U (X, Y, Z) B neskiit o6nacti D. Bissmemo
noBinbHy Touky Mg (Xo; Yo ZO) B 1iif 00J1acTi 1 JOBUIBHUI POMIHG |, 110 TPOXOAUTH

yepes 110 TouKy (puc. 4.1).

Pucynok 4.1
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Bisbmemo Touky M(X;y;z)eD mna mpomini |. BBememo mo3HaueHHS:

AU =U(M)-U(M,) i Al :|I\/|0|\/I|. 3a 03HaYECHHAM Iim& Ha3UBA€ETHCA NOXIO-

Al—>0 A

| U (M,)

HotO ckansapuozo noas U (M) 3a nHanpsimom | 1 TTO3HAYAETHCS CHMBOJIOM —————
ouU
abo —

ol ,
i . . oU ou ou .
YacTuHHI TTOXiaHI e 8y’ 3 MOXKHA PO3TJIAAaTH SK TOXIigHI (YHKITT
X Z

U=U (X, Y, Z) 3a HaMpsIMOM OCEU KOOpAUHAT.

Hexaii npominb | yTBOproe kytu @, f3, ¥ 3 ocsimu koopaunat OX, OY, OZ Bin-

1oBiIHO. OYEBHUIHO, 110 ICHYE OAMHUYHUN BEKTOP 1°= (COSa; COSs f3; cos ]/) , AKU 301-

oY

/ Teopema. Hexaii ¢pynxkyia U =U (x, ¥, z) Ma€ HenepepeHi YaCMuHHi no-

ra€ToCs 3a HAIIPSAMOM 3 IIPOMCHEM l.

XIOHI nepuioco nopsaoky 6 mouyi M, (xo; yo;zo). Too0i, 6 yiu mouyi cxkansipHe
nonelU =U (x, Vv, z) Mae noxiony 6 6yov-axomy nanpsami I, i

ou| U

oU
—]| =— -cosa+—
ol |y, ox

My

- COS 7. (4.1)
° J

[ToxinHa 3a HampsMOM XapaKTepu3ye€ HIBUAKICTb 3MIHU CKaJsPHOTO MOJS

-cosﬂ+a—U
4

M,

o

U(M) B touni M, B Hanpsimy |. SIkio moxijgHa ckajisipHOro mojis 3a HampsamoMm |

A0JaTHa, TO GYHKIIS B IbOMY HalpsAMy 30UTbLIY€THCS, 1 3SMEHIIY€EThCS, SIKIIO MOX1aHa
B1JI’€MHA.
Sxmo none U (M) mnacke, To moxinHa 3a HanpsimoM | po3paxoByeTscs 3a ¢o-

PMYJIOHO:

au
ol

U

U
=— ‘COSa +——
M, ax

-sin «, (4.2)

My

My

1€ a — KyT, yTBopeHui HanpsimoM | 3 nonataum HanpsimoM oci OX,
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4 UM h

3aysarcenns 2. BinzHaunmo, 1o moxiaHa € (DYHKITIEIO HE TUTHKA

Touku M, ajneiHanpsamy /, ToOTO, MOKe 0OUMCITIOBATUCS B OJTHIH 1 TiH %Ke TOYIT,

/

ajie B pi3HUX HaIpsMax, 1 MaTH MPH LIbOMY, B3arajii KaXydH, pi3Hi 3HAYCHHS.

(&

Ipukaan 4.6. 3HaliTH MOXIIHY CKAJISPHOTO MO
U(xy,2)=x*-3y* +5xz-10
y Touui M(L;3; —2) 3a HaIpsIMOM BekTopa | = (-1-2;2).

Pos6 ’sz3anns. [1oXigHy CKaJIIPHOTO MOJIA 3a 3aJJaHKM HarpsimMoM | 3Haiiiemo 3a
dopmyoro (4.1).

3HaiaeMo yacTuHHI moxiaHi Gynkiii U (X, Y, z) :
8_U:( 2 —3y2 +5xz—10) =2x+5z,
OX X
v = (X2 ~3y? +5x2-10) =-3-2y=-6y,
y

N (2 52 )
= —(X 3y° +5xz 10)2—5x.

