ISSN 2222-0631 (print)

UDC 517.968
T.S. POLYANSKAYA, O. O. NABOKA

DISCRETE MATHEMATICAL MODEL OF HYPERSINGULAR INTEGRAL EQUATION
ON A SYSTEM OF INTERVALS

We consider a hypersingular integral equation on a system of intervals, which is reduced to a system of hypersingular integral equations on the stan-
dard interval (-1,1) . The discretization of this system is carried out on the basis of the method of discrete singularities. The unique solvability of the

discrete problem is proved and an estimate of the rate of convergence of the solution of this problem to the exact solution of the system of hypersingu-
lar integral equations is given.
Key words: hypersingular integral equation, method of discrete singularities.
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JUCKPETHA MATEMATHUYHA MOJEJIb I'NTTEPCIHI'YJISIPHOI'O IHTEI'PAJIBHOT'O PIBHSAHHSA
HA CUCTEMI IHTEPBAJIIB

Po3risiHyTO rinepcUHrysipHe iHTerpajibHe PiBHAHHS HA CUCTEMI IHTEPBAIB, sIKe HABEIEHE N0 CUCTEMU TilEPCUHTYJISIPHUX IHTErpalbHUX PIBHSHb HA
cTaHiapTHOMy iHTepBani (—1,1) . ITpoBeneHa AMCKpETH3allis 1€l CUCTEMH Ha OCHOBI METOAY IMCKPETHHX 0COOMMBOCTEH. JI0BEIeHO 0/IHO3HAUHA PO-

3B'A3HICTH UCKPETHOI 3a/1aui 1 JaHa OI{iHKA MBUAKOCTI 30DKHOCTI pillIeHHS IUCKPETHOT 3a/1a4i 0 TOYHOTO PIlIeHHs CHCTEMH TiMepCHHTYISIPHUX 1H-
TErPaIbHUX PIBHSHB.
K/11040Bi ¢/10Ba: rinepcUHrysipHe iIHTErpajbHe PIBHAHHS, METO AUCKPETHUX OCOOIUBOCTEM.

T. C. IIOJIAHCKAA, E. A. HABOKA
JUCKPETHASI MATEMATHUYECKAS MOAEJb TMIIEPCUHIYJISIPHOT'O
HUHTEI'PAJIBHOT'O YPABHEHHWSA HA CUCTEME UHTEPBAJIOB

PaccMOTpeHO rHNepCHHTYIIPHOE HHTETPAIbHOE YPABHEHHE HA CHCTEME HHTEPBAIOB, KOTOPOE MPHUBEICHO K CHCTEME IMMEPCHHTYIISIPHBIX HHTETpasib-
HBIX YPaBHEHMII Ha CTaHxapTHOM uHTepBaie (—1,1). IIpoBeneHa IMCKPETH3ALIIS HTOM CHCTEMBI HA OCHOBE METOJA JMCKPETHBIX 0COOEHHOCTE!. Jlo-

Ka3aHa OJIHO3HAYHas Pa3pelIMMOCTb AUCKPETHOI 3a1a4¥ M JlaHa OL[EHKA CKOPOCTH CXOIMMOCTHU PEIIECHHUS 3TOM 331a4i K TOYHOMY PEIICHHIO CHCTEMBI
TUTIEPCUHTYIISIPHBIX HHTETPAbHBIX yPAaBHECHMIN.
KunoueBble ¢J10Ba: TMIEPCHHTYIISIPHOE HHTETPAIBHOE YPAaBHEHNE, METOJL IMCKPETHBIX 0COOCHHOCTEIA.

Introduction. When studying a mathematical model of a gyrotron with several resonant cavities of different width
and depth one faces the necessity for numerical solving a hypersingular integral equation on a system of intervals. In the
paper the numerical method of discrete singularities [1] for solving such equations is introduced and substantiated.

Problem setting. In the paper the following hypersingular integral equation (HSIE) on a system of intervals is con-
sidered:

%I%dg+%I%df+%IF(§)In|x—§|df+%fQ(X, §)F(£)dE=g(x), )

for the unknown functions F (&), e L, where
m
L=U(aq,ﬁq), —co <y < B < <Oy < By <Aoo
q=1

the right-hand parts g(x)e C%“, o >0, where C%"‘ stands for the class of functions on L such that their first deriva-
tive satisfies the Holder condition with a positive exponent; the function of two variables Q(x, &), xe L, £e L belongs

to the same class C%“, o >0 in each variable uniformly with respect to the other variable; a,b are given constants. The

first integral in (1) is to be understood in the sense of the Hadamard finite part, the second one — in the sense of
the Cauchy principal value. Equation (1) is assumed to admit a unique solution.

