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ABSTRACT The article investigates the natural frequencies and the corresponding mode shapes multimass own system. The review,
which shows the current situation in the field of study of free oscillations using Rayleigh method. In the above operation was
calculated as the chosen system with 3 degrees of freedom. A mathematical apparatus for the study of the dynamic characteristics of
dynamic multibody systems. Research carried out in an analytical form based on the Rayleigh function with the Maple. At the same
time, the calculation results are compared with the solution obtained by d'Alembert. The results are presented in the form of a
surface in three-dimensional space, which describes the function of the Rayleigh solutions to such figure are orthogonal to each
other. It also provides cross-section of the figure in the sections, in which the minimum of the function (Ist natural frequency), a
saddle point (2nd natural frequency) and a maximum function (third natural frequency) in the polar coordinate system. By varying
the stiffness characteristics of the inertial-changing spectrum of natural frequencies and natural modes. This represents the interests
of the development of methods of operational analysis of the reaction spectrum of the natural vibration frequencies and their own
forms of vibrations to such variation. This was shown in the presented article. They were built according to decisions on the change
of the input parameters. The analysis of the results. The paper also set goals for further research.
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BBenenue TIOJIYYUTH JAAHAMIYCCKYIO MOJIECIb JIIA aHajIhu3a

CBOOOTHBIX KONEOAHWH KPYrOBOW  IIMUTMHIPHICCKON

Kak wu3BecTHO [1], OCHOBHBIMH JUHAMHYCCKHMH
XapaKTepUCTUKAaMU  MHOTOMAacCCOBBIX  MEXaHMYECKHX
CUCTEM  SBISIETCSl  CIEKTP  COOCTBEHHBIX  4YacTOT
KoyieOaHuil 1 Ha0Op COOCTBEHHBIX (POPM KOJICOAHUIA.

MHorue aBTOpHI U B HACTOSIIEE BPEeMs UCCIEAYIOT
CHEKTp COOCTBEHHBIX YacTOT M COOCTBEHHBIX (OpM
KoJIecOaHWH C MCHOJIB30BAHUEM PA3JIMYHBIX METOJIOB.
Hanpumep, B pabote [2] aBTOpBI UCCIEAYIOT YKa3aHHbIC
XapaKTePUCTUKU s OPSIMOYTOJIbHBIX IUIACTHH €
ucnonb3oBanueM QyHkuii beccens. A B pabote [3]
HCCIENYIOTCS JUHAMUYECKUE XapaKTEPUCTHKU CTEPKHEN
¢ (YHKIHOHAJIHHO-3aBHCHMBIM MaTepuaioM. Jlpyrue
aBTOpHI [4] Takke NpUMEHSIOT MeTon Panes-Putna mns
HCCIICAOBAaHMA KOJCOAaHWH TMPSIMOYTONBHBIX IUIACTHH C
BbIpe3aMu. Tarke BCTpEYaroTcs paboThl, B KOTOPBIX
aBTOPBI  HUCIOJB3YIOT MeToJ Panes-Putiia, 4toOsI

obomouku [5]. Merox Pames-Purma taxke mcrmonms3yercs
JUIL  ONpEACNEHHS  XapaKTEPHCTHK  PACIHONOKEHHS
YIPYTOH TOYKH OIIOPHI, YTOOBI MOJYYHTh MUHHUMAIBHYIO
XKECTKOCTh Ha BTOPOM uacToTe He3aKpelyIeHHOM
MIPSIMOYTOJIbHOM TTaCTUHBI, KOoTOpas 00OBIYHO
MIpeJCTaBisieT co00il BepxXHUI Mpenen MepBOH 4acTOTHI
IpU OJHOM 3akperuieHnu [6]. OCoOEHHOCTBIO pelIeHHMs
TaKuX 3aJ]iad ABJSETCA TO, YTO OHO UMEET MEePHUOTUUECKOe
peuenue [7].

OnHako B JIHTEpaType HE BCTpEYaloTcs paboTHI, B
KOTOPBIX aBTOPHI YNPAaBJISIIOT COOCTBEHHBIMH (hopmamu
CHCTEMBI JUIS YITy4YIICHHUs] TUHAMHYECKHX XapaKTePHCTHK
MaIIMHOCTPOHUTEIHHBIX KOHCTPYKIIHHA.

