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INPOI'HO3YBAHHSA OITUMAJIBHUX PEXKUMIB POBOTU BAI'ATOINAPOBUX HNIBUJKUX ®I-
JIbTPIB 3 KYCKOBO-OJHOPIJTHUMU TIOPUCTUMMU 3ABAHTAKEHHAMMA

3anponoHOBaHO MPOCTOPOBY MaTEeMaTHYHyY MOJEIb JUIS IIPOTHO3YBaHH NPOLECY JOOYHCTKU BOAH BiJ 6araTOKOMIIOHEHTHHX IOMIIIOK y Oararomnia-
POBUX WBHAKUX (QUIBTPaX 3 KYCKOBO-OJHOPIJHUMH MOPUCTHMH 3aBaHTAXXCHHSIMH MPH JOJEp)KaHHI cTanol mBuAKocTi ¢ineTpaunii. OTpuMaHo anro-
PHTM YHCIIOBO-aCUMITOTHYHOTO HAOIIIDKEHHS PO3B’A3Ky BIANOBIMHOI HENiHIMHOI CHHTYIApHO-30ypeHOi KpaioBoi 3amadi. 3amporoHOBaHa MOAEIb
JI03BOJISIE IIUISIXOM IIPOBE/CHHST KOMIT FOTEPHUX EKCIIEPHMMEHTIB OTPUMATH ONTHMAJIbHI BapiaHTH BHKOPHCTaHHS (DUIBTPYBAIBHHX MaTepialiB Ta
301NbLICHHS TPUBAJIOCTI POOOTH (BiIBTPIB 32 paxyHOK BHOOPY iX (GOPMH i BUCOTH IIapiB.

Kiro4oBi ciioBa: MateMaTHYHa MOZEIb, IPOLEC TOOYUCTKU BOAH, 0araTOKOMIIOHEHTHA AOMilIKa, 6araTomapoByil IBUIKU GilbTp.

IpenoxeHo NPOCTPAaHCTBEHHYIO MAaTEMAaTUUECKYIO MOZIENb 71 IIPOTHO3UPOBAHUs POLIECCA JOOYUCTKH BOJIbI OT MHOTOKOMIIOHEHTHBIX IIpUMecei B
MHOTOCIIOMHBIX CKOPBIX (PUIIBTPaxX ¢ KyCOYHO-OJHOPOIHBIMH HOPHCTHIME 3arpy3KaMH IPH COOMIOACHUH MOCTOSIHHOH cKopocTy ¢uisTpanun. [lomy-
YeH alrOpUTM YHCIEHHO-aCHMITOTHYECKOTO TPHOMIDKEHHS PEICHNS COOTBETCTBYIONICH HEIMHEHHONW CHHTYIISIPHO-BO3MYIIEHHON KpaeBoi 3a1aun.
IpennoxeHHass MOZAEIb MO3BOJISICT ITyTEM MPOBEACHHS KOMITBIOTEPHBIX SKCIEPHMEHTOB IOJIY4YUTh ONTHMAJIbHBIC BapPHAHThI MCIIOJIb30BAHHS (DHIIb-
TPYIOIUX MaTepUaIoB U yBEIHICHUS IPOAODKUTEILHOCTH PaOOTH! (HIBTPOB 3a cUeT BEIOOpa UX (JOPMBI U BBICOTHI CIIOEB.

KuioueBble c10Ba: MaTeMaTHYeCKasl MOJIEINb, IIPOLIECC JOOUHCTKH BOJIBI, MHOTOKOMIIOHEHTHas 100aBKa, MHOTOCIIOHHBIN OBICTPBIA (HIIBTP.
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A spatial mathematical model to predict the process of water purification from multi-components impurities in multi-layers rapid filters with piece-
wise-homogeneous porous loadings subject to constant rate filtration, which takes into account the reverse impact of component concentrations of
multi-component impurities, adsorbed on the grains loading, on the active porosity, is proposed. In the model assumed that the convective component
mass of transfer and adsorption prevail over the contribution of the diffusion and desorption. The algorithm for numerically-asymptotic approximation
of the solution of the corresponding nonlinear singular-perturbed boundary problem for the spatial domain, which a having the shape of a curvilinear
parallelepiped, bounded two equipotential surfaces and four surfaces of the flow, separated by some specified of the equipotential surfaces on several
subdomains, is developed. The proposed model allows by conducting computer experiments to obtain optimal use of the filtering materials and the in-
crease in the length work filters due to the choice of their form and height layers.
Keywords: mathematical model, process of water purification, multi-component impurity, multilayer rapid filter.

