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Abstract 
The paper deals with the development of a new approach for high-cycle fatigue lifetime prediction, 
which is made in the stochastic framework and allows to take into account the natural degradation of 
the material properties. Mathematical expectation, correlation function and variance of the continuum 
damage function have been obtained. 
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Introduction 

The reliability analysis for the most of engineering structures is performed on the basis of static 
and dynamic stress-strain states that are realized in the nominal operating conditions. Strength safety 
factors which are commonly applied when designing also provide a high level of reliability of the 
mechanical engineering systems on these operating regimes. In this regard, the life-time of such 
systems is determined by their work not on the nominal but on dangerous regimes, i.e. stress peaks 
and outbreaks at the start and stop of their usage or during any other harsh changes in operating 
conditions. Naturally, the life-time depends on the transient states rate which is determined by the 
usage conditions, and therefore can be changed during the operation so that frequency of loading is a 
random value for these systems. 

Due to the relatively low incidence of the transient regimes and taking into account availability 
of strength safety factors, the lifetime of such engineering designs becomes comparable with the 
period of initiation of natural degradation processes in materials, i.e. aging. Degradation influences 
mechanical properties and especially strength characteristics of material because of irreversible 
microstructural changes as well as physical and chemical changes in materials. The study of these 
processes is performed experimentally. The information on the changes of characteristics is very 
limited, and the data obtained differs considerably. This determines the necessity for probabilistic 
approaches when modeling degradation of the mechanical properties of materials. 

Thus, the actual problem is to develop models and approaches towards the reliability analysis 
and predicting the life-time of engineering design in the stochastic framework taking into account 
material degradation and the random time variation of the load frequency. 

1. A problem statement 

This paper deals with the life-time prediction of engineering designs under high-cycle fatigue. 
The life-time is determined by the non-localized damage accumulation rate. For this class of problems 
the hypothesis that the linear (Miner’s) accumulation of fatigue resulting from stress cycling with a 
fixed level of amplitude and random frequency is introduced. Degradation of properties has been 
modeled as a process of the reduction of fatigue (endurance) limit in time. 
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Kinetics of damage accumulation is introduced in the framework of effective stress concept and 
could be described by the following equation [1]: 
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where D(t) is a damage function, ω(t) is a variable in time frequency of the loading, N0 is the base 
number of cycles before failure, m is the Wöhler (S-N) curve parameter (in the paper m = 4), σa is an 
amplitude of stress cycle, σe(t) is the fatigue (endurance) limit, t is a time. In the paper, we assume 
that ω(t) and σ-1(t) are statistically independent random functions of time.  

 
2. Characteristics of loading 

This paper deals with the designs which are under the influence of cyclic loads with a fixed 
level of deterministic amplitude and random frequency. Such a situation can be realized in the 
systems for which the most dangerous regimes of operation are well-known and studied, but there is 
uncertainty as to the occurrence of these regimes. For example, these are the regimes of start, stop, 
etc. 

We assume that the frequency of these regimes is a stationary random process, i.e., probabilistic 
characteristics of the process are independent of the starting time. Probabilistic characteristics of the 
process should be determined on the basis of the statistics of the operation of the design or its 
prototype. Expectation, variance, and correlation function of frequency can be known. Determination 
of the valid characteristics of the frequency requires a large number of statistical data, which often 
leads to considerable difficulties. Therefore, in practice it makes sense to postulate a priori a form of 
the correlation function, and to only define its parameters. 

In this paper, approximation by the exponential law is used [2]. The parameters of 
approximation are variance (σω

2) and intensity (λω) of the appearance of dangerous regimes 
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The intensity parameter is determined on the basis of correlation time, i.e. the period of time 

necessary for the expected statistical influence of frequency of a dangerous regime within time t1 on 
the frequency of this mode within time t2 to vanish. The correlation time can be found on the basis of 
the operation conditions and also can be calculated using the following equation [3]: 
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The intensity of the frequency of occurrence of the dangerous regime is defined as λω=1/τω 

taking into consideration the accepted form of the correlation function and a priori determined 
correlation time for the frequency of occurrence of  dangerous regimes.  

