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BO3BYXJIEHUE PAJJIUAJTIBHO PACTIPOCTPAHAIOIUXCA
BOJIH JIDMBA HEOCECUMMETPUYHbBIMHU HAT'PY3KAMMUM B
KOHEYHOM OBJIACTH IIJIACTUHBI

C noMOILbI0 MHTErpalIbHBIX NMpeobpa3zoBaHuii XaHKeNs pelleHa 3ajada o Bo30ykJaeHUH BoJH JIamba
CHCTEMOW BHENIHHX HArpy30K, KOTOpbIE CYHIECTBYIOT B 00BEME M Ha TOBEPXHOCTH OTPAHUYECHHOU
obs1acTi 6ECKOHEYHOM TIACTHHBI.

3a J10IOMOroI0 iHTerpabHHUX MepeTBOPEHb XaHKEIs BHpIlIeHa 3a/ada Ipo 30y keHHs XBIIb Jlemba
CHCTEMOI0 30BHIIIHIX HaBaHTaXXEHb, SKi ICHYIOTh B 00’€éMi i Ha IOBepXxHi oOMexeHOi obmacri
HECKIHYCHHOI IIACTHHH.

With the help of the Hankel integral transforms the problem of Lamb waves excitation by system of
external loads that exist in the volume and surface bounded area by an infinite plate was solved.
Reliability of the solutions was proven.

BBegenne. lccnenmoBaHue 3aKOHOMEPHOCTEH Ipolecca BO30YKHEHHs
panuanbHO paclpoCTpaHsiomuxcss BomH Jldm0a MOTHMBHpYETCS TOCTATOYHO
IIAPOKUM KPYTrOM OOCTOSITENbCTB.

Bo-nepBrIx, 310 pobiema 3 deKTHBHON TeHepanny BosH JIamba ¢ Hanepen
OOYyCIIOBJICHHBIMH ~ XapaKTepHCTHKAaMH B  3aJaHHOM JWala3oHe  YacToT.
[ToznTBHOE penieHne 3Toi MpoOIeMBbl SBIISETCS HEOOXOANMBIM M JOCTATOYHBIM
YCIOBHEM JUISI CYIIECTBEHHOTO TIOBBIIICHWS YPOBHS JIOCTOBEPHOCTH U
Ha/ISKHOCTH PE3YNAbTATOB YJIBTPAa3BYKOBBIX AE(HEKTOIOTHUECKHX HCCIICAOBAHUM
JICTOBOTO MeTaJutonpokara. [IoMHMO 3TOTO MOSBISIOTCS TPEATIOCHUIKH IS
panMoHaIBLHOTO KOHCTPYHPOBAHUS YIIBTPa3BYKOBBIX IpeoOpazoBaTenel, KOTopble
obmamaroT  HeoOXOomMMOH  3(QEKTHBHOCTBIO B  PEXHME H3IYyYSHUS W
YYBCTBUTEIBHOCTHIO B PEXKUME ITPUEMa YIIPYTHUX BOJIH.

Bo-BTOpBIX, MOHMMaHHE 3aKOHOMEpPHOCTeH B030YXaeHHs BOJH JIamba
BHEIIHMME CWJIAMH, PAclpeleiCHHBIMH B HEKOTOPOM O0beMe IUIACTHHEI, JaeT
BO3MOXKHOCTh aJICKBaTHO HWHTEPIIPETHPOBATH PE3YJIbTATHl MOHHTOPUHTA IIyMOB
AKyCTUYECKOW HSMHCCHM M PETUCTPAlliM OTPAXKCHHBIX OT Pa3IMYHOrO poja
CTPYKTYPHBIX HEOJHOPOIHOCTEH YIIbTPa3BYKOBBIX CHTHAJIOB.

B-TpeThux, MOHMMaHWE Ka4eCTBEHHBIX U KOJNMYECTBEHHBIX XapaKTCPUCTHK
mporecca BO30yxkmeHUss BomH JIaMmba (OpMHpPYIOT TEOPETHYECKYIO OCHOBY
AITOPUTMOB ~ 00pabOTKH  pE3yNIbTATOB JKCICPUMCHTAIBHBIX — HCCICIOBaHUN
(GM3UKO-MEXaHUYECKUX MapaMeTpoB MATEPUANIOB C ITIOMOIIBIO YIBTPa3BYKOBBIX
METO/IOB Hepa3pyLIAIOIEro KOHTPOJIS.

Wzyuenne 3aKk0OHOMEPHOCTEW Tporecca Bo30yxneHus BoiaH JIomba co3maer
NPEIITOCBUIKA U PEIICHUS] BeChMa aKTyallbHOW B YJIBTPAa3BYKOBOW TEXHUKE
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MIpOOJIEMBI BIIMSHHS W3MEPUTENIFHOTO IPHOOpPA, T. €. YABTPa3BYKOBOTO TPaKTa, Ha
TIapaMeTpbl PErUCTPUPYEMBIX CUTHAJIOB, T. €. Ha PE3yJIbTaThl H3MEPEHUH.