We are looking for the solution F (&), £e L from the class of functions such that their restriction to the intervals
(o), ;) Fij(&)=F (&), a;<&< Py, | =1, m, admits the representation
Fi(&)=v;(&)\(§-;)(B-¢) . o <&<pB;,
where v; (&), ¢e I:aj, ,BJ are smooth functions. We introduce the following notations for the restrictions of the func-

tions g(x) and Q(x, &):
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0i (X)=9(x), o5 <x<f, i=1m; o

Qi (x,&)=Q(x. &), i <x<f, aj<&<pfy, i,ji=1,
Apparently, equation (1) is equivalent to the following system of HSIE:

\/ Jdg+ J (5 ) (B —£)ds +

+§I Infx—&v (£) (=) (- 2)aé +
izlflo( >+(1—5i,-){ﬁn%gbmv—ﬂﬂvj (e a) (B -E10E=0i(x),

xe (o5, ), i=1m.
We denote ¢ (t) =%[(ﬂk — oy )t+ 0 + By | and substitute
X=¢)i (to), Xe (Oli, ﬁl)’ —1<t0 <1, §=¢] (t), fe (O(J,ﬁj ,_1<t<1,
in the system of equations obtained. Then setting u; (t)=Vv; ((pj (t)) fi(ty)=0i (4 (t)) we arrive at the system of
HSIE on the standard interval (-1,1):

1 1
lj”_() 1-t2dt+ 2 ju' At X j|n|t0—t| 1-t°dt+
7 (ty—t)’ k-t

1
iIK“ (to, t)u; ()VI-t2dt = (t5), [to| <L i=1m. )
1

1
+_
b iy

—

. o
The notations here are a; = (ﬂ' ! ja,

Ki (t,t) = [Qij((oi (t). ¢, (t))+((/) (t )j‘(p (t))zi(ﬂj;%) '

+b;Infg (t,) -, (1)), J#i.

o
+ g
2(¢(t,)-9,(1)
The functions f; (t,) are from C[lfil], a>0,and Kj(t,t) belong to C[l(il] a >0 in each variable uniformly
with respect to the other one.
The next step is to determine the unknown functions u; (t), i =1,m from system (2).

Main operators. We introduce the following operators (see [3]):

1 1
(Bui)(to)sz“; It —t]u; (t)V1-t2dt,

(Kuuj)( )= inij(%yt)Uj(t) 1-t2dt.
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Let d(t)={u; (t)}:il be a vector function. We denote:

(KU)(tO):{(AUi)(to )}:11 ’

ft)={fi(t )},ril
Using these notations, system (2) can be represented in the form of an operator equation:
At+al i+bBu+Ki=f. 3)
Equation (3) admits a unique solution.
It is proved in [3] that the following relations hold:

A:Un—l (t) - nUn—l(tO);
r Uy (1) =T (),
where T, (t) is the first kind Chebyshev polynomial of degree n and U, (t) is the second kind Chebyshev polynomial

of degree n—1.
Since the operator B maps polynomials of degree n—2 into polynomials of degree n, we conclude that the op-

erator A+al*+bB maps polynomials into polynomials.
We introduce the Hilbert spaces in which the above operators are defined.

Let L' be a Hilbert functional space endowed with the scalar product:
(u,v) = Jl‘u (t)V(t)\/l—TdH Jl'(u (t)ﬂ)/ (v(t)ﬂ)/ dt;
-1 -1
and let L" be a Hilbert functional space with the scalar product defined by the formula:
(uv)" = }u (t)V (t)V1-t3dt.
-1

We denote by T} , and TT, , the subspaces of L' and L" consisting of the polynomials of the degree less than
orequalto n—2.

Let H' and H" be the spaces of the vector functions (t) ={u; (t)}:il endowed respectively with the scalar prod-

ucts
(u,v) =i(ui’vi)l C(uw)” =i(ui’vi)”'

Apparently, the operators A and T* are completely continuous in the pair of spaces (H' , H" ) hence, the op-

erator A+al ' is also completely continuous in (H' , H" ) . This remark and the fact that equation (3) admits a unique
solution imply that the operator
A+al ' +bB+K

is continuously invertible in (H' , H" )

Regularization and discretezation. Let (P,_,v)(t) be the Lagrange interpolation polynomial for the function

v(t) with the interpolation nodes t(j”) =cosifz, j=1,n-1 that are the roots of the second kind Chebyshev polyno-
n
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mial U, (t).
Denote

Gﬁ(t)={uini—2 (t)}lmzl E{(Pnifzui)(t)}:il’ fr (to)={(Pni72 fi)(to)}:il (F=(mnp,eeiny))-

Let u,_,(t) be a polynomial of degree n—2. The operator A maps u,_, (t) into a polynomial of degree n—2.