The intensity was assumed to be equal to 1 for the computation of test examples in this paper. 
Such assumption does not reduce the generality of the results due to the arbitrariness of the time scale. 

 
3. Modeling the degradation as a gradual reduction fatigue limit in time 

There are papers dealing with the experimental study of the natural aging processes of different 
materials [3-7]. 

The most detailed studies of the degradation processes are carried out in in elastomers, due to 
the relatively short time of  noticeable changing of their mechanical and strength properties. For 
example, in [3,4], the results are represented for the rubber-like material used in the tire industry. In 
this case, it was found out that the natural aging of rubber during the 4 years leads to a decrease in its 
static and fatigue strength in more than 3 times. In [3] a hyperbolic dependence of the strength, 
decreasing was observed and described. 
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The works [5-8] deal with the study of aging of metals and alloys. In this case, it is determined 
that the natural aging of the metal has little effect on its static strength and elastic characteristics, but 
significantly changes the long-term strength (resistance to fatigue). Thus, in [5] for 45 steel it was 
found out that natural aging of the material for 50 years results in a change of static strength 
properties only within 5%, but reduces the fatigue limit by 44%. In the article it is argued that the 
fields of dispersion of the experimental data for non-aged and aged specimens do not overlap. A more 
detailed analysis of the samples allowed the authors to identify the fundamental structural changes in 
the processes of nucleation of fatigue micro- and macro- cracks in the material. Similar results were 
obtained in [6] for 20 steel – thus, it was determined that the aging during 15 years reduces the fatigue 
limit by 38%. 

Summarizing the data from the literature on the degradation processes in this article we suggest 
the process of reducing the limit of fatigue to be considered as a hyperbolic dependence of the form: 

 

/ 0 / 0t
t

t epee @M
��
��MM ��,

.

*
+
-

)
��

��� *

32

1
1

* ,    (4) 

 
where βi and p – approximation parameters, σe

* – fatigue limit for non-degraded material. 
The approximation parameter p determines the character of the decrease of the fatigue limit. 

The value of parameter p equals to 1 is used for polymer materials and p = 2 relevant for metals. 
Typical curve (p = 2), which describes the degradation of the fatigue limit is shown in Fig. 1. As the 
input data the results presented in [5] are used.  

It should be noted that there is the necessity to consider variations in the values of the fatigue 
limit. Obviously, during the aging process of the material this uncertainty persists or even increases. 
Therefore, we assume that the fatigue limit is the product of the normalized to a unit function φ(t) and 
the values of the fatigue limit at the initial time is a random variable, which (as recommended in 
[9,10]) follows the log-normal probability density function: 
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where s and μ are distribution parameters, which are determined from the values of mean and variance 
(or coefficient of variation) of the fatigue limit. 
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The notation <...>  for mathematical expectation operator and Var[...] for the operator of the 

variance are introduced in the formulas (7); *
e

V
M

is a variation factor. 

Thus, the variation of the fatigue limit is a random non-stationary process. Its one-dimensional 
probability density function could be obtained from the linear transformation of the random variable 
σ*

e (5) and has the form: 
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Figure 2 graphically shows the one-dimensional probability density function of the random 

process of the decreasing in time of the fatigue limit. Graphs are built for the approximation with 
p = 2. 