Beryn. Bynp-sika mpicHa Bosma mepen ii BUKOpH-
CTaHHSM JUIS BOJAOIOCTAYaHHS, 3POIICHHS 3€MEIbHUX
yriib Ta y IHIIMX BUAAX TOCIOJAPCHKOI MisTBHOCTI I10-
Tpebye HonepeaHboi OYMCTKH Bifl 0araTOKOMITOHEHTHUX
JIOMIIIIOK, KOMITOHEHTAMH SIKHX MOXYTh OYyTH: TasH,
MiHepalibHI ¥ OpraHiyHi PEYOBHMHH, IO 3HAXOIITHCS B
PO3YHHEHOMY, KOJIOITHOMY i 3aBHUCJIOMY CTaHaX, a TAKOX
MiIKpOOprafi3Mu. 3HaYHa YaCTHHA TEXHOJIOTIH JOOUYHUCTKHI
BOAM BiJ 0araTOKOMIIOHEHTHHX IOMIIIOK Oa3yeThCs Ha
BUKOPHCTaHHI MBUIKUX (UIBTPIB i3 0OaraTtonrapoBUMH
MOPUCTHMH 3aBaHTaXeHHsIMU [ 1—4]. 3pocraroua BapTicTh
GUIbTpyIOYMX MaTepialiB  BHMarae IpOBEICHHS JIO-
CJIIJKEHB JUIA X O1IBII SIKICHOTO BUKOPHCTaHHSI.

Ananiz Jireparypuux aammx. Jlo 50-x poki
XX cT. OCHOBHUMH (UIBTPYIOYMMH 3EPHUCTHMH 3aBaH-
Ta)KCHHSMH U1l OYMINEHHS BOIM OyJIM KBapIOBi ITiCKH,
sIKI Bak4i 3a BOAy 1 ToHynH B HiH. Li ixai BmactuBocCTi
BH3HAYaJIM THIM ¥ yMoBH pobotn ¢inpTpiB. OcTaHHIM
YacoM Ha JI0Aavy O TPaJHLiHHO BHKOPHCTOBYBaHOTO
KBapIIOBOTO ICKY 3’SBHJIOCS 0araTo HOBHUX MaTepialiB:
KepaM3uT, arJIOTIOPHUT, IIIJTAKOBa IeM3a, TOTOPiJli TOPOo.IH,
BYJIKaHIYHI IITaKkK, 6a3aJbTOBI Ta MApMypOBI IICKH 1 Ta-
Ke iHme. Pi3HOMaHITHI MPUPOIHI BIACTHBOCTI HOBUX (i-
JIBTPYIOUNX 3aBaHTaXEHb (QUIBTPIB BIUIMBAIOTH Ha e(ek-
TUBHICTh iXHBOI POOOTH, PO3MIPH CIOPY[, HNPOTYKTHB-
HicTh 1 T. . Y XXI cT. #ine nouryk HOBUX (DiIBTPYHOUUX
MarepianiB. Y JBOIMIAPOBHX (UIBTpax BHKOPHCTOBYIOTH
YCUISIKI 3epHUCTI iHEPTHI Marepiany, KOMIIOHYIOUHM iXHi
IIapH TaK, MO0 BEPXHil CKIIANABCS 3 OUTBII JISTKUX 1 BEJHU-
KHX 9acTOK. BraeTrbes migiOpaTy HaBIiTH TPUIIAPOBI 3aBaH-
TaXeHHs (HaMpUKIad, KepaMidHa KpUXTa — arjomnophTo-
BHH TICOK — aHTPAINT), SIKi CKIIAIAfOTHCA 13 mapi 1o 0,5 M
1 MaroTh COpOIIIHHY EMHICTh Kpallly, HXK IBOIIApoBi [1].