3HaueHHS NOXIAHMX Yy Toull M !

oU (My) _ _
T_(2x+5z)\MO =2-1+5-(-2)=-8,

Monynb BekTopa I m = \/(—1)2 + (—2)2 +22=49=3.

. . 1
Horo HanpsiMH1 KOCUHYCH: COS = 3 Cos f = —3 CoSy = 3

Toni moxijHa 3a]aHOT0 CKANISIPHOTO 1oJIst B To4Mi My 3a HanpsiMoM BekTopa | :
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ol 3 333333

BI/IXOI[H‘{I/I 3 OTPUMAHOI'0 PE3yJabTaTy, MOKHA TAKOX 3p06I/ITI/I BHUCHOBOK, IIO

oU (M
( 0):_ ,(_lj_lg.( 2] 5E:§ 36 E >4 =18.

ckaisipHe noJie U (X, Y, Z) 3pocTae B Hanpsimi BekTopa | .

IMpuxnan 4.7. 3HaiiTH MOXITHY CKAIIPHOTO TMOJIS
U (x,y,z):SIn(x2 —y2)+§/_—2
y Touni A(—3;2;1) 3a HampsIMOM Bi Lii€i TOUKH 10 TOYKH B(—3; -1,5).
Po36 s3anns. BusHaaumo Hanpsm: AB = (—3 +3,-1-2,5-1)=(0;-3; 4). [Toxi-

JIHY 3aJIaHOTO CKaJIIPHOTO MOJIs 3a HanpsiMoM AB 3Haitaemo 3a popmysoro (4.1).

3Haiinemo JacTuHHI noxixai dyskiii U (X, Y,z):

U;:(sln(xz—y2)+§/_—2)' Y TR S OO P

u;:(sln(xz—y2)+%—2)'y:3. 21 s-(~2y)+0=— 26y >,

U;=(3In(x2—y2)+3/_—2)l :O+£z_§—0: L

7 3 33/,2 '
3HaYeHHS YaCTUHHUX MOXITHUX Y TOYIII A(—3; 2;1) :
, 6x 6-(-3 18
Ux(A):[Xz_ 2j :(f)z: T
Yl (_3) -2 5

6-2 12 1

1
- 2% _ 2 yl(A)= _
. (3Y-22 5 (#) 3%/, 3J17 3

OCKUIBKH ‘ﬂ?‘ = \/ 0% + (—3)2 +4° = \/g =5, TO MaeMO HanpsIMHI KOCUHYCH Be-

0y (8- -2

X" =y

kTopa AB:

0 3 4
cosa=—=0,cosff=——, COSy =—.
5 p=rg csr=g

Toni moxigHa 3a1aHOTO CKAJSIPHOTO ITOJISI 32 HANpsiMOM BekTopa | = AB :

u g.o_g( 3) 14_36 4 _108+20 128
al, 5 5

5

35 25 15 75 75
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3 ofepKaHOTO Pe3yJIbTaTy MOKHA 3pOOUTH BUCHOBOK, 110 (pyHKIis U (X, Y, z)

3pocTa€ B HampsiMi BekTopa AB.

IMpukaan 4.8. 3HaiiTu noxiAHy ckaispHoro moss U (X, Y, Z) =

X2+ y?
2 ™

i M, (2; 0;1) 3a HaMPSIMOM, SIKUH YTBOPIOE 3 KoopAuHATHUME ocsimu OX 1 OY, Bin-

noBiHO, KyTH o =45°, f=60° a3 Biccro OZ — Tymmii KyT 7.

Po3zs’sizanuns. TloxigHy 3alaHOTO CKAJISIPHOTO MOJIA 3HaiaeMo 3a GopMyJioro

(4.1). BHaiinemo gactunHi noxinai gyskuii U (X,y,z):

!

U | X S Sy O - S
* z? ) VAN /X2+y2 Y x 9,2 /x2+y2 72 x2+y2 !
S GG N SR SRS S

y

u;:[

3Ha4yeHHs NOXIAHUX y Toull M, (2; 0;1) :

Z2

J’ (2= A

Z3

X 2 2

U' M e — ===,
(M) 2+ N2 0?2

, Y 0

U’ (M,)= = =0,
/(Mo) 22\/X2+y2M 124/22 4+ 0°

, 24 X% + y° 2/2% +0°
UZ(MO):_ 3 Y = =—4.

z
MO

13

Jlist Toro 1mo6 3HANUTH HANPSIMHUN COS ¥, CKOPUCTAEMOCH OCHOBHOIO TOTO>KHI-

CTIO, IO TIOB’sI3y€ HAPSAMHi KOCUHYCH: COS” r

N

Tomi, ko CoSa =Cc0s45° =——, cos S
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2 2
COSyzi\/l—COSZa—COSZ,B:J_r 1—[%) —(%j =i,f1—%—%=i\/%:i%.