It is useful to normalize the fatigue limit by its mean value. Let us introduce a change of 
variables: 
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where χ is a random variable that obeys the log-normal distribution, and has a unity mean value and 
variance equal to the variation factor of the fatigue limit in non-aged state 

 

 
Figure 1. Approximations of the decreasing of fatigue limit due to natural aging 

(approximation is built for 45 steel according to data given in [5]) 
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Figure 2. One dimensional probability density of the random process of the limit of fatigue 

strength falling over time as a result of degradation of the material 
 

4. Probability characteristics of the process damage accumulation 

The process of damage accumulation is described by the equation (1). It is a nonlinear 
differential equation due to the power dependence of the damage parameter and presence of the 
variable in time function of material degradation @(t). The equation (1) can be represented in 
quadrature  
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It is useful to simplify (11) substituting the variables which leads to the reduction to a linear 

relation. Let U(t) be a new function which equals to: 
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Under the notations (9) and (12) one can obtain: 
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The mean value of the function U(t) is easily found by the averaging procedure taking into 

account the hypothesis of statistical independence of the loading and degradation processes: 
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The correlation function of U(t) which is expressed through the second initial moment is used 

to determine the variance  
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Using the integral representation of the function U(t) (13) and the hypothesis of independence 

of the processes of loading and degradation, one obtains the following expressions: 
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fχ(χ) is the log-normal probability density function with mean and variance, which are 
determined by the expression (10). 

The second initial moment of a random frequency is expressed in terms of its correlation 
function and its squared mean value, which is a constant due to the assumption of stationary of 
processes. 
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The variance of the function U(t) is calculated from its correlation function  
 

/ 04 5 / 0ttttKtUVar U ��� 21 , .    (19) 
 

Due to the additivity of the process of accumulation of the function U(t) it can be assumed that 
it satisfies the conditions of the central limit theorem, starting from a certain period of time. Then the 
probability density function of U(t) has the form of a normal Gaussian distribution with the 
characteristics (14) and (21). 

Using the relationship between the process U(t) and damage (10) the probability density 
function of damage can be written in the form (23) 
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Then the mean and variance of damage can be determined by the equation (24) 
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The spread of damage parameter values can be defined as a confidence interval with a set level 

of the confident probability α: 
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where α = 0,9973 which corresponds to the area under the normal law, obtained by the three sigma 
rule; Sl(t) and Sr(t) – left and right border of the damage spread (confidence interval). 

Reliability function can be found from (27), and the density of the probability of failure is 
determined from (28). The mean and variance of time to failure are determined from (29) and (30). 
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5. Performing test calculations 

Based on the proposed approach to the determination of the probability parameters of fatigue 
damage accumulation with the natural degradation of the material properties was carried out a series 
of test calculations. We assume that at the dangerous modes stress amplitude than the normal value of 
fatigue limit by 2 times, the intensity of the frequency of dangerous regimes λω = 1, and the average 
frequency <ω> = 30. The variation of frequency is 0.5, i.e., standard deviation of the frequency is 1/2 
of its average value. Degradation is modeled according to the data given in [5], i.e., it was thought that 
for 50 years the fatigue decreased by 44%. Random variations in the fatigue limit at a time to be fixed 
with a coefficient of variation of 0.05. The results of the calculations are shown in Figures 3 and 4. 
Predicted life-time parameters are listed in Table. 1  

 
Table 1. Predicted life-time parameters 

subject to degradation without degradation 
<Tr> Var[Tr] VT <Tr> Var[Tr] VT 

732.66 896.79 0.040 3963.97 478611.1 0.175 
 
 

0 200 400 600 800
0.0

0.2

0.4

0.6

0.8

1.0

D
am

ag
e

 0 2000 4000 6000 8000
0.0

0.2

0.4

0.6

0.8

1.0

D
am

ag
e

 
A b 

Figure 3. The accumulation of damage to time with the degradation of (a) and without (b) 
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Figure 4. Reliability function and the probability density of failure: a,c - subject to 
degradation of b, d - without degradation 

 
Conclusions 

In this paper a new approach to predicting life-time under high-cycle fatigue, which is made 
in the stochastic way and allows taking into account the natural degradation of the material properties 
have been proposed. Resolving equations to determine the mathematical expectation and the variance 
of the correlation function of damage accumulation function have been obtained. The proposed 
approach allows for the analysis of reliability and life prediction of structures designed for long 
service life, the accumulation of damage to which only occurs when the realization of dangerous 
regimes, the occurrence of which is random. 
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