Mertoauka pociixxenb. Po3poOkol0 TEOpeTHYHHX
OCHOB OYHCTKH PiJJMH BiJl JOMIIIOK HIUIIXOM iX (QUIBTpY-
BaHHS Yepe3 IMOPHUCTI 3aBAHTAKCHHS Ta MONAIBIINM il
BIOCKOHAJICHHSIM 3aliMaJiocsl YMMallo BITYM3HSHHX 1 3a-
pyOiKHHX BueHHX [5—12]. B sikocTi MaTreMaTu4HOi MoJie-
7 mpouecy GiIBTpYBaHHS BOAW Yepe3 MOPHCTI 3aBaHTa-
JKEHHSI OUTBIIICTIO JOCIHIAHUKIB BHUKOPHUCTOBYETHCS MO-
nens JI. M. Minna npu craniii mBuakocti ¢inbrparii abo
nesika ii mMommdikamis (BmockoHaneHa monenb). Y [13]
3alIPONIOHOBAHO IIPOCTOPOBE y3arajbHEHHS MaTeMaTH4-
Hoi moneni JI. M. MiHua, sika € Oinbll eheKTHBHOKO ISt
NPOBEICHHS TEOPETHYHHUX JOCIHi/KEeHb, HAIJICHNX Ha
OINITHMI3aIlil0 MapaMeTpiB Tpolecy GiIbTpyBaHHs (dacy
3aXMCHOI Jii 3aBaHTaXEeHHs, po3MipiB ¢QurbTpa TOWO). Y
[14] BoHa BIOCKOHANIEHA NUIIXOM BBEJEHHS J10JaTKOBOTO
PIBHSIHHSL Ul BH3HAU€HHS 3MIHM aKTUBHOI MOPHCTOCTI
3aBaHT)XXEHHS B3IOBX BHCOTH (LIbTpy. MaTtemaTnuHi
Mmozeni y [13, 14] ommcaHi mpOoCTOPOBHMHU CHHTYJISIPHO-
30ypeHUMH KpaliOBUMH 3a/1auaMH Ul MOJEIBHUX o0Jac-
Tell — KPUBOIIHIMHUX ITapalelemnine1iB, 0OMeXeHUX JBO-
Ma eKBIIOTCHIIaIbHUMHU ITIOBEPXHAMH Ta YOTUPMa MOBeE-
pXHAMHU Tedii. 3arajJbHa METOIMKA 1X PO3B’S3aHHS TIOJISI-

rae y HaCTYHHOMY: MoeTarnHiil Qikcarlii xapakTepucTuk i
CKJIaZIOBUX TPOLIECY Ta CEPENOBHINA; PO3B’I3aHHI 3a/1adi
¢inbTpanii 3 BHUKOPHCTaHHSM MPOCTOPOBHX aHAJIOTIB
KoH(OpMHHX BimoOpakeHb 001aCTi KOMIUIEKCHOTO IOTe-
HIllaxy Ha ¢i3udHy 00nacTh (110 BKIIOYae moOy 0By Tifa-
POIMHAMIYHOI CITKH, MOJS MIBUAKOCTEH, OOYHCIICHHS Be-
JUYWH PI3HUX TEPETOKIB TOIIO); MEepeXodi y PiBHAHHAX
KOHBEKTHBHOI IU(y3il i TpPaHIYHUX Ta MOYaTKOBUX yMO-
Bax BiJ (DI3MYHHUX 3MIHHHX IO KOOPAHWHAT OOJNACTi KOM-
TUIEKCHOTO TIOTEHIlialy, 1[0 3HAYHO CIPOILYE iX 3amuc i
3a0e3reuye MOXKIIMBICTD MPOBENICHHSI aBTOHOMHHUX JI0CITi-
JDKEHb, pO3MapayieIloBaHHS O0YKCICHD, PO3B’sI3aHHI 3a-
Jlad KOHBEKTHBHOI IU(y3ii 3 BUKOPUCTAHHSIM YHCIIOBO-
ACHMITOTHYHHX METO/IIB.

Hine Ta 3amavi mocaimkenns. ChopMmyBatu MaTe-
MaTH4YHY MOJICNIbHY 3a/1auy Ul MPOTHO3YBaHHS MPOLIECY
JOOYHCTKU BOJM BiJ 0araTOKOMIIOHEHTHHUX NOMILIOK Y
OararomapoBux IIBUAKHX  (iAbTpax 3  KYCKOBO-
OJHOPITHUMH TIOPHCTHMH 3aBaHTKEHHSAMHU IIPH IOAEp-
JKaHHI CTayoi MBHIKOCTI (imbTpalii, sKa Ho3BOISIIA O
IUIIXOM TIPOBEJCHHS KOMIT IOTEPHUX EKCIICPUMEHTIB
OTpUMAaTH ONTUMaJIbHI BapiaHTH BUKOPHCTaHHS (LIBTpY-
BaJbHUX MaTepialiB Ta 30UIBIICHHS TPUBAIOCTI POOOTH
¢bUTBTPIB 32 paxyHOK BUOOPY iX ()OPMHU Ta BUCOTH ILapiB.
OTpUMaTH JITOPUTM YHCIOBO-aCHMITOTUYHOTO HaOIIH-
KEHHsI PO3B’SI3KY BIAMOBITHOT HENIHIHHOI CHHTYJSPHO-
30ypeHoi kpaioBoi 3amadi.