braromapst ycriexam pa3pa0OTYHMKOB SIIEKTPOHHBIX MPUOOPOB (Kopropanus
International Rectifier (CILIA) cepuiiHO BBIIyCKaeT OUMONSPHBIC TPAH3UCTOPHI C
nm3onupoBanHbiM  3atBopoM (IGBT — TpaH3HCTOpBI), KOTOpBIE CIHOCOOHEI
komMMyTupoBaTh Tokd 10 5000 amnep ¢ yacroroit nepexitouerus 10 300 I'm), B
MoClIelHee  BpeMsl  CYIIECTBEHHO BO3pOC HMHTEpEC K OECKOHTaKTHOMY
(9JIEKTPOMATrHUTHOMY) CIIOCO0Y BO30OYXKICHHUS M MPUEMa YIbTPa3BYKOBBIX BOJH B
Mmeramuiax [1]. DJeKTpOMarHUTHBIH crmoco0 BO30OYKIEHHS YIPYTHMX BOJIH
UCTIONB3YeTCs B YNBTPa3BYKOBBIX MPHOOpax HEpa3pyIIAIOMEr0 KOHTPOJIS
METaJUTMYEeCKUX M3neinii [2 — 5] W Hepa3pylIaromuX HCIBITAHUA MaTepHajioB
[6,7], B ynabpTpa3ByKOBBIX MArHHUTOCTPUKIMOHHBIX BOJHOBOAHBIX JIMHHAX
3agepkku  [8], B  1abOpaTOpPHBIX  YCTAaHOBKAaxX  JJIsl  BBIIOJHCHUS
OKCTICPUMEHTAIBHBIX ~ HCCIEOBAaHMH  3aKOHOMEPHOCTEH  pacIpocTpaHeHHs
YIIPYTHX BOJIH B TBEPIBIX Tejiax (CM., Hanpumep, QyHIaMeHTaIbHYIO cTaThio JIX.
3emaneka [9]).

B paborax [10 — 11] moka3aHO, 4TO XapaKTEPUCTHKH YIbTPa3ByKOBBIX
TapMOHMYECKUX BOJH, KOTOPBIE CYLIECTBYIOT 3a IPeeIaMu 00JIacTH Harpy>KeHUs
u KOTOpbIE BO30YXIaroTcs KOHTaKTHBIM i OECKOHTaKTHBIM
(37IeKTPOMArHUTHBIM) CLIOCOOOM, MOTYT OBITH IONYYCHBI B PE3YJIbTATE PEIICHUS
cIienyronieli HeoTHOPOIHON TPaHNYHOH 3a/1a4i, KOTOpast B TEPMUHAX AMIUTUTY]]
rapMOHMUECKH M3MEHSIONIMXCS BO BPEMEHH IO 3aKOHY €'®' xapakTepHCTHK
(husmueckux Mmosel 3anMchBaeTcs B CAEAYIOMEM BUE:

(A + 2G)graddivii — G rotroti + pyo?i— f* =0 V¥x, €V, (1)
ni(ZGSij +}\.6ij8kk —G?j):ovxk eS y (2)
rmeh u G — kxoHCcTaHTHl Jlame; U - BEKTOpP CMEIICHHS MaTepPHaTbHBIX

YacTHL, P, — IUIOTHOCTb METAJlIA; ( - YACTOTA CMEHBI 3HaKa BHEIIHUX HArPy30K
f*u G;} ; N; - 1 -blil KOMIIOHEHT BEKTOpa BHEIIHEl HOpMalI K IIOBEPXHOCTH S ,
KOTOpasi OrpaHUYMBAET MCCIIEAYEMbIi 00beM V METauIMYecKoro 00pasua; &;;

KOMIIOHEHTBI TeH30pa 0ECKOHEUHO MajbIX JedopMaluil, IpudeM €, - JIUHEHHBIH
MHBapuaHT TeHzopa nedopmanmii; O - cumBon Kpomekepa. B kauectse

00BEMHBIX HArpy30K BbICTymaroT Jyubo cwiel JlopeHua, mubo (B ciydae
(eppOMarHUTHBIX METAJUIOB) JIMHEHHbIE KOMOHWHALIMHM TPaIMCHTOB BEKTOpa
HAaNpsOKEHHOCTH  NEPEMEHHOrO0  MArHUTHOTO  TONs, KOTOPOE  CO3JaeTcs
CTOPOHHMMH TOKaMH. [I0BEepXHOCTHBIC TNIOTHOCTH BHEUIHHMX CHJ (POPMHUPYIOTCS
KOMIIOHEHTaMH TeH3opa Makceemta [12] wmm, B cinydae (eppOMarHETHUKOB,
KOMITOHEHTaMH BEKTOpa HANPsDKEHHOCTH MEPEMEHHOr0 MarHuTHoro mnosst. Obmiee

pettenne rpannuHoi 3anauu (1) — (2) mpu f* =0 u G?j # 0 Oyner, o4eBHIHO,
MOJICTIPOBATh KOHTAKTHBIN CIIOCO0 BO30YKICHUS YIbTPa3ByKOBBIX BOJIH.
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Takum oOpa3om, rpanuuHas 3anmada (1) — (2) sBisieTcs yHHBEpCaNbHOI
MaTeMaTHYeCKOW MOJEBI0 Tpolecca BO30OYKICHUS YIbTPAa3BYKOBBIX BOJH
BHEIIHUMH CHJIAMH, KOTOpBIE H3MEHSIOTCS BO BPEMEHH II0 TapMOHHYECKOMY

3aKkoHy €'®'. B HacToseil CTaThe M3/1araeTcs METOMKA M PE3y/IbTaThl PEIICHHS
9TOH 3a7aui.