OCKIJIBKH 3 YMOBH 3a/1a4i BiZIOMO, II0 KYT ¥ — Tymuii, To6To ¥ >90°, To ioro
b 9

) . 1
KOCHUHYC BiJ’€MHUH. A OT)KE, BUXOJIUTh, 1110 COSy = —E.

Tonai moxigHa 3a1aHOTO CKAISIPHOTO TOJIS 32 33IaHUM HaIpSIMOM

aU(MO):l-\/5+O~£—4-[ 1j:£+2.
ol 2 2 2

2

4.3. [paAjeHT CKaNApHOro nona

/

O3nauennsn. Ipadicnmom cxanspnoeo nons U (M ) =U (x, y,z) Ha3MBa-

€TbCS BCKTOP

gradU (M )= aUa(xM) [+ aUéyM) J+ aUa(ZM) k. (4.3)
& v

besnocepennbo 3 03HAUCHHS BUILIMBAE, IO 2padienm 8 oaniu mouyi M cnpsi-

MOBAHULL NO HOPMAL 00 NOBEPXHI PIBHS PO32NAHYMO20 CKANAPHO20 MO, WO NPOXO-
Oumu uepes Yo MmouKy.

S0 ckansapue none niacke, mo 2padieHm 8 yitl Moyyi CNPAMOBAHUL, 8i0NO-
8IOHO, NO HOPMATL 00 JiHII PIBHS NOJIA, WO NPOXOOUMb Uepe3 Yo MOUKY.

3 ypaxyBaHHSIM TOTO, IIO I'° =cosai +cos B] +cos )/IZ ,  OTPUMYEMO
oU (M) =0 . =
— =gradU (M ) | °, To6TO moxiaHa ckassipHOro mojst U (M ) BHanpsimy | 10-

PIBHIOE CKaJIIpPHOMY NOOYTKY BekTopiB gradU ( M ) il

3BiJICH BUIUIMBAIOTh HACTYTIHI 1acmueocmi 2padicHma i nOXiOHoi 6 Hanpamy.
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-

HIO€ NpoeKYii epadienma nous Ha yeti Hanpsm.
oU (M)

o

Baacrusictb 1. /loxiona ckanaproco nona U (M ) 8 Hanpsamy [ oopie-

= gradU(M)-TO = ‘gradU(M)”fO|cosgg:

= ‘gradU(M)|cosqo =1Ilp, gradU (M),

Qe @ — Kym mige eekmopamu gradU (M ) il /

BaactuBictb 2. Iloxiona y nanpsamy ue 3anexicums 8i0 ubopy kpusoi L,

SIKa Npo8edena 8 YbOMy HaANpsM).

/ BaactuBicts 3. Axkuo nanpsam eexkmopa | 36icacmvcs 3 Hanpsamom 687('-\

mopa gradU (M ), mo Kym ¢ O0OpIBHIOE HYI0, COS(P =1, a NoXIOHa CKANAPHO20
noJis 8 YboMy Hanpamy, oouuciena 6 mouyi M, nputivae Haiibinbule 3HaAYeHHS,
sIKe 00pIiBHIOE |gradU (M )| Tomy,

y :|gradU(M0)|=\/(aU(Mo)]2+(6U(MO)J2+(MT.

max —
Ox oy oz

/
N

BaacruBictb 4. Axwo nanpsam eekmopa [ nepneHOUKYIAPHUL HANPSIMY
oU (M)

-
a

sexmopa gradU (M), mo g0=%, cos@ =0 i mooi =0.