HocranoBka 3agaui. 1 obnacti G = G, x(0,0)
(z=(x,y,2z)), G,=ABCDAB,C.D, -
KPUBOJIHIHHUN Tapaenerinea, oOMeKeHUN TIaIKuMHu,
OPTOTOHANEHUMH MDK COOOK B KyTOBHX TOYKax Ta IO

OJIHO3B’ I3HHIA

pebpax, IBOMa  EKBIOTCHIIATEHUMH  IOBEPXHAMHU
ABB. A, ={z: Sfi(x,y,2)=0}, CDD,C, ={z:
fFr(x,y,2)=0} i dYoTMpMa  TIOBEPXHSAMH  Tedil
ADD, A, =1{z: f,(x,y,2)=0}, BCC.B, =1{z:
fixy.2)=0y,  ABCD={z:  fi(x,3.2)=0},

ABCD,={z: f,(x,y,z)=0} Ta po3nuieHUN DeIKUMU

eKBINOTEHIiaJbHUMU ~ HOBepxHamu E F.F, E, ={zZ:

fou(x,y,2)=0} (s= 1,p——1) Ha Jesiki p mimoOsacreit
G, = ABFEAB,F,E,,,

G, =EFF E_ EFFE,,_,

G/ =E,  F, CDE,, F,, CD, (puc.l),

p-1 *p—1
MOJCJIbHY 3a1a4y, OIMMCaHy CUCTEMOIO piBHHHI):

(Szzap_z)a

PO3IIISTHEMO

Vv=x-grad @,divv =0, (1
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(O"C.)' :div(D.-grad C/.)—\?-grade—
Z C+ZaM —a,-C,+p,-U,, ®
(o~Uj)[=—Za;.k~uj.+2a;d..uk+aj~cj—ﬁj.uj,

= k=1

z )(xy, )eG;,s=1,p
=

3a KpallOBUX YMOB:

.
D\ ap,a, = P> (0|CDD*CA =0,

ADD, A, UBCC,B, UABCDUA,B,C,D, 0, 3)

o

— ’

¢ |ABB*A* =¢s Oy
r
c,

MMOYaTKOBUX YMOB:

con,c, — 0,

ADD, 4, UBCC,B, UABCDUA,B,C.D, — 0 (] =lm), (4)

Cj|t:O =cj, U,~|¢:o =u‘? (j=1m), 0'|t:0 =0, (5)

1 yMOB y3TrOMXKEHOCTi Ha MmoBepxHsx posainy E F.F, E,
(s=Lp-1):

¢ |E,;F,;F”EH =0, Frg, = P
’

K, @5 |E‘F\F,HE*,\, =K, P E,F,F, E.,, (s=1Lp-1),

j|Eij\.F*“E“‘ - ."|E\.F\.F*XE*ls+ ’

Uilerre, =Yleree., > (©)
D, "C"‘_VX'C"EFFE =D, C/’n_ v, C"EJ*]I'LAE.M 4
[ Z C +U ] E FF, E,, [ C +U ] ‘E‘F\F,‘E,,H

j=1 '

(s= s J= (7
ne p=¢(x,y,z) i v=v(v,,v,,v.) — BINIOBIHO NOTEeH-
mian i BekTOop IBMAKOCTI (inbrpamii, @, <@<¢@’,
0 _ * * * * ko *

<¢*_¢*0<¢*1<¢*2<"‘<¢*p71<¢*p_¢ <CX)’

|17|=\/vf(x,y,z)+v§(x,y,z)+vf(x,y,z)>O, K — Koe-
K:{ K,, (xy, )eG;,s=G},
k., >0 (s :G), 7i — 30BHIIIHS HOpPMaJb IO BiAIOBiMI-
C,=C(x,y,2,t) 1 U, =U,/(x,y,z,t) —

BIAMOBITHO KOHLEHTpALil j -TOi KOMIIOHEHTH OaraToko-

¢imiert  digpTparmii,

HOi TIOBEpXHi;