Bo30yxnenne paauajJbHO pacnpocTpaHsommxcs BoaH JIhmoOa
cHUCTeMOM 00bEeMHBIX H IIOBEPXHOCTHBIX HATPY30K

[MepBas momnbiTka penterns 3anadn (1) — (2) mwis mpocTpaHCTBEHHO-PAa3BUTHIX
BoJiH JIoMmba 3adukcupoBana B pabore [13]. MHuoro mo3xe, B 1985 r., CBupuios
10.B. omy6nukoBan pabory [14], B koTOpOl OH, MAaHHUIYAUPYs TeopeMaMu bertn
[15], TIOCTPOMIT (hopmanbHbIE
penieHust 1Sl KOMIIOHEHTOB TEH30pa
I'puna. K coxanenuto, B padorax [13,
14] He mnpeACTaBICHBI paCYCTHBIC
COOTHOWIICHHS,  KOTOPBIE  MOYKHO
UCIIONH30BaTh B KadecTBE 0a30BBIX
IpA  TOCTPOCHUH MAaTeMaTHYECKUX
MoOJIeJIell IPOLIECCOB KOHTaKTHOI'O H
0ECKOHTAKTHOTO (3JIEKTPOMATHUTHOTO
u Ja3epHOr0) BO30YKICHHS
pagHansHo PpacIpoCTpaHIOMINXCS
BoiH JIamoOa.

Jns  sddextnBHOTO  perreHus
3aaun (1) - (2) Heo6X0MMO UMETH B Puc. 1. JlekapToBa i IMITHHAPHYCCKasT
CBOEM DACIOPSHKEHHH COOTHOIIEHHUS, CHCTEMBI KOOPZHHAT
KOTOpBIE  ONpPENEISIOT  CBOOOTHBIE
KOJeOaHMs MaTEepHAIBHBIX YAaCTHIl IUIACTHHBI (HOpPMAajbHBIE BOJHBI), T. €.

cobcTBennble hynkuuu (o6mme pemenns) 3anaun (1) — (2) npu f* =0 u G;]— =0

[Momyuennass TakuM 00pa3oM OXHOpOAHAs TpaHWUYHAS 3ajada 0e3 0coOBIX
OpobIeM pemaercst ¢ MOMOIIBI0 CKAISIPHOIO U BEKTOPHOTO MOTEHIHanoB [16].
Ecimm  BBecTM NMIMHOPUYECKYK) CHCTEMY KOOpDAMHAT, HA4dallo KOTOPOH
pacronaraercsi B CPEeWHHON IUIOCKOCTH H30TPONHOM Iiactudbl (puc. 1), To,
cremyst joruke pabotsl [17], momydaem ciemyrolue COOTHOUICHUS ISl pacdera
KOMIIOHEHTOB BEKTOpAa CMELICHUS! MaTepPHAIbHbIX YACTHIL:

m o ~sin(n9)
USOERI RERCEAN LA CEERORLEAITAD)

(Am) _ A Rt 2) (2) cos(n9)
uf(5.9,2) =0 e rm) 2B 1 1A HE P
(Am) _ o) A o Rt () —sin(ng)

u*™(p,9,2) 2UZ(Zva)r§)Bn(Ym)Hn (YmP) cos(n) @3)
rae M — HOMEP HOPMANbHOW BOJHBI, AHTHCUMMETpHYHOU (cumBonm A)
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. A
OTHOCHTENBHO CpeMHHON miockoctn z =0 mnactunel; Ug (Z,ym) (B =p, Z) -

coOCTBeHHBIE (DYHKIMH OJJHOPOIHOI rpaHmdHOM 3a1aun (1) — (2), npuaem

Uﬁ(z,ym)zym{sin OnZ+ Z;xm[?)n;commhh sianz},
Y'm _Bm COSBm
2y2 cosoh
Uz’*(z,ym)zam{cosamz— 5 L 5 % cosBmz}, 4)
Ym _Bm COSBmh
s Bm u Ym - BOJIHOBbIC quclia, KOTOpbIC YAOBJICTBOPAIOT

TPAaHCICHACHTHOMY YPaBHCHUIO

Ap(y) =472 0,B SinBLhCOS Oy h +(y2m —ﬁzm)z cosBpyhsina,h=0.  (5)

BonHoBBIC umcna o, f ¥ Y HWMEIOT CMBICH MPOEKIUI BOJHOBBIX BEKTOPOB
HEB3aMMOJICHCTBYIOLINX BOJIH CXXATHS-PACTSDKCHUS U CIIBHTA, T. €. oczm +y2m = k(z
2 ,.2 _ 2 2_ 2 2_ 2 . )
n Bh+vn =k, me kP=0’p/(+2G) u kI=0’p/G; HP(rnp) -
¢ynkimn  XaHkenst BToporo pona. Breibop ¢yHkumit Xankens oOycioBieH

o i *
MPUHATOU 3aBUCUMOCTBIO OT BPEMCHU e'“)t . Koncranra Bn (’Ym) HUMECT CMBICII

aMIUIUTYHOTO MHOXHUTENS M -0 aHTHCHUMMETpHYHOW BONHBI JIaMmba W
ompenensieTcss B pe3ynpTare pemeHus rpaHudHod 3amaun (1) — (2). Kopuu
ypaBHeHus  (5), KOTOpoe HMMeeT CMBICI  YCIOBHS  CYLICCTBOBAHHS
AQHTHCHMMETPUYHOM BOJTHBI JI3M0Oa Ha JaHHOW 4acToOTe , T. €. BOJIHOBBIC YHCIIA
Ym, HOIHOCTBIO OIPENENSIOT OCHOBHBIC KHHEMATHYECKHEC XapaKTePUCTHKH

HOpMaHLHOﬁ BOJIHBI.