Iloxiona cxanapuoco nons, wo obuuciena 6 mouyi M y 6cix iHwux Ha-

NPAMAx, NPULLMAE HEeHYIbOBI 3HAYEHHS, AKI He NepesuIyioms 3a abCoIOMHON0

/

Baacrtusicrb 5. Bekmop gradU (M ) 8KA3YE HANPAM HAUOLIbUW UBUOKO2O

BENUYUHOIO |gradU (M )|

(&

spocmanns ckansprozo noas U (M).
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Braacmueocmi epadieuma CKAIAPHO20 NONA

Ocb Oesiki nacmueocmi epadieHma CKaIspHo20 NoJsl.

/ Hexaii U(x, y,z),V(x, y, z) ougepenyiiiosani gyrxyii, mooi: \
1) grad (U +V)=grad U +grad V' ;

2) grad (CU)=C grad U ;

3) grad (UV) =V grad U +U grad V' ;

2 grad(%] _V grad UV_zU grad V (7 20):

K 5) grad f(U)= f"(U)grad U . /

o o 10 o
Ipuknanx 4.9. 3uaiiT oAMHUYHUIE BekTOp | ~ HampsMy HaHIIBUALIOrO 3pocC-

TaHHs cKanspHoro momst U (X, Y,Z) =Xy + Xz + yz B Touri M (4;2;-3).

Posé’a3anns. SIk 3a3Ha4€HO y g1acmueocmi S, HAIPSIMOM HAUIIIBUIIIOTO 3pOC-

TaHHs ckanspHoro nosst U (M) e nanpsm Bektopy gradU (M ):

_U(M); AU(M). (M),

dU (M
gradu (M) oX oy oz

-

=(y+2)i +(x+2) ] +(x+y)k.
Toni gradU (M O) =i+ ]+ 6K, 3BiaCH 3HAXOZMMO OIMHMYHHI BEKTOp Ha-
psIMy HalOLITBII MIBUAKOTO 3POCTAHHS CKAISIPHOTO TOJIS:

co gradU(M,) 1 1 . 1

_‘gradU(Mo)‘:\/@(_i+j+6k):_\/ﬁl+\/@

]+6IZ
J38

I, kpiM TOTO, 3T1JIHO 3 g1acmugicmio 3,

%IM) =|gradu (M, )| =/38.
Mo

1T+1T+6IZ.

V38 38 38
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Mpuxnag 4.10. 3HaiiTH TpagieHT 1 BENWYHHY TPATIEHTA CKAISAPHOTO TOJS
U(x,y, Z) = xz° (v —5x)3 y Touui M, (0;-12).

Po36’sa3anna. I'paiieHT 3a]aHOTO CKAJIIPHOTO OIS Oy/1eMo IIyKaTu 3a popmy-
nomo (4.3).

Yactunni noxigHi yHkuii U (X, Y, Z) :

D (-0, (o050 (050 -

o x
=22 (y-5x)" +22*-3(y~5x)"-(-5) =2 (y~5v)"-(y -5 ~15x)=

:ZZ-(y—Sx)z-(y—ZOx),

a—Uz(XZZ(y—Sx)3)’ = xz° -?:(y—5x)2 =3xz° -(y—5x)2,
oy y
(Z—L;:(Xzz(y—Sxf)’ :x-Zz-(y—Sx)3:2xz-(y—5x)3.

OOuMCIUMO 3HAYEHHS MOX1IHUX y Toull M, (O; -1 2) :

L) (22 (350 (3-200)| | =2 (-1-50)" (-1-20-0)=4,
U (o (1), <502 (-4-50) -0
SR

Toxi rpagieHT 3a4aHOTO CKAIIPHOTO MOJIs B TOULI M, Ma€ BUIIISIAL

gradU (x,y,z) =(-4;0;0),

a 110ro BEJINYMHA; ‘gradU (x,Y, Z)‘ = \/(—4)2 +0°+0° =4,

Vx 3y
2

—_—— yTO_

Mpuxkag 4.11. 3uaittn noxigHy ckamsproro momst U (X,Y,z) =
y Zz

ari M (1;2;4) 3a HanpsIMOM $0r0 HaHGIMBIIOTO 3pOCTAHHSL.
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Po36’a3anns. Hanpsmom HalO1IBIIOTO 3pOCTaHHS CKAISPHOTO TIOJIS, 33aHOTO

¢ynkmiero U (x,y,z), € HampsiM HOro TpajieHTy. 3HAU€HHS MOXIJAHOI CKaJIAPHOTO
MOJISl 332 HAMpsIMOM ii TpajiieHTa MTOPIBHIOE MOIYJIO IIhOTO rpamieHTa. OTke, 3a1ada
3BOAMTHCS 1O 3HAXO/HKCHHS BEIUYMHU (MOIYJsI) TPai€HTa 33JaHOTO CKaJSPHOTO
o U (X, Y, Z) y BiANoBiaHIN TouLi M.