MIIOHEHTHOT IOMIIIKK y (inpTpaliiiniii Tedii 1 ocani, ai-
copboBaHOMY Ha 3epHax 3aBaHTAKEHHS;
o =0(x,y,z,t) — aKTHBHA IOPHCTICTh 3aBAHTAKCHHS,

D; — Bnacuuii xoedinieHT nudysii j -TOI KOMIIOHEHTH

0araTOKOMITOHEHTHOI IOMIIIKK y (imbTpamiiHif Tedii,
N
D,={Ds’j,(x,y,z)er,s:1,p}, D, =¢d,,

J
d,; >0 (s=1p), a;, i a;, — xoedinienru, mo xapax-

TEpU3YIOTh IIBUJIKICTh MPOTIKaHHS MacOOOMIHHHX IpO-

IECiB MK j -TOFO 1 k -TOFO KOMIIOHCHTaMH 0araToKOM-
TIOHEHTHOI JIOMIIIKH BiATIOBINHO Yy QinmbTpamiiiniil Teuii i
ocami, aacopOOBaHOMY Ha 3€pHaxX 3aBaHTAXKEHHS,

2) —
aj,k:{as,j,k’(x’yaz)eG;’ (S:Lp},

. - Ay J <>k,
R N R

a;,k:{amka(x Y.z )GG;SZG},

. e-a; ., j<>k,

ik = ' a; i f; — koedilieHTH, 1o Xa-
0, J=k,

PaKTepHU3yI0Th 00CSTH ajncopOoBaHOi 1 AecopOoBaHOI 3a
OJUMHHIIIO YacCy j -TOi KOMIIOHEHTH GaraToxomriohenTHOI

a; = {asj, (x,y,z) €G,,s= l,p} ,
B ={ﬂx,,,-,(x,y,2)eGi,s=1,p}, ﬁv,(-4=)€ﬂv,,,-
(s=Lp, j=1m), y, — xoediuienr, mo xapakrepusye
IIBUKICTh 3MIHH aKTHBHOI IIOPHUCTOCTI 3aBaHTaKEHHS 3a
paxyHOK afcopOuii j -TOi KOMIIOHEHTH GaraTOfSMIIOHE-

JIOMIIIIKH,

HTHOI  JIOMIIIKH, 7 :{;/A\,’j,(x,y,z)ers,s:G} ,
Vs, :E'Zj (S:Gv j:l’_m), as,j,k :as,j,k (x,y,z,t),
E:»,f»k asjk(x y’Zt) as,j:as,j(xsyaz:t)s
B, =B (x.v.zt)i7, =7, (xyzt) — geixi nene-
pepBHI ooMexeHi (yHKuIT (s =1,p Dy J —1 m, (16)—1 m),
Mautuit rapamerp (>0),
{c , xy, eG“ s:m},
{u, X, ¥,z eG s = G},
{ (x,,z GG;,SZE}, ¢, =c, (M,t),
c =c, (x v,z ), uf:u?(x,y,z) i O'f:o'f(x,y,z)

(s=1,p) — mocTaTHBO IMAmKi (QYHKII, y3romioHi Mix
coboro Ha pebpax obmacti G [15], M € ABB,A,,
(s=1,p—1) — HOpMaIbHI CKIAIOBI UIBUIKOCTI BIAMOBIA-

HO Ha noBepxHAx E FF, E, (s=1,p-1).

Z A B* F
Z 3k
2) G
I/Gzl 4
A, /7 \E ! *
/BL_sf_ C
i
/7 7/ /
s /
7 D
‘A E
0 13

Puc. 1 — JiBomapoBsa npocroposa 001acTs Qinsrpauii G,
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nsxom BBemeHHsS mapu GYHKIIA W =y (x,y,z),
n=n(x,y,z) (IPOCTOPOBO KOMILIEKCHO CIPSKEHUX 13
¢dyHKIiE0 o(x,,2)) TaKHx, o
Kk-grad ¢ =grady xgradn [16] 1 3aMiHOIO OCTaHHIX