I N
WiV L0 05 40

|
L = .
2 4 L wwvdn1s 10 05 "

[
!
ooz 4

Puc. 2. Kunemarndeckre XapakTepHCTHKH aHTHCHMMETPHYHBIX (a) M CHMMETPUUHBIX (6)
BoyH JIamba
Ha puc. 2,a noka3zansl rpaduku BeTBell pemienuit ypaBaenus (5) (mpasas
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NOJNYIUIOCKOCTh PHC. 2,a) ¥ HOPMHPOBAaHHbIE Ha BenuunHy Vg =./G/p,
(ckopocTh BonH cripura) (pa3oBbIX V¢ (IITPUXOBBIE KPHMBBIE) U TPYMIOBBIX Vi
(crmomIHbIe  KpHBBIE) CKOpOCTeH (JieBas MONMYIUIOCKOCTh puc. 2,a). Ilo ocu
OpIMHAT Ha PUC. 2 OTKIAjbIBaeTCs Oe3pasmepHas yactora Q = 2kh/7, a o ocu

abcice, B IPaBOW TOJYIUIOCKOCTH PHCYHKa — Oe3pa3MepHOE BOJHOBOE UHCIIO
€ =2hy/n. TOHKMMH LITPHXOBBIMH JIMHHSIMA B IIPABOIl HOIYILIOCKOCTH PUC. 2,d

MOKa3aHbl 3aBHCHMOCTH ( =C) (3Ta mpsmas o00O3HaYeHa MAaJIOM JIATHHCKOM

OykBoii S) ® C:Q\/E (mpsiMast  BbIOENEeHa cUMBOIOM  [), THE

E= (1—2v)/ [2(1—v)], v - koo unuent [Tyaccona. [IpsiMeie ¢ u S onpenensioT
BOJIHOBBIE YHCJIa HEB3aUMOJICHCTBYIOIINX TPOIOJBHBIX M CIBUTOBBIX BOJH.
Homepa HOpMasbHBIX BOJH NPOCTABJIEHBI BO3JIE KPUBBIX KYPCHBOM.

Jns CHMMETpUYHBIX OTHOCHTENHHO CPEJUHHOW IUIOCKOCTH IUIACTHHBI
(cumBox S ') BoNH JI9MOa MeeM pacueTHbIE COOTHOLICHUS CIICAYIOIEro BHIA :

E15.9,2)-05 2105 A i L)~ L] o) |

cos(n9)
m o cos(n9
E715.9,2) 03 010 5 A T L) 1L ] )|
n=0
(sm) _ oS o p* ) —sin(ng)
u6.0.2)= 203 (2) 5 A ) |-
rac
U (2,7m) =ym{cosamz+ j;”:%”%f:naﬁmmhh cosBmz},
2 .
UZS(z,ym)=—am{sinamz—(yﬁ12y_—"}32%sinﬁmz}, )

A, (ym) - aMIUTATYJHBIA MHOXKUTEIb, ONpPENeTsIeMblil B Pe3yJIbTaTe PEIICHUSI
rpaHmaHoOl 3amaun (1) — (2); BOXHOBBIE 4YHMCIA O, B, U Y, YIOBICTBOPSIOT
TPAHCLCHICHTHOMY ypaBHEHHIO:

2 . .
Ag(yy)= (ern - ﬁﬁ,) sinB, hcos o, h+4y2a, B, cosP,hsina,h=0. (8)
BespasmepHbie BoHOBbIE uncna & = 2hy/T 1 HOPMUPOBAHHBIE HA BEIUIUHY

V, (ha3oBBIEe U TPYIIIOBEIC CKOPOCTH CHMMETPHYHEIX BONH JIoMOa mokasaHEl Ha
puc. 2,6.
I'pannynast 3ama4a (1) — (2) B HHIMHIPHIECKON CHCTEME KOOPAUHAT (p, 9, Z)

(puc. 1) 3anmchIBaeTCs CIETYIOIUM 00pa3oM:
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RU,)+RU,)+RU,)=1"(p,2)/G ©)
TU, J+TWU)+TU,) =t P(p.2)/G (10)
(U, )+2(Uy)+2(U,) = £(p,2)/G, (11)
U,z +U,,). L, =08 (exh)/G, (12)
Uy, -nU,/p), . =cWph)/c, (13)
kZ k2
[ﬁuu ’{ﬁ_ZJ(U oo +Up/p+nU9/p)]Z i —sW(ph)/G. (14)

[pu 3anmcu cootHowenuid (9) — (14) NpHHATH CIeAYOIUEe 0003HAUCHUS !

~sin(n9) cos(n9)

o012 02 L wlp)=ttpa )

(2)(,2) f*p(,S,Z)
|

Z —sin(n9) ds 2 npun=0,

c%zl}(pim " c%p}@,am)[cos(nwj | q:{ 1n > 1

23

{cff;)(gi))} i qij Lf 555,5}( ((:§>)de

3ardTas . MEXKAYy - HMHACKCAMHU  O3HA4YacT  OllCpaluro I[I/I(I)(l)epeHHI/Ip OBaHHUA

23

BBIpAXCHUA, 3allMCAHHOTO OO SaHﬂTOfI, o KoopAauHaTte, CHUMBOJI KOTOpOﬁ
IIOCTaBJICH IIOCJIC SaHﬂTOﬁ;

U 2
R(up)z—S(up,pp +ﬂ——"]—”—u +U,, +k2U,;

2°p p.2z
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k2
1 n? k2
z(uz)=uzvpp+—uzvp——2uz+ U,, +kiU,.
p p k?