[Ipn BapbHpOBaHMM HHEPLUHOHHO-XECTKOCTHBIX
xapaktepuctuk  (MOKX)  wu3MmeHsercs H  CIEKTp
COOCTBEHHBIX YacTOT KoJjieOaHMH, 1 cOOCTBEHHbIE (hopMBI
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KonebaHuil. B cBA3M C 3THUM IpeACTaBsieT HHTEpEC
pa3paboTKa METOJOB ONEPAaTHBHOTO aHalIW3a pPEaKIHU
CHEKTpa COOCTBEHHBIX YaCTOT KOJICOaHUI M COOCTBEHHBIX
¢dopM KosebaHMH Ha Takoe BapbHpPOBaHHE. OITO
COCTaBIISAET LI€Tb JAHHOM CTaTbU

ITocTanoBKa 3agaun

B psne pabor [8] TUTST aHanM3a
YYBCTBUTEIHHOCTH COOCTBEHHBIX YAacTOT KoJeOaHMA
NIUHAMMYECKON  CHUCTEMbl Ha  BapbUpOBaHUE €€
HWHEPIUOHHO-)KECTKOCTHBIX XapPaKTCPUCTUK IIPEIAIIOKCH
CHoco0 JHMHeapu3allk MOBEPXHOCTH OTKJIMKA MO T.H.
«penepHBIMY» pemieHusiM. OHH  TIPEACTAaBISIOT cOOOU
TOYHBIC PEUICHUS 337a4d 00 ONpEeAeTICHUH COOCTBEHHBIX
4acTOT KoJeOaHWW TpH KOHEYHOM BapbUPOBAHHU
HMHEPIIMOHHO-)KECTKOCTHBIX XapaKTepUCTHK. B paborax
[9, 10] 3TOT MOAXOM pacCHPOCTPaHEH U HA COOCTBCHHEIC
(dhopMbI KOIIEOAHUIA.

B nanno#i paboTe Ha mpuMepe MHOTOMAcCOBOM
TUHAMAYECKON CHCTeMbI JTMHEWHOW CTPYKTYpHl (puc. 1)
OmWCaH  TOAXOMA,  aNrOPUTMBI W YCTAHOBIICHBI
OCOOCHHOCTH  HM3MEHEHHS COOCTBEHHBIX  YacTOT
kojeOaHuii W CcoOCTBEHHBIX (opM KoyieOaHWid TpHU
BapbUPOBAHUHN WHEPIIMOHHO-)KECTKOCHBIX XapaKTepHC-
THK.

X X, Xy
a m, m,

my

Puc. 1 — Muozomaccosas ounamuueckas cucmema

MeToauka uccjiefoBaHus
PaCCManHBaCMaﬂ CHUCTEMa OIIUCBIBACTCA TIpU

TTOMOIIH OOBIKHOBEHHBIX Qg depeHIraTbHBIX
YpaBHEHMH BUIA

miic',. + Ci ()Ci — X )+ Cm (xi X ): 0 ;

x,=0;x,,=0;i=1L...N. M
T.o., ecnu (1) mpeacraBuTh B BUIE
MX+CX =0; X ={x,x,,...x,] , 2)
TO B (2) Gurypupyer nuaroHajibHas MaTpuIia Macc:
M = diag(m[) 3)

1 TPpEXANOTOHAJIbHAA MaTpulla )KECTKOCTU

(c +c,) C, 0 0 0 0
-¢, (c,+c,) -c, 0 0 0
co
0 0 -c (c+c,) -cC, 0
0 0 0 0 -c, (c,+c,.)
(4)
Js1 vacTHOTO peleHns: TaKOM CUCTEMBI
x = Asin(cor) )

MOJKHO TOJYYUTHh CUCTEMY YPaBHEHHUH ISl ONpeJesIeHNs
COOCTBEHHBIX YacTOT KOJEO0aHUH M COOCTBEHHBIX (hopm
KoJIeOaHWH:

Det(C-w*M)=0; (C—*M )i =0. (6)