YOTHPHOX 3 TPAaHUYHUX YMOB (3) Ha yMOBH: ¥/

ADD, A, — 0,

V/|BCC‘B* =0,, 77|ABCD =0, 77|A*B*CAD* = Q* , 3agada (1),
(3), (6) 3aMiHIOETBCS OLIBII 3aralFHOIO MPSIMOIO0 331a9et0
Ha 3HAXO/KCHHs MPOCTOPOBOTO aHAIOTY KYCKOBO-
KOoH(OpPMHOTO BifoOpakeHHs obnacti G, Ha BIIIOBIIHY
00J1acTh KOMILUICKCHOTO MOTEHINAy — MPSIMOKYTHUH Ta-
paneneninen G, = A'B'C'D'A/B,C.D,, sixuit po3aineHuii

IesIKUMU 3amaHumu noBepxusmu EF'E] F (S:G)

ks ks

Ha Jeski p Tminobnacreit G, = A'B'E/F'A'B.E! F),,

GS E FF‘V+1E?+1E*SEHF;Y+1E*V+I (S = 29p_2 )9
G, =E, F, CD'E,, F/ C.D. (puc. 2), e
Gy ={w=(p.w.n): @l <e<g,, 0<y<Q,

0<n<Q} (s=Lp), ¢l (s=Lp-1), Q.. Q" - He-

Bimomi mapamerpu, Q=0,-Q° — mnoBHa QiIbTpaIiiiHa

BUTpATA.

n B, F _ C.
™y G/ G
/G
Ol 0 |- — L= -

, /)1? JF C
/' / /
/. /. y
4 E D
09, P P ®
Puc. 2 — JIpomapoBa 0671acTh KOMIUIEKCHOTO MTOTEHIIIATY
G

[Ipunycrumo, mo 1 3agada € po3B’szaHow [15],
30KpeMa, 3HaIICHO MOJIe IIBUAKOCTEH V , HapaMeTpH ¢,

(s=1,p-1), Q., O, O Ta pan iHmuX BeiHuMH. 3iiic-
HUBIIH 3aMiHy 3MiHHUX X :x((p,y/,n) , V :y(go,l//,n) ,

z= Z((D,l//,i]) y piBasgHHI (2) Ta ymoBax (4), (5), (7),
OTPHUMA€EMO BiIOBiHY “anudy3iiHy 3amady” s obmsacti
G, x(0,0) , 10 OIIHCYETHCS CHCTEMOIO PIBHSIHB!

~ o " " "
(o“cj)/—D]-(bl~cjw-f—b2~ch+b3~cj,m+b4 W+b4 cm)
m m N
! - 7 - C a C, — v - C .
7K'bl'(’/w za/.k L/Jrzak»/ GG L/+ﬁ/ U (8)
k=1 k=1

, m m 5
- ~ Jon ~
(O-'u/), 772“/»/\' "U; +Zak,/ U Qe 7[3/ U

— = ! —
c/’|¢:w 72 Cio o=p =0,
c | =c =c | = =0
Jjv |v=0 Jjv |v=0. Jn|n=0 Jin|n=0"
(j=Lm), 9)

MMOYaTKOBUX YMOB:
¢ o=, u,| =0 (j=Lm), &|_,=6,,(10)
jle=0 =5 Yilio =Y J_’ b t=0 — 0>

1 YMOB Y3TrO/DKEHOCTI Ha TMOBEPXHAX PO3ILUTY
E'FEF (s=1p):

kg ks

lim ¢, = lim ¢,, lim u,= lim u,,
P9l PPisio P9l PPl
lim (D) j 'C;‘qu —K 'C/) = lim (D.H,j 'C;V;*Kpl 'Cj) ’

00l ’ PPie0

’

lim [0' i(c +u, )) = lim [a~jm (cj+uj)j

P9l = PPl rl ,
(S—lp 1, j=1Lm), (11)
Ie

(ow.n.t)=

C

C,(x o.w.n).y(ew.n).z(o.w.n).t)
u,(p.w.n.t), 6=6(p.w.n.t),

J* :C/'*(l//’n’t)’

~0

cj {sja((pal//n)EG S__p

(913

@) ={il,, (p.w.n) Gy, s=1,p},
6y ={8". (p.w.n)eGlos=1p|,
d, ={a, 0 (pw.m)eGs=1p},
@, =1 )

a; o (ov.n)eG,y,s=1 p}

@ ={a,,, (pw.n)eG,,s=1p},

B, ={B.,» (p.w.n)eGys=1p},
7,={7.) (o)< G5 =1p},
&, =¢ (pyn). iy, =i, (p.y.n),
6! =6!(p.y.n).