Cucremy nuddepeHIHAIbHBIX YPaBHEHHH B YAaCTHBIX MPOM3BOIHBIX (9) —
(11) 6ynem pemiaTh ¢ MOMOIIBIO MHTEIPATBHOrO MpeodpasoBanus Xankens [18].
Beenem npsmoe u oOpaTHOe peoOpazoBaHue XaHKeNs 11 kKoMmoHenta U, (p, Z)

CIICAYHOIIMMHU COOTHOIICHUSIMU

U,(y.2)= TpU (P23 (vp)dp (15)

U,(p.2)= TVUZ (v,2)34 (vp )iy, (16)

rae Jn(yp) - ¢ynkumst beccens mopsinka N; y - mapaMeTp WHTErpajbHOrO

ipeoOpa30BaHysl, UMEIOIINH Pa3MepHOCTh BOJIHOBOT'O YHCTIA.
BospetictBys npeobpa3zoBanueM (15) Ha JieByrO U IPaBYIO 4acTH YpaBHEHHUS
(11), mpuBOIUM €rO0 K CIEAYIOMEMY BHIY:

14

k?  dz? dz
rae B2 =kZ —y?%; Uo(y,z):US(y,z)—Up(y,z);
U,(v.2)= %IpU o (P 2301 (vp) = Jniave)ldp (18)
0
Uslr.2)=2 [ 30,2035 1(0p)+ Iy o) (19)
0
pr 3, (vp)dp - (20)

O4eBHIHO, YTO UHTErPaIbHBIM 06pa3aM U ( ) n U ( ), TIOJTY4EHHBIX

JIMHEHHOI KOM6I/IHaHI/ICI/I NOPAMBIX HWHTCIPAJIbHBIX Hp€06pa30BaHI/Iﬁ XaHKeJISI,
MOXXHO IMOCTaABUTh B COOTBETCTBUC OpUTMHAJIBI, T. €.
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} (7,231 (1P)F J s (yp)lly (21)

9

BospeiictBys mpeobpaszoBanuem (15) Ha JeByrO U MpaBykO YacTH IPAHUYHOTO
yenous (14), momydaem

[g duz@,z)”(kz ZJ o >] oo, (@)

k7 dz k?
Konctpykuus cootHowenuit (17) u (22) coaep uT OAWH M TOT ke IEMEHT

UO( ,Z) U 3TO ABJIACTCA (I)aKTI/I‘IGCKI/I NpsAMBbIM  YKa3aHUEM Ha NOPAIO0K

BBIMOJTHEHHST ~ JaNbHEHWIINX  BBIYUCICHUI. BosgedcTByeM  MHTErpajbHBIM
npeobpaszoBanueM (18) Ha neBbie W mpaBble yacth cootHomenuit (9) u (12).
BozaelicTByeM HHTErpaibHbIM mpeoOpazoBaHueM (19) Ha JeBble M MpaBbIe YacTH
ypaBHenwuii (10) u (13). U3 tpanchopmupoBaHHbix ypaBHeHui (10) u (13) Berarem
pe3yabTathl npeodpasoBanuii ypaBHeHuid (9) u (12). [ocne BBIMOMTHEHHS 3THX
BBIYHCIICHHH MOJTyYaeM OOBIKHOBEHHOE MU epeHIMaibHOe ypaBHEHUE

Aelr2), ok )y(t—l]d“—“) Weoje @)

dz? k : dz

u Oﬁecneanalomee CANHCTBCHHOCTDL €0 peIICHN A 'PAHUYHOC YCIIOBUEC

Welta) u,10) . @

dz z=th

[pu 3anucu Beipaxkenui (23) u (24) npuHATH CleAyroLIe 0003HAYCHUS:

fo(”)(, 2)=t{"(y.2)- " (y.2);
o (y:h) =6l (y.+h) - o\ (y,+h)
10 (.2) 10 (p.2)
{9} ={p ({)9}( +h) [302(rp)F Jna (yp)ldp -

cs(”z)p(,irh) o o1 (P
o el

z9

k/_

Pemenue cucteMbl OOBIKHOBEHHBIX Au((pepeHunanbHbix ypaBHeHud (17).
(23) BBIMONHSETCS MO CTAaHIAPTHOM NPOLEAYypEe BapbHPYEMBIX MHOKHTENCH
Jlarpamxa. Bxonsmme B cocTaB OOLIMX PEIICHUH KOHCTAHTHI OMPEACNSIOTCS M3
YeThlpex TpaHW4HbBIX ycnoBud (22) u (24). Ilpu BBHIIOTHEHHH OOpAaTHBIX
UHTETPAJBbHBIX NpeoOpa3oBaHMii OBUIO YCTAHOBJICHO, YTO COOTHOLICHHS s
pacyera OIHOM TPYIIbI KOHCTAHT COolepKaT B cebe 0COOCHHOCTH THIIA MPOCTHIX
TMOJTFOCOB MPU 3HAYCHUSX IapaMeTpa HHTErPaibHOro MpeoOpa3oBaHus y PaBHBIX
BOJIHOBBIM YHCIIaM PACIPOCTPAHSIONINXCS HA JTaHHOW YacTOTE CHMMETPUYHBIX

BonH JIbmOGa. [l BTOpOI TpymHIbl KOHCTAHT B PACUYETHBIX COOTHOIICHHSX
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coziepKaTcsl MPOCThIE IOJIF0ca TPH 3HAYCHUH TapaMeTpa y PpaBHBIX BOJHOBBIM
YHUCIIaM  paclpOCTPAHAIOMINXCS aHTHCUMMETpHYHBIX BonH JIambOa. Ilocme
OIIpe/ieNIeHNs] BEIYETOB B TOUKAX Y =7, HEOOXOAUMO MPUHATH BO BHUMAaHUE, 4TO
¢ynxmms  beccens  J,, (ym p) = lH \(,l) (ymp)+ H\(,Z) (ym p)J/Z , T.€. NpeACTaBIsAeT
co00if KOMOWHALMIO IWJIMHAPUYECKAX BOJH MPUXOMIIINX M3 OECKOHEYHOCTH
(ynkums Xankens H \(,l) (ymp)) 1 yXOMSIINX OT MCTOYHUKA — (YHKIUS XaHKEs
H \(,2) (ymp) . OTOpaceIBasi HE COOTBETCTBYIOMINE (PU3NIECKOMY CMBICITY pelIaeMoit