Huns pewennst (6), T.e. onpenesieHns: COOCTBEHHBIX
yacToT Konebanuil @, M cooTBeTcTBYIOWMX popM A, ,

MOXHO HCIIOJIb30BaTh JIMOO METOJbI JIMHEWHOUH anreOpbl
[11], mn6o MeTox ¢ ucmonp30BaHreM QyHKIHHN Pames:

5 . . : Ci/lkilkj ..
o, =minR=mingS———, k,i,j=1,....N. 7
E m, A Ay

B (7) wmercs mmHUMYM R Ha mceBmocdepe

Zﬂfi =1, a 3aTemM — yCJIOBHbIE MUHHUMYMBI, Ha KOTOPBIX

)
l?f >

HOpMaJIbHBI BCEM TPENBIIyNINM HX Habopam A

‘mn *

m=1,...,(s—1).
B pabore ¢ mpuMeHeHHEM M TEPBOrO, U BTOPOTO
cmocoba  Ipeanaraercs — ONpeneNnsaTb  COOCTBEHHBIC

YacTOTHI KOJIeOaHuii n coOCcTBeHHBIE (POPMBI KOIEOAHUH,
pUYeM OTIMIUTEIEHON CITOCOOHOCTRIO ABISAETCS CIOCO0
3aJaHMs  CTENCHH  BapbHPOBaHHMS  HMHEPLHOHHO-
KECTKOCTHBIX ~ XapakTepucTuk. Tak, mpeaaraercs
9JIEMEHTBHl MATPHIBl MacC W JKECTKOCTEH H3MEHATH C
UCIIONB30BAaHUEM IIapaMeTPOB ¢ H F:

m(q,)=m,1gq,. (8)
C(r)=Cytgr. )
COOTBCTCTByIOT

race mnapamMeTpbl € HHACKCAMH «,»

HOMMHAJIBHBIM 3HA4YEHUSM HHEPIIMOHHO-)KECTKOCTHBIX
T
XapaKTepUCTHK, a mapamMeTpsl q,r € |0; B

Torma, BBeAs B paccMOTpeHue Oe3pasMepHbIe
XapaKTEPUCTUKU

@,(g.r)= arctg w,-(q,r)/wi(ﬂ,ﬂj SN C)
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%(q,r)=arcrgh(q,r)/ﬂi,.g,%ﬂ. (10)

MOJKHO NOYTEM H3IMEHCHHS BCEX KOMIIOHEHT MACCHBOB
T T T
q={q1,.”g,\,} § ?‘={f‘|,...,!:\,} B MHTEpBRATIC ¢.r € O;E

OXBaTHTh BCE MHOKECTBO BO3MOKHBIX COYETAHHH
HHEPIHHOHHO-KECTKOCTHRIX XAPaKTCPHCTHE, a MaCCHBEI

MApaMeTpoB @ ={@,,....o, }T HA= (ﬂ;) OTPa3AT CTENeHb

peaxkin JHHAMMYECKOH CHCTEMBI Ha BApLHUPOBAHHE
HHEPIHUOHHO-KECTKOCTHBIX XapPaKTCPHCTHK.

Ync/ieHHBbIE Pe3yJibTATEL

Oba OPeATOKCHHBIX crocoba aHamM3a
cOOCTBEHHBIX HacTOT KonebaHHH M coOCTBEHHBIX (opM
ko7nebanuii MHOrOMaccoBO CHCTeMBI Ha BapbHPOBaHHE
ee AHHAMHYECKHX XapaKTEPUCTHK MOy HIH
TIporpaMMHYIO peanusanuio B cpeae Maple. B xauectpe
HMCXOAHBIX JaHHBIX (DUTYpHPYIOT: UHCIO CTemeHei
csobonsl N cHcTeMBl; Macchl m,, M ecTkoctH C,, a

Taoke Habopel ¢, r (MM MHTepBamsl W3MeHeHus). Ha

BLIXO/IC — Mapamerpel @, 4,

JUIA  CHCTEMEBI C
HOMHHATHHBIMH NIAPAMETPAMH H MACCHBBL @ , A .