I'pagient ckamspHoro momst U (X,y,z) y Toumi M, s3Haiinemo 3a dopmy-

no10 (4.3). Yactunui noxigui yukmii U (X, Y, Z):

8U_\/;_3y,_i.1_ 1
ox (¥ Nz) ¥ 2dx 2p8x

U _(VX 3 _ gy 3 2 3
e R e

U (X 3y)
oz \ Y Vi),

OOuMCcIUMO 3HA4YEHHS MOX1IHUX y Toull M, (1; 2; 4) :

8U(M0): 1 _ 1 1
X 2y*\x|, 2:2°1 8
6U(MO):_2\/§_ 3 __\/__i__l_§:_z
oy ooz, 2 4 2 4
U(M,) 3y | _ 32 _3
oz o4 8’

I'pamieHT 3agaHoro ckamspHoro moJist: gradU (M 0) = (% , —Eigj .

[ToxigHa 3aJaHOTO CKAJSIPHOTO TOJIS 332 HAMPSIMOM HOTO HAHOIIBIIOro 3poc-

GG

1 49 9 (206 Jzoa
64 16 64 V64 8

TaHHA
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4.4. MeToq, rpafiEHTHOrO CNYCKY

Ski1o 3a1ady NOMIyKy JOKaJbHOTO MiHIMyMY (MakCcUMyMy) (DYHKIIIT TEKIJIbKOX
3MIHHUX HEMOJIMBO BUPIIITUTH B YIBHOMY BUTJISI/II, TO Y TAKOMY BHITAJIKy 3aCTOCOBY-
I0Th YUCEJIbHI METOJU — Memody cnycky abo migiomy. ICHYIOTh mMemoou onmumans-
HO20 NOKOOPOUHAMHO20 CNYCK) Ta Memoo HAUWBUOUO20 (2PAOIEHMHO20) CHYCKY.

OcHOBHa 1ies1 METOJTy TPaJIEHTHOTO CITYCKY MOJISITAE B TOMY, 11100 Ha KOKHOMY

KPOIIi YUCETHHOTO AITOPUTMY WTH B HAIMPSIMKY HAWIIBUIAIIOTO CITYCKY, 1 W Hamps-
MOK 3a71a€ThCS AHMUSPAOIEHMOM.
I'padienmnuti cnyck — 11e ITepalliiiHA aITOPUTM ONITUMI3allli IEPIIOTO MOPSIAKY

(Onrtumizamis (matemarrka) — Bikinesis (wikipedia.org)), B sKoMy 1151 3HAXOKEHHS

JIOKAJIbHOTO MIHIMYMY (DYHKIIIT 311MCHIOIOTBCS KPOKH, IPOTIOPUINHI #pOmMULEHCHOMY
3HauenHo TpaAieHTy (QYHKIII B HOTOYHIN TOYII.

SKI10 HATOMICTB 3/IIACHIOIOTHCS KPOKU IPOIOPILIIHO camomy 3HAUEHHIO Tpai-
€HTA, TO BIIOYBAETHCS HAOIMKEHHS JIO0 JIOKAIBHOTO MaKCUMyMY Ii€i (yHKIIT; 1 11
MpoIIeAypa TO1 BiJIOMA K 2padieHmHULL NIOUOM.

3Haiiti Touky MiHiMymy dyHkuii U = f (X, X,,...,X,) MOXKHA TaKOXK IUIIXOM

3BEJICHHSI 0araTOBMMIPHOI 3a/1a4ul ONTUMI3aIlil 10 MOCIIiIOBHOCTI OJJTHOBUMIPHHUX 3a]1a4
Ha KO>KHOMY Kpolil onTuMizarlii. Takuil cnocid Ha3uBaEThCS MemoO0oM HOKOOPOUHAM -
HO20 CHYCKY.