3a7aud QYHKIMK XaHKeNsl IepBOro pola, MOXKHO 3alucaTh CIEIyIIUe odiee
pelienue rpaHudHOM 3anaun (1) — (2) B cneayronieM BUe:

Mg Map
u(p.8,2)= > ul™(p,9,2)+ Y ul"™(p,9,2). (B p.9,2),
m= m=1

rae MSL u MAL - YUCIO pPaCHpOCTPAHAIOIINUXCA Ha I[aHHOfI qaCToTC
CUMMCTPHUYHBIX u AHTUCUMMCTPUYHBIX BOJIH JIbmba COOTBCTCTBCHHO,

o

A . .
Ug m (p,S,Z) - KOMIIOHEHT BEKTOpa CMEILEHUs B M -0i pacnpOoCTpaHsIOMIEncs
CUMMETPUIHOMN (Sm) U aHTHCUMMETPUYHON (Am) BonmHe JIbmba. Pacuer
MOJAJIBHBIX COCTABIISIOLINX u( )(p 9, Z) u u( )(p,S Z) BOJIHOBOT'O IOJIS

BBINOHAETCS 110 CIEAYIONIUM (hopMysaMm:
a) CHMMeTpHYHBIe BOIHBI JIomba:

”gsm)(p,S,Z)% (2 vm)ZAn(vm)[H ) (rp)- Hﬁﬂ(vmp)][_sm(ng)],

cos(n9)
ugsm(p,g,z):_%u (z, ym)ZA;‘(ym)[H @) (rmp)+ H£+)1(Ymp)]((;?:((:§;j’
u£8m>(p,s,z>=§uf<z,ym>§A:<ym>H52><ymp>[;§s”(§§) @)

rac

i (12— B2 sinpyh &) s
_ f ,2)-US(z,v,,
An(Ym) 2GA! (Xm) ksz(xm sin o h 7J.h (Ym Z) (Z Y )dZ+

+2YmBm lc(zr;))(Ym’ h)_
- G(zr:))( m? h)_ G(zr&]})(Ymv_h)’l' G(zr:))(ym '_h)JCOSBmh +( 2m - B% )X
Xls(n) Ym*h)+6(zg)(Ymi_h)JSianh} (26)

Am Eyrzn; A’( ) dA (Ym)/de ;  BEIMYMHA As(ym) orpezieseHa
BeIpakeHHeM (8);
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0) aHTUCUMMETpPUYHBIC BONHBI JIamba:

”gAm)(p,S,z)=iU (z vm)ZB Yo H 2L (rmp) - Hﬁﬂ(vmp)](_sm(ng)j,

cos(n9)
* )
710081 E 5 Lo Lno )
(am) _1a & () —sin(n9)
us (p,S,Z) 2UZ (ZaYm)an(Ym)Hn (Ymp)( COS(I’IS) ’ 0
rac
) 2
IR T -
n(7m) ZGA'A(Xm) ksam COSamh —.[h Z ym) YA

ZYmBmlG(zré)(Ym'h)__c(zr;]))(ymvh)+6(zrg( m'_h)_c(z?))( m'_h)JSianh+
# {12 = B2 Ko1)o () foos B (28)
tn =Vmi Aa(im)=dAn(r)/din: semmmma  Ax(y,)  onperenera
BeipaxkeHueM (5).

B cJ1ydyac OCCCUMMETPUYIHOI0 MCTOYHHMKA BHCHIHUX CHUIT (n = 0) OKPYKHBIC

KOMITOHCHTBI BEKTOpPpAa CMCIICHUA MAaTCPpUAIIbHbIX YaCTHI] 06pan1aK)Tc;1 B HYJIb, a
JUIA padaJIbHbIX U aKCUAJIbHBIX KOMIIOHCHTOB IMMOJy4aeM CJICAYIOLINE paCUCTHBIC
COOTHOILICHMUS.

a) CUMMCTPHUYIHBIC OCCCUMMCTPHUIHBIC BOJIHBI JIbmba:

us™, )=‘%US(Z,vm)Aé(vm)Hl(z)(YmP)’

E(p,2) = U S (2.1 IS 1 HE ). 29)
Ay (Ym) = - —(yzm_ﬁrzn)zsmﬁm ” [ o208 (2,70 1 (ymp)+
" 2GA5( n)|  Klapsinagh 57 mm

+ 190,205 (2,7 o 1) pzdp +

+ 2By 008 B [ oo (0, 1) — 6o~ P (o) o +
0

+(r2 ~B2 Jsin B oh [ plo® (o, ) +c£2’<p,—h)bo<ymp)dp}: (30)
0
6) aHTHCHMMCTquHBIe OCCCI/IMMeTpI/I"IHI)IC BOJIHBI .H3M6a:
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m 1 *
uAm( ,Z)=§U§(Z,vm)Bo () HD (rp),

m 1 *
U™ (p,2)= 2 U 2270 )Bs (1 HE (). (31)

2

2 o h

ym_ m COSﬁmh (
f ’

By (Ym) = ZGA, o 050t {fhp[p (P 2 2 (2,7 1 (v mp) +

0)(p,Z)J (2,1 Mo (ymp) zdp -

= 2Bt sin B [ [0, 1) + O (o~ s (vmp)dlp +
0

+r2 =2 JoosBh [plo@ (o, 1) - s QoMo (rupddpf . (32)
0

CootHomenus (29) — (32) MONHOCTBIO COBMAJAIOT C paHee MONTyYCHHBIMH
pesynbratamu  [19] pemenuss 3amaum 0 BO30yKaeHun BoaH  JIdmba
OCECUMMETPUYHBIMU PACIIPECTICHUSIMH O0BEMHBIX U TOBEPXHOCTHBIX BHELTHUX
CHIL