Ha puc. 2 - 8 npencraBieHsl pe3yIbTaThl PelIeHHT
pAna 3anad ¢ THHEHHBIM BaphHPOBAHHEM HHEPITHOHHO-
KECTKOCTHBIX ~ XapAaKTEPUCTHK B OKPECTHOCTH  HX
HOMHHATBHBIX 3HAYCHHI:

m =m,(1+a), (11)
C=C,(1+4). (12)
HmeeTcs BBHAY, uTo Ha pHC. 2 — 8 dyHKHS R 1
€e CeYCHHs MNpPEJICTaBICHBEL B  CBOHUX  TJIABHEIX
KOOpHHATAX.
4 € =1
2 CI e
2
C, =3
T —:E T —2|— =7 ]| T o
1 492

Puc. 2 — Brewnmni aud gpyuryuu R npu eapwuposanuu
xcecmxocniu 1ii npyoicunbl

1) B=0:2) B.=1:3) B =2.

Puc. 3 — Havenenue xapakmephozo ceuenus 6 ioCcKocmu
@, ®, 3x MepHOI huzyper npu eapbupocaniu

acecmuocmu 11 npyscumsl

Puc. 4 — Hzmenenue xapakxmeprozo ceenus 6 Rockocniu
@,, ®©, 3x MepHOIl huzypol npu eapbupoeaniu

scecmrocmu 11 npyorcunsl

Ha puc. 3 - 8 oOTpakeHBl XapakTepHEIC
TpanchopManun  ceucHHd  (yHkuEm  Pames  mpw
BAPLHPOBAHHH NApaMeTPOB ¢ , .

Anann3 MOTYYEeHHBIX PE3VIBTATOR

CBHACTCIRCTRYET, € OJHOH CTOPOHEL, © [OOCTATOYHO

CYINIECTBCHHOM H3MCHCHHH o, A npH CTPEMICHHH

qg—>0, r—0, g—>%, ra%, a ¢ Japyrod -
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Puc. 5 — Havenenue xapakmepnozo cedeHus 6 niockocmu
@, ®, 3x MepHOU puzypel NpU 6APLUPOGAHUU

Hcecmrocniu 21 npyICUHb

Puc. 6 — Hamenenie Xapakmeprozo cevenus 6 RIoCkochit
@,, @, 3x MepHoIl husypbl NpU 6apPLUPOEAHUN

acecmrocmi 211 BPY’CUHbI

O MpPaKTHYECKH TTHHEHHOM XapaKTepe TAaKOTO H3MCHCHHA

B OKPECTHOCTH 13 il
i e T
4 4
BriBoasl

H3 MOTYYCHHBIX PE3YVIBTATOER MOKHO CIOCHAThH
BBIBO O MPHMEHHMOCTH JHHEAPH3AIHH THHAMHYECKHX

Puc. 7 — Havmenenue xapaxmepnozo cedeHus 6 niockocnu
@, ©, 3Xx MEPHOU (uypbl NPU 8aPLUPOEAHUU

acecmrocmu 21 npYICUHb

in

2

Puc. 8§ — Hanenenue xapaxmepnozo ceueHus 6 NiocKocnu
@,, @, 3X MepHOU uzypl NpU 6aPbUPOEAHNU

Hcecmrocmu 21 nPYIHCUHB

XAPAKTEPHCTHK ~ MHOIOMACCOBBIX — cHCTeM  (T.e. HX
cobcTBeHHBIX 4acToT KonebaHHH H cobGCTBEHHBIX (OpM
KoNnebaHHH) B OKPECTHOCTH TOYKH IMapaMeTpHuecKOro
MPOCTPAHCTBA ¢ HOMUHATILHEIM HX HabopoM.

B ganbHeHmeM — nIaHUpyeTcs  NPHMEHUTH
Npe/UIOKEHHBIH  MOAX0 K  CTepKHEBOH cHeTeMe H
MoKa3aTb, Kak OyIyT MEHATLCA cOOCTBEHHBIE YacTOTHI H
cobcTBennble (QOPMBL IPH BAPLUPOBAHHH HHEPLHOHHO-
JKECTKOCTHBIX XapaKTEPHCTHK TAKOH CHCTEMBL
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