Pi3Huts nossirae B ToMy, 1110 Y METO/I1 TPAJIEHTHOTO CITyCKY HAMPSIMOK ONTHMI-
3aI1ii BU3HAYAETHCS IPAIIEHTOM LUTHOBOT (PYHKIIIT, TOA1 SIK Y METO/11 TOKOOPAMHATHOTO
CITyCKY TIPOBOJUTHCS CIYCK HAa KOKHOMY KPOIIi B3JIOBXK OJTHOTO 3 KOOPJAWHATHUX Ha-

psIMIB.

IMpukaan 4.12. Po3risHeMo 3aCTOCYBaHHS METOIY TPaJIIEHTHOTO CITYCKY JI0 TI0-
. (1 1
IIYKY JIOKaJIBHOTO eKCTpeMyMy QyHKIIIT Z =SIn (E — 7 yo + 3) : COS(ZX +1-¢’ )

Kpoxu HabmmxeHHs 10 eKCTpeMyMy (QyHKIIi Oy yTh BUTJISAATH TaK, K MOKa-

3aHO Ha puc. 4.2 (https://uk.wikipedia.org/wiki/I'pajiieHTHUI_CITyCK).
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YactmHa 4

3aBAaHHA ANA CaMOCTiMHOI poboTH
PiBeHb 1

1. 3uaiitu ninii pisas ckansproro ot U (X, y) =X —4y.

2. 3HaliTH MOBEPXH1 PiBHS cKassgspHOTO NoJist U (X, Y, Z) =X +y*+7°.

3. Bmaiitn moxinHy ckamsipuoro momst U(X,y,z)=z-In(X+y) B Touui
M, (—1; 2;1) 3a HAIPsIMOM I =2i —3K.

4. 3HaiiTy BenuduHy i Hanpsm rpagienta ckansapuoro nomst U (X, Y)=+/X* + Y
B TOUlll M, (5;12).

5. 3Haiftu noxiaxy ckamsproro momst U (X,Y,2) = X" +4yz 3a HanpsMoMm rpazi-

enra B Touni M, (0;1,-1).

PiBeHb 2

6. 3uaiitu ninii pins ckamsproro moms U (X,y) =X +4y’ —2x+16y.

7. 3uaiitn nosepxHi pisus ckansproro nons U (X, Y,z)=X* +4y* +9z°.

8. 3HaiiTh moximaHy ckamsipHoro mojs U (X, Y, Z) = (X +y+ Z)2 —4y B Toum
M, (2; -1 O) 3a HampsIMOM 3 I1i€1 TOUKY JI0 TTOYaTKy KOOpJIUHAT.

9. 3HaiiTh BeNWMYMHY 1 HampsM  TpaJi€eHTa  CKaJsIpHOTO  TOJs
U(x,y,z)= z(x2 — yz) B Touni M,(—-2;1-1).

10. 3Haiitn noxigxy ckamspaoro moust U (X,y,z)= x> +y*+2° —2xyz 3a Ha-

npsiMoM rpasienta B rouni M, (0;1;2).
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YactnHa 4
Bignosiai

1. Cim’s mapaGon x°=4(y+C) 3 Bepumnamu nHa oci OY. 2. CiM’st cdep
X% + y2 +22=C%3 1eHTpamu y nouarky koopaunat; R=C,C > 0. fkmo C =0, ma-

€EMO TOYKY — TII0YaTOK KOOpAWHAT. 3. —i. 4, gradU(Mo):(s-lzJ ,

J13 13’13
|gradU (M0)| —1.5. 4J2. 6. Cim’s eninciB 3 nentpoM B touni O,(1,—-2) i miBocsmu

a=~C+17,b= ‘C;]'?, gkmo C >-17,1Touka 01(1;—2),51KH_IO C=-17. 7.Cin’ga

EJITICOIIB 3 LIECHTPOM B TOYII1 01(0;0;0) 1 MBOCSIMHU a = \/E b= \/g ,C= \/g , SIKIIIO

C>0, i touka 0O,(0;0;0), sixkmo C=0. 8. - 9. gradU(M,)=(4,-16),

6
N
lgradu (M) =+/53. 10. 6.

(. Ilepetitu no mouatky Yactunu 4 i
( [lepetitu 1o 3micty D
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