B pa6ore [20] mpeacTaBieHbl pe3ynbTaThl pelICHUs MOJICIBHOH 3aJavd O
BO30OY)KICHHH OCECUMMETPUYHO PACIPOCTPAHSIONMKCS CHUMMETPHYHBIX BOJH
JI>m0a NMHEHHBIM MyJTECHPYOLIUM UCTOYHHKOM. ICTOUHHK OPUEHTHPOBAH BIOJb
ocu Oz W pacmoiaraercsi B OKPECTHOCTH TOYKH p =0 IMIHHAPHYCCKOI

CHUCTEMBI KOOpAMHAT. Pamuyc momepedHoro cedeHus: UCTOUYHUKA CTPEMHTCS K
Hymo. VICTOYHHMK TeHepUpYyeT pajualibHBIE CMENICHUS MaTepUalibHBIX YaCTHI]
yIpyroii cpeabl 3a cuer (opMHpOBaHMS Ha CBOEH OOKOBOH IOBEPXHOCTH
panuasbHOTO KOMITOHEHTa BEKTOpa OOBEMHOW IUIOTHOCTH CWII. B NpHHATHIX B

0
HaCTOAIICM H3JIOKCHUHN 0003HAYCHHSX OSTO BEIMIHHA fp( )(p,Z) HpI/I 9TOM

fp(o)(p,z):const. Takas  mocraHOBKa  3aJaud  IpeACTaBIseT  coOoit

NPOCTPAHCTBEHHO pa3BUTYI0 BEPCHIO IUIOCKOH MonenbHON 3amaun Ilerepa
Topguka [21], koTopblil paccMaTpuBal Bo30y:KaeHHE BOIH JI3Mba MpogoibHEIMU
CHJIaMH, 33J]AHHBIMH Ha TOpIE M30TPOITHOH MonybecKoHeYHO! nosockl. B padore
[20] cmeleHust MaTepUambHBIX YacTHI] onpenesuiuch no popmynam (29) u (30),
MOCJIe Yero AaHAJIM3HPOBAIUCH TIOTOKH MOIIMHOCTH, KOTOpbIE YHOCATCS OT
UCTOYHHKAa B mepudepuilHble OONACTH IUIACTHHBI  PaCIPOCTPAHSIOIMMUCS
CUMMeTpHYHBIMH MofaMu JIsmba. [lotok momrHOCTH P, (0)) BIIOJIb PaJnaIbHON

OCH p PacCUMTHIBANICS MO CTaHAAPTHON Metoauke [16] cnenyronmm o6pazom
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. h
P (w)zm—ij(c us =5l +6,U; —c5,U )dz
P 5 pptp T Opplp + Ol =0l iz,

h
e G, H o,
pa/MaibHblii 1 aKCHAIbHBIH KOMIIOHEHTBHI BEKTOPA CMEIUEHHs MAaTepHalbHBIX
YACTHI, ONpeJeNeHHble  BbIpakeHnmsmu  (29);  3Be3zoukoil  000O3HAYEHDBI

KOMIUIEKCHO-COTPSKEHHBIE BETMYMHBI.

Kak M c1e10Bano 0XuaaTh, MAKCHMAIbHBIE 3HAYEHHS MOTOKA MOIIHOCTH,
YHOCHMBIE ~ PACIpOCTpaHsIoIelics BoMHOH JIomba, HabmomawTcs B TOM

- HOpMAaJIbHBIC W KaCaTCJIIbHBLIC HAIPSKCHMS, Up u LIZ -

JMana3oHe  YacToT, TA€ paJualbHble  CMELICHUS uf)sm)(p,z) m -oit

pacnpocTpaHsromeiics BoTHE JI[3M0a MaKCHMandbHO TOXOXHM Ha paJuajbHEIC
cMereHnsT B0 ()POHTE TUTOCKOH NWIMHAPUYCCKOW BOJHBI CKATHS-PACTSKCHIS,
KOTOpasi PacIpOCTPAHAETCA CO CKOPOCTBIO V,. DTOMY COOTBETCTBYIOT y4aCTKH
BETBEd YAaCTOTHOIO CIEKTpa BOJHOBBIX YHCEN, KOTOPbIE pACION0XKEHb B
HETMOCPEACTBEHHONH ONMU30CTH K TpsAMOW, KoTopas Ha puc.2 o0O3HaUYCHA
CUMBOJIOM / .

Ha puc. 3, B JIeBOif MONYIUIOCKOCTH PUCYHKA, TTOKAa3aHbBI TPaQUKHA YaCTOTHO-
3aBUCUMOIO0  M3MEHEHUS TOTOKOB  MOIIHOCTH, KOTOpBIE YHOCATCS  OT
MyJAbCUPYIOMICTO JUHEHHOTO WCTOYHWKA C OECKOHEYHO MAJbIM PaIuycoM
nonoctu Ry pacmpocTpansromuMucs cUMMeETpUYHBIMM BonHamu JIamoOa. Ilo