p _{ ”k,]<>k » {ga”k,]ok,
0,

e i<k B (S
a,,,=a,,(pv, 77) La(pwan),

a,, =a, (o.w.nt), B E

B., =B, (p.w.n.t),

7=V, v, =7, (ewmt)  (s=Lp,

=1 k=1
,':*Z}', u, (j=Lm).(p.w.n)eG,.s=1, J=Lm, m), -
. ﬁ:{ﬁs,(go )eG‘ s:l,p},v:ﬁs((p,y/,n),
3a KpaOBHUX YMOB:
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_ s 1 2n+l ~ 2n41 -
br - {br,.v: ((p:‘/lsﬂ) € G > 8= 1’ p} ° +Z 6’1/2 'Ps,j,i + Z g,/z 'IDS,]',,' +
P i=0 i=0 PR, .
b, =b. (pw.n) (r=15,s=Lp), ot (s=Lp, j=1m),
iI2 p
bo=ol 4ol 4ol =i K] # 2 P R
i
b =yl +yl+yl, Z l_ S
u .= E U, ..+ & o+
_on 2 2 _ 5.J ENE; ENE;
by, =n +m +n", b =yl +y, +y’, Py py
b — ’7N +T7”, + 77” [15] L 2n+1 S
e = +Z &-H ; + Z &7 -H;, +
i=0 i=0
Po3B’si3annsn 3agayi ul 2 2+
A i/2 iI2 7y
Amnanoriudo g0 [13-15] 4KMCIIOBO-aCHMITOTHYHE +Z‘9 H z 7 -H ,+
J— i=0 i=0 1 i1
HaOJIMKEHHS cjz{ C s ((D,l// n)eG;,szl,p}, oo _ (s=Lp, j=Lm),
B +Zgl HS_/I+ s, j,n+l1
”./:{ U ;s ((p,y/ U)EGW’SZI’p}’ =0
n n+l "
6':{6'5, ((/’,V/,?])EG\;,S=1,p} (j=1,m) poss’ssky O, =z€’~5&i+zg"h‘v,i+
i=0 i=0
samagi (8) — (11) 3 Toumictio O(&""') 3maiimeno y s
. - +Z€’~h.+zg’ h+
BUTJISII TAKUX PSB! pary e 5
2n+1 2n+l1
+ie’/2 h +i5’/2 h .+
cs_:zg’ c +Z£’ P ..+ — o o —
5] LRV 8,751 i= i=
i=0 i=0 204l - - (S = Lp )7
n ~ 2n+1 iI2 D
oz ~ +>» &7-h . +R
+zgl'})5,/.,1+ 8”2 Ps,/',i+ ; 5,0 s,n+1
i=0 i=0

ac Cs,j,i ZC.V,,-,,-((D,‘//WJ) 5 us,/',i =ug /-,-((D,l// 77$t) ON-,I' :5’“-((931//,77,1) (S =1»P 5 j=1,m, i:()an) — YJICHHU
PEeryjasipHHX YacTUH ACHMIITOTUK, Pj, —P”,(géY LWs1,t) , FIl . :ﬁsj[(qi LWs1,t) , h .:fz”.(&S LWs1,E),

s s,0

P”, P”,(gés,wn,t) H —H‘”(gbs,(//n,t) h —h“(¢3,1//77,t) (s—lp ]—lm z—0n+l)f(pym<u11mny

TPUMEKOBOTO IIapy B OKoJax ¢ =g, (s= 0,p p ) (mompaBku Ha BXOAi y QUIBTpP, Ha BUXOI 3 QIIBTPY Ta B OKOI MEX
ﬁfji(¢’y7’n’t)’ ]j].v,j,i HSJI(¢’l// 7, )9

wapis dimstpy), P, =P, (p.0.n.1). B, =P (o..n1). H,,
o (97mt). b, =h, Aovnt), P =P, (pw.i.1), B, = i), H,, =H,, (o..71),

(«

i Wi
i =1, (owit) by =k (p.it). b, =h,(@.it) (s=Lp, j=Lm, i=02n+1) - dymkuii Tamy
0

m« B

[PUMEXKOBOTO 1Iapy BianosigHo B okonax =0, w=0Q,, n=0, n=0" (nonpasku Ha OIYHUX CTIHKaX (iILTPY),

qZ—(p o (s=0,p—1), 41; 29 (s=1p), l/7=l, &:Q*_V/ ~:i, ﬁ:u — BIAMOBIAHI iM
£ £

NE

perHﬂpPISyIO‘-Ii NIEPETBOPCHHA (p03TﬂFH)s Rs,j,n+] ((Ds v,n, Z g) > R_s-,j,nﬂ ((ﬂ, v,n, Z ‘9) > 13&,,” ((0: v,n, Z 8) ( §= 1» P

j =1,m) — 3aUIIKOBI YJICHU.