We regularize the operators I and B so that the regularized operators take U,_, (t) into a polynomial of degree

n—2 as well. To this end, following the ideas of [1, 3], we set

(r;ﬁzun,z) jun ) (——un 5 (t )Tnl(tO)J 1-t2dt,

(ot o)) ]t~ T Z ),

The operators ', and B,_, defined by the above formulas are the regularizations of the operators I'* and B

required.
Next we introduce the notations:

(Knﬁn)(to)={i(f<un.nj inj- )(to)} :

i=1
where

1 1
(Kijninjujnj—Z)(tO):;_[l( N2t nJ 2, ) tO* jn 2 1-t?dt.
The approximate solution Uy (t) to equation (3) is determined by solvmg the following operator equation:
'E‘Gﬁ +§|_“%1[]ﬁ +bBﬁUﬁ Kals = f5 4
which is equivalent to the system of HSIE:

%}% l—tzdt+%j'umi2(t)( ! —Uniz(t)Tnil(to)J 1-t?dt+

s (T () 2T, (O,
-1 n.

b L
% _
+7[:[ It —t|+ .

1 1 —
+;Z;,.J.( nj Zto nJ —24 )(to’t)ujnj—Z() 1- t dt = ( n; 2f|) tO)’ |t0|<1*|:1* m.
J=1-1

We apply the method of discrete singularities to the latter system. Substituting the values t, e {t:i } r=1n-1

(i = 1_m) instead of t, into the i—th equation we arrive at a system of

m
> —m
i1

equations. Using the interpolation type exact quadrature formulas for the integrals (see [2]), we obtain a system of linear
algebraic equations for the values of the functions u;, _, (t) at the interpolation nodes:

D21+ 2o (1)+ 2o o (8)-

Bicnux Hayionanornoeo mexwiunoeo yHigepcumemy «XI11».Cepia:. Mamemamuyne
Molemosanns 6 mexwiyi ma mexuonozisx, Ne 3 (1279) 2018. 113



ISSN 2222-0631 (print)

m nj—l

+ Zaéi)jujnj—z(t:jj)f(tgi)’ r=1n-1,i=1m. (5)
j=1k;=1

In (5) the notations aﬁj‘(? q=1, 2, 3 stand for

(1—(t,:' )2)((—1)“*“+1 +1)

al = (o)

, ko=r

((—1)rl+kl +1 +1)

3 r 4k +1 2
— —2(=1) g (1— th ) k £1,
aflil) = ni trr:' —tknii ( ) f ( i ) i i
0, k=r,
2
b 1_(tn'i) 2(=1)FH Mg T +kj AT (0 )T (N
a4, = : S 2-2y Pk Pl )

9 1 i 1 )’
aékj :FKrikj (t: tij )(1_(tkjj) J

Proof of unique solvability for system of linear algebraic equations (SLAE). System (5) admits a unique solu-

tion if and only if equation (4) does. So we prove the unique solvability of operator equation (4) here. The argument is
based on the following fact which is due to [4].

Let X andY be normed linear spaces, and denote X — X, Y cY their finite dimensional subspaces of the same
dimension. Consider the two equations:
the exact one

and the approximate one

where K and K are linear operators, such that K:X —»Y, K:X Y

Theorem 1. Assume that

a) the operator K is continuously invertible in the pair of spaces (X,Y);

o b= IRl

Then for any right-hand part e Y the approximate equation admits a unique solution. Moreover, if X" e X is an

exact solution of the equation Kx =y and & =y -/, , then

b =71, <lk7, ., -0 [l ]
The proof of Theorem 1 uses the following inequalities (see [1]):

- F . _ _ c¥
c@ c(K;
HB_B”i‘z“n'ni,ﬁL“ sr;—iz; K=K, N n(,-l*;)’ n >3 (6)
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where F, Ci(l), Ci(z), C(Kij), i, j =1, m — are constants independent of .
Inequalities (6) result into the following estimate:
. c® c@ c(K)

= A T - D,
BBy + K iy — (A a 0B 4K | <) 4t il s el )

=

H(K+§l_“

wheren=min{n, n,,...n,};
o _ _ @1. (2 ' 2)]. _ )
C _Q%{a,}g%{c, } C g%{b,}g%{cl } C(K)=_max {C(Ky)}.
Estimates (6), (7) imply the following theorem:

Theorem 2. For all n such that

n=D

(K+§l_"’1 +bB + K)_l
SUNNEL

equation (4) possesses a unique solution. For n — oo the following estimate of the rate of convergence of the approxi-
mate solution to the exact one holds:

o 1

jon -l =0[ 2}

Conclusions. The numerical method of discrete singularities is applied for constructing a system of linear algebraic
equations approximating the system of hypersingular integral equations on the standard interval (—1,1), which, in turn,

is equaivalent to the hypersingular integral equation on a set of intervals. In case the kernel of the regular part and the
right-hand part of this hypersingular integral equation satisfy some smoothness assumptions, the system of linear
algebraic equations constructed admits a unique solution. Moreover, the rate of convergence of the approximate solution
to the exact one is estimated.
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