TOPU30HTAJIFHOW OCH JIEBOH TIOJNYIDIOCKOCTH pHC. 3 OTJIOXKEHBl 3HAYCHHUS
HOPMHUPOBAHHOTO TOTOKA lﬁp((x))z Pp((o)/ R, rtoe R =(TEF0)2 / (32povsh2), Fy -
aMIUTUTya paJuajbHO OpWUEHTHPOBaHHOM cuibl. [lo BepTHKadbHOW OCH
OTJIOKECHBI YHCIIOBBIC 3HAUCHHs Oe3pa3MepHoi yacTtoTel Q = 2K h / 7 . B npaBoit
MONYIJIOCKOCTH ~ pUC. 3 ~ TIOKa3aHbl  BETBHM  JICHCTBUTENBHBIX  KOpHEH
JCIIEPCHOHHOIO ypaBHEHHA Ag (ym)zO cuMMeTpH4HBIX BonH JIamba. Ilo
TOPU30HTAJBHOW OCH TMpPaBOW TIOJYIUIOCKOCTH pHC. 3 OTJIOXKEHBI 3HAYEHUS
Ge3pasmepHOro BoiHOBOro uucna (=2yh/m.OT4eTIMBO BHIHO, YTO Kaxaas
pPacIpoCTPaHSIOMAsCs BOJHA B ONPENEICHHOM JAMANa30HE YacTOT IEPEHOCHUT
HauOoJbIIee, MO CPAaBHEHHWIO C JAPYTMMH PAaCHpPOCTPAHSIOMIMMUCS BOJIHAMH,
KONMU4ecTBO dHepruu. COOTBETCTBYIOIIUI ATOMY YaCTOTHOMY JHANa30Hy y4acTOK
BETBU JCHCTBUTENBHBIX BOJIHOBBIX YHCEN BBIACIEH MONYXUPHOW KpUBOM.
HerpynHo 3aMeTuTh, YTO BOJHOBBIE YHCIA JOMUHHPYIOIMMX MO YPOBHIO
MIEPEeHOCUMOI SHEPTUM CHMMETPHYHBIX BOJIH CIPYNIMPOBAHBI B OirbKaimIeit
okpecrrocTH mpsiMoit Q =K C/K, . IMEHHO B 9TOM AHAama30He BOJIHOBBIC YHCIA

Ym =K, ¥ akcnaiabHEI KOMIIOHEHT BEKTOpA CMEIICHHS MaTePHAIbHBIX YaCTHUI]
. SL
TUTACTHUHBI uZSL(p,Z)zO. Ilpu sToM pajuanbHbIl KOMIOHEHT U, (p,Z)iO u

MPAKTUYCCKU HE U3MCHACTCA MO TOJIIIHWHC IUIACTUHBI. HOZ[O6H3${ KHMHCMAaTHKa
COOCTBEHHBIX (1)OpM BOJIHOBBIX ,HBI/DKCHI/Iﬁ B IUIACTMHC HaAWITy4llIUM 06pa30M

68



COOTBETCTBYET THUITY JBI)KEHHS, KOTOPOE HABA3BIBACTCS MaTEePHAIbHBIM YaCTHULIAM
TUIACTHHBI YJIbCUPYIOIINM JIMHEHHBIM HCTOYHHKOM. DTO COOTBETCTBHUE SIBIISCTCS
HEOOXOJMMBIM  YCIIOBHEM  JUIi ~ MAaKCHMaJbHO  BO3MOXXHOro  oTOopa
VABTPA3ByKOBOW BOJHOW DHEPTUH OT UCTOYHHKA YIPYTHX BO3MYyIIeHUH. TouyHO K
Takomy ke BbiBony npuiuen I1. Topeuk B cBoeid pabote [21], pucyHOK U3 KOTOpO#
MOKa3aH Ha BPe3Ke B I0JIe PAaBOi MOJTYILIOCKOCTH pUC. 3.

[TomHOe coBHmameHWEe pe3yIbTaTOB  PACYCTOB  MOJAQIBHBIX  MOTOKOB
MOIIHOCTH, KOTOpPBIC OBUTM MOJYYCHBI Ha PA3IUYHBIX MAaTEMAaTHYCCKHX MOIEINSIX
OIHOT'O M TOTO k€ (PH3UUECKOro MpoIecca, CBUIETENECTBYET O JOCTOBEPHOCTH H
bmsndeckoil comepxarenpHocTH cootHomenud (29) u (30), KoTopble SBISHOTCS
YaCTHBIM ClTydaeM Oosee 001X aHATUTHYCCKHX KOHCTPYKIUiA. 13 aToro cieayer
BBIBOJI. ofmiee perieHne rpanuyHoi 3amaun (1), (2), omnpexeneHHOE
cooTHOLIeHUAMH (25) — (28), siBIsIeTCs JOCTOBEPHBIM, T. €. HE COICPKHT OLIMOOK
BBIYMCIHMTEIFHOIO IUIaHA M HE NPOTHBOPEYUT MPUHLIUIAM M OCHOBHBIM
MOJIOKEHHUSAM MaTeMaTHYCCKOH (DPM3UKH U TEOPHHU YIIPYTOCTH.

=)
-
—_
[
—_
(=]
==}

i 2 5 10 15 £

Puc. 3. [TOTOK MOIIHOCTH, YHOCHMBIH PaCIPOCTPAHSIOIMMHICS CHMMETPUYHBIMU BOJIHAMU
JI>MGa OT JTMHEHHOTO MYJIBCHPYIOLIero ucrounuka [20]

BeiBoabl. Brmepeele pemieHa B TpeXMEpHOM MOCTAaHOBKE 3ajada o
BO30yXIeHnH BOMH JI3mMOa crcTeMOW BHEIIHHX CHJI, KOTOPBIE MPOU3BOIBHBIM
00pa3oM pacrpeseseHsl B 00beMe M Ha TIOBEPXHOCTH HEKOTOPOW OrpaHWYEHHOM
o0llacTH M30TPONMHOM IUTACTHHBI. [lyTeM cpaBHEHHS pe3ylIbTaTOB pPELICHUS
TECTOBOM 3a/aun C W3BECTHBIMU pe3ynbratamu [I. TopBuka Oblma mokazaHa
JIOCTOBEPHOCTH MOJTyYE€HHBIX PEIIeHUH.
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