6-S,f (szﬁn ]=1,_m l—On) P H . l”Z

S,j.0° 8§,j0 0 S,

30erMa, JJIA BHAXOJPKCHHA JIA 3HAaXOKCHHS cxji , u

s, 2

h . (s= G , j=1,m, i=0,n+1) oxepxano HacTymHi HopMyIu:

S, 2 s, j,0 % s,

(s=Lp, j=Lm,i=0n+t1)i P

&t = f(puym))-e e t>f,
¢ 0 =10 oWt = f(@ .)€ ‘””’), (>,
E SISy —twsmwan)-e 0 < f

1 ¢ - —
o =25 &, (D) e (@ DI+, 6,,=6) (s=Lp, j=Lm);
s 0
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B P ~
—As ja (@y.n.t) = ~ A (@want) 4~
e : j gs,j,i(¢’l//>77at)'e o d¢,t2fs,

(l’:u—l)

t
2wt [ = N\ Ao (e o
e "’ -Igs,j,[((p,t//,n,t)-e ! dt, t<f.,
0

S, /0

1 - ~ L o - .
uS,j,f = ? J‘ (q)’w 77’ )d H O-s,[ = jgx,i(wﬂylﬂnat)dt (S = 1:]7 » J= 19m , L= 13” )9
s 0 0

K

- 0 =

1)1 ( Cl/O do= 0) e s
N 1A "5 g, —
Pl,j,i :_'J.{ed/ Iqll_/l((z)’l// n,t)-e d/ d(D}ng €| g0 e (j=Lm,i=Ln),

dl

J 0

~ 1 h
})l,j,rHrl = d_ : J.
Lj 0

[edl/ J‘qlljnﬂ(go’l// 77,1) e o d@Jd({) (J_l m)

t

(Bt )di
01(%#//77 ! P

(J:Im l:0,n+1),

Lji =

= [, oy )di (i=1n+1),
0

z g *?”/ o
P I:/ 'c<p,j,0)¢§p 7,0 (j=1m),
P
Y Gy | o=
p,,-,,-=d— ! e qupﬂ(ca,w n1)-e dqo dp ——ttecl ol e (=Lm,i=Ln),
p
Wi %5 5 -
= 1 d,.w ~ 4 ? - _ L —
})P.j,VHl :d_'.‘ e " .IqZ,p,j,nH((p:l//”]’t).e " d(l) d@ (.]:13m)7
psJ 0 0
= 1 ! = o _
Hp,j,i :w:—'jQZ,p,j,i(¢pawan:t)dt (j:Lm: i:O,n+1),
Gp(¢pa‘//a77 0

=[G, @wn D) (i=1nr1),
0

D 1 ’ ’
Paijo = 2 -rx) (—d.s-,,,- Cosng T 'Cs,.f,o) F (d.s-+1,.f Congng TKen 'C.m,.f,o)

d=0 "
7,,"(“' 4,
s+, _ P —
_KY'(C.YJO 4.=0 CSH,]O jvzo)j.e ! (S_Lp_la ]_lym)9
1 4, K o 9 Kyl o 1
P [ Jawnn e ap apr (e
s+, 7, S, j,0 > > s,J i) 8, s s, )0 =0
da+l/ 0 0 2(’(5+1_K.v) (51009, £
_ Ken
’ dory —1 51 P o =1
_(ds+1,j 'C(.v+1,j,i)¢ +K.C s+1,j,i)‘@:o_’(s x (Cs,j,i ;‘:0 _C.H-],/',i qg‘zo)\)'e ! (S—l,p—l, 7] —1, ) l—l,n):

- 1 4, ,ﬁ{) 7 :| é
Pﬁl,j,nﬂ = J'(e gy j jn+1(¢’l/l 77’t) e ’ d?’] d¢ (S _1 P~ 1 J _1 m)
0

.y 0
o= [y @, 11— (;
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1 —
+E.(Uw,f ‘;\_:O_uﬁl,j,f 5‘:0) (s=Lp-1, j=1m,i=0,n),
~ t 1